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PREFACE. 


The  opinions  of  the  modems  concerning  the  autlior  of  the 
Elements  of  Greometry,  which  go  under  Euclid's  name,  are 
very  different  and  contrary  to  one  another.  Peter  Ramus 
ascribes  the  Propositions,  as  well  as  their  Demonstrations, 
to  Theon ;  others  think  the  Propositions  to  be  Euclid's,  but 
that  the  Demonstrations  are  Theon's^  and  others  maintain, 
diat  all  the  Propositions  and  their  Demonstrations  are  Eu- 
clid's own.  John  Buteo  and  Sir  Henry  Savile  are  the  au- 
thoxs  of  greatest  note  who  assert  this  last;  and  the  greatjBr 
part  of  geometers  hare  ever  since  been  of  this  opinion,  as 
they  thought  it  the  most  probable.  Sir  Henry  Savile,  after 
the  sevend  arguments  he  brings  to  prove  it,  makes  this  cook 


nothing  in  Euclid.'?  But,  by  often  considering  and 
paring  together  the  Definitions  and  Demonstrations  as  they 
are  m  the  Greek  editions  we  now  have^  I  found  that  Theott, 
or  whoever  was  the  editor  of  the  present  Greek  text^  by 
addk^  some  things,  suppressing  others^  and  mixing  hp 
own  with  Ekiclid's  Demonstrations,  has  changed  more 
things  to  the  worse  than  is  commonly  supposed,  and  those 
not^  small  moment,  especially  io  the  fifth  and  eleventh 
books  of  the  Elements,  wbiish  this  editor  has  greatly  viti- 
ated ;  for  instance,  by  substituting  a  shorter,  but  insufficient 
Demonstration  of  the  18th  Prop,  of  the  5th  Book,  in  place 
of  the  le^timate  one  which  Euclid  had  given;  and  by 
taking  out  of  thb  Book,  besides  other  things,  the  good  de- 
finition which  Eudoxus  or  Euclid  had  given  of  compound 
ratio,  and  giving  an  absurd  one  in  place  of  it  in  the  5tli 
Definition  of  the  6th  Book,  which  neither  Euclid,  Archi- 
medes, ApoUonius,  nor  atiy  geometer  before  Theon's  time^- 
ever  made  use  of,  and  of  which  there  is  not  to  be  found  the 
bast  appearance  in  any  of  their  writings;  and,  as  this  De- 
finition did  much  embarrass  beginners,  and  is  quite  useless, 
it  is  now  thrown  out  of  the  Elements,  and  another,  which, 
indiout  doubt,  Euclid  4\ad  given,  is  put  in  its  proper  place 


among  the  Definitiota  of  the  5th  Book,  by  which  the  doc- 
trine of  cotupound  ratios  is  rendered  plain  and  easy.  Be- 
sides, among  the  Definiiions  oftlie  1 1th  Book,  there  is  this, 
which  15  the  tenth,  viz.  "  Equal  and  similar  solid  figures  \ 
"  are  those  which  are  contained  by  similnr  planes  of  the  | 
"  same  number  and  ma{;iiiiu<ie."  Now  this  Proposition  is 
aTheorem,  not  a  Defiuition;  because  the  eciuality  of  figurea  '  . 
of  any  Icind  must  be  demonstrated,  and  not  assumed ;  and  ' 
therefore,  though  this  were  a  tme  proposition,  it  ought  to 
have  been  demons tru  ted.  But  indeed,  this  Proposition, 
which  makes  the  lOdi  definition  of  the  llili  Book,  is  not 
true  universally,  except  in  tbe  case  In  which  each  of  the 
solid  angles  of  the  figures  Is  contained  by  no  more  than 
ihree  plane  angles;  for  in  other  cases,  two  solid  Jigu res 
may  be  contained  by  similar  planes  of  the  same  number 
and  magnitude,  and  yet  be  unequal  to  oue  another,  as  shall 
be  made  evident  in  tne  Notes  subjoined  to  these  Elements, 
lu  like  manner,  in  ihe  demonstration  of  the  2tilh  Prop,  of 
the  1  Ith  Book,  it  is  taken  for  grunted,  that  those  sohd  an- 
gles are  equal  to  one  another  which  are  coatained  by  plane 
:ingles  of  the  same  number  and  magnitude  placed  iu  the 
same  order ;  but  neither  is  tliis  universally  true,  cscept  in 
the  case  in  which  the  solid  angles  are  contained  by  no  more 
ihnn  three  plane  angles ;  nor  of  this  case  is  there  any  De-  I 
luonstration  in  the  Elements  we  now  have,  though  it  be 
quite  pcccssary  there  should  be  one.  Now,  upon  the  lOih  ] 
Definition  ni  this  Book  depend  the  25th  and  2Sth  Propo- 
sitions of  it ;  and,  upon  the  25th  and  2Gth  depend  otiier 
eight,  viz.  the  27tli,  Hist,  3i2d,  33d,  :J-Ith,  3Gth,  37tli, 
and  40th  of  the  same  Book ;  and  the  li^th  of  the  12th  Book 
depends  upon  the  eighth  of  the  same :  and  this  eighth,  and 
the  Corollary  of  Proposition  l7th  and  Proposition  I8th  of 
the  litii  Book,  depend  upon  the  9th  Definition  of  the  11th 
Bonk,  which  is  not  a  right  defiuicion;  because  there  may 
be  solids  contained  by  the  same  number  of  similar  plane 
figures,  which  are  not  similar  to  one  another,  in  the  true 
sense  of  similarity  received  by  geometers ;  and  all  these 
Propositions  hare,  for  these  reasons,  been  iosufliciently  de- 
monstrated since  Theon's  time  hitherto.  Besides,  there 
are  several  other  things,  whicli  have  nothing  of  Euclid's 
accuracy,  and  which  plainly  show,  that  his  Ek-ments  have 
baen  much  corrupted  by  unskilful  geometers;  and  though 
these  are  not  so  gross  as  the  others  now  mentioned,  J  hey  | 
ought  by  no  means  to  remain  uncorrected.  ' 

Upon  these  accounts  it  appeared  necessary,  and  I  hope 


P&BFACB.  VU 

will  prove  acceptable,  to  all  lovers  of  accurate  rea5ioning, 
and  x)f  mathematical  learning/to  remo\'e  such  blemishes, 
and  restore  the  principal  Bookd  of  the  Elements  to  their 
«%iQal  accuracy,  as  far  as  I  was  able ;  especially  since  these 
Elements  are  the  foundatioa  of  a  science  by  which  the  in- 
vestigation and  discovery  of  useful  truths,  at  least  in  mathe- 
madcal  karning,  is  promoted  as  far  as  the  limited  powers 
ol  the  mind  allow ;  and  which  likewise  is  of  the  great^t 
use  in  the  arts  both  of  peace  and  war,  to  many  of  which 
gBom^ry  is  absolutely  necessary.  This  I  have  endeavoured 
to  do^  by  taking  away  the  inaccurate  and  false  reasonings 
which  unskilful  editors  have  put  into  the  place  of  some  of 
the  genuine  DemonstratioDs  of  Eueiid,  who  has  ever  been 
justly  celebrated  as  the  most  accurate  of  geometers,  and 
fay  restoring  to  him  those  things  which  Theon  or  others 
liaye  sappressed,  and  which  liave  these  many  ages  been 
buried  in  oblivion. 

In  this  edition,  Ptolemy's  Proposition  concerning  a  pro- 
pcfty  of  quadrilateral  figures  in  a  circle,  is  added  at  the  end 
of  the  sixth  Book.  Also  the  Note  on  the  29th  Proposition, 
Book  Istf  is  altered,  and  made  more  explicit,  and  a  more 
general  Demonstration  is  given,  instead  of  that  which  was 
in  the  Note  on  the  10th  Definition  of  Boojc  1 1th ;  besides, 
the  Translation  is  much  amended  by  the  friendly  assistance 
of  a  learned  gentleman. 

To  which  are  also  added,  the  Elements  of  Plane  and 
Spherical  Trigonometry,  which  are  commonly  taught  after 
the  Elements  of  Euclid. 


^' 


ADVERTISEMENT. 


THE  favourable  reception  ivhich  former  editimts 
of  Professor  Simson's*  Elements  qfEucUdhdpe  met 
with  from  the  public^  induced  the  proprietors  (ftke 
H^ork  to  carry  into  execution  every  measure  n^ost 
Ukely  to  secute^and  continue  general  approbdition. 
With  this  view  the  present  edition  has  been  care^ 
fully  revised  throughout^  by  a  very  eminent  mqthe^ 
matician :  for  the  convenience  of  tutors^  as  well  om 
students^  u  short  treatise  on  the  Constructioit 
of  the  Trigonometrical  Cakon  has  now  hem 
inserted^  from  a  late  celebrated  author  ;  and  to 
this  has  been  addedj  a  concise  Account  o^ Loga- 
rithms, and  improved  methods  of  calculating  them^ 
by  the  present  Savilian  Professor  of  Astronomy  in 

the  University  of  Oxford. 

■'  ' .  ■  ■  ' 

*  Dr.  Robert  Simson  was  bcHii  14th  October^  1687>  O.  S. 
and  died  on  the  first  of  October^  176$,  when  his  eigbtyrfirst 
year  was  almost  completed. 


•    '  »: •■■.,'     -  -•••    ^\-: 


■     ELEMENTS    &■ /^ 

OF 

E  U  C  1 1  D 


"'?'<>^' 


BOOK  I. 
DEFIMITIONS. 


A.  Pomr  is  that  which  liath  no  ports,  or  which  hath  do    Boos  1. 

A  Ube  is  leogth  without  breadth. 

III. 
The  extremities  of  a  line  are  points. 

A  straight  line  is  tliat  which  lies  evenly  between  its  extrenae 
points. 

V. 
A  superficies  is  that  which  hath  only  length  and  breadth. 

The  extremities  of  a  superficies  are  lines. 

yii. 

A  plane  superficies  is  that  in  which  any  two  points  being  SeeN. 
taken,  the  straight  line  between  them  lies  wholly  in  that 
superficies.  -, 

"  A  plane  angle  is  the  inclination  of  two  lines  to  one  aoo-  Sm  H. 
"  ther  in  a  plane,  which  meet  together,  but  are  not  in  the 
"  lanie  direction." 

IX. 
A  plane  feetilineal  angle  is  the  inclination  of  two  straight 
lines  to  one  another,  which  meet  together,  but  are  not 
in  the  same  stnnght  line. 
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Book  I. 


THE    ELEMENTS 


N.  B.  *  VVlien  several  angles  are  at  one  point  B,  any  one 

*  oF  thera  is  expressed  by  three  letters,  of  which  the  letter 

*  that  is  at  the  vertex  of  the  angle,  that  is,  at  the  point  in 

*  which  the  straight  lines  that  contain  the  angle  meet  one 

*  another,  is  put  between  the  other  two  lettersjj_  and  one  of 
'  these  two  is  somewhere  upon  one  of  those  straight  lines, 

*  and  the  other  upon  the  other  line :  Thus  the  angle  which 

*  is  contained  by  the  straight  lines  AB,  CB,  is  named  the 

*  angle  ABC,  or  CBA ;  that  which  is  contained  by  AB,  BD, 
'  is  named  the  angle  ABD,  or  DBA  5  and  that  which  is 
<  contained  by  BD,  CB,  is  called  the  angle  DBC,  or  CBD; 

*  but,  if  there  be  only  one  angle  at  a  point,  it  may  be  ex- 

*  pressed  by  a  letter  placed  at  that  point;  as  the  angle  at  E/ 

X. 

When  a  straight  line  standing  on  ano- 
ther straight  line  makes  the  adjacent 
angles  equal  to  one  another,  each  of 
the  angles  is  called  a  right  angle; 
and  the  straight  line  which  stands  on 
the  other  is  called  a  perpendicular  to 

it.  

XI. 

An  obtuse  angle  is  that  which  is  greater  than  a  right  angle. 


XII. 

An  acute  angle  is  that  which  is  less  than  a  right  Angle. 

XlII. 
**  A  term  or  boundary  is  tb|  extremity  of  any  thing.'* 

XIV. 
A  figure  is  that  which  is  inclosed  by  one  or  moreboundtries. 


OF   EUCLID. 

XV.  Boo.  I. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is 
called  the  circumference,  and  is  such  that  all  straight 
lines  drawn  from  a  certain  point  within  the  figure  to  the 
circumference,  are  equal  to  one  another. 


XVI. 

And  this  point  is  called  the  centre  of  the  circle. 

XVIL 

A  diameter  of  a  circle  is  a  straight  line  drawn  through  the  See  N. 
centre,  and  terminated  both  ways  by  the  circumference. 

xvni. 

A  semicircle  is  the  figure  contained  by  a  diameter  and  the 
part  of  the  circumference  cut  off  by  the  diameter. 

XIX. 
**  A  segment  of  a  circle  is  the  figure  contained  by  a  straight 
**  line,  and  the  circumference  it  cuts  oflF." 

XX.  .  ^ 

Rectilineal  figures  are  those  which  are  contained  by  straight 
lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  straight  lines. 

Quadrilateral,  by  four  straight  Knes. 

XXIII. 
Multilateral  figures,  or  polygons,  by  more  than  four  straight 
lines. 

xxrv. 

Of  three-sided  figures,  an  equilateral  triangle  is  that  which 
has  three  equal  sides. 

XXV.  .     . 

An  isosceles  triangle  is  that  which  has  only  two  sides  equal. 
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THE  ELEMENTS 


Bobs  I. 


XXVI. 
A  scalene  triangle,  is  that  which  has  three  unequal  sides. 

XXVIL 
A  right  angled  triangle,  is  that  which  has  a  right  angle. 

xxvin. 

An  obtuse  angled  triangle,  is  that  which  has  an  obtuse  angle. 


XXIX. 

An  acute  angled  triangle  is  that  which  has  three  acute  angles. 

XXX. 
Of  four-sided  Bgures,  a  square  is  that  which  has  all  its  adet 
equal,  and  all  its  angles  right  angles. 


XXXI. 

An  oblong,  b  that  which  has  all  its  angles  right  angles,  but 
bis  not  all  its  sides  equal. 

xxxn. 

A  rhombus,  is  that  which  has  it$  sides  equal,  but  its  angles 
are  oot  right  angles* 


xxxui. 

SmN.  A  rhomboid,  is  that  which  has  its  opposite  rides  equal  io 
one  another,  but  all  its  sides  are  not  equal,  nor  its  angles 
FM^x  asgies. 


OF  BUCLISL 

XXXIV.  B««il. 

All  other  four-aided  figures  besides  tliesey  «re  fcidM  Tfi^i^ 
ziums. 

XXXV. 

P^urallel  straight  lines,  are  such  as  are  in  the  sam^  plane,  and 
which,  being  produced  ever  so  &r  both  wagrs^do  not  meet 


>k^i^ 


■  ■     H     ■     I       I    ■■  I    ■■     Jl         < 

^POSTULATES. 
I. 

Ltr  it  be  giiaftt^d  thut  a  straight  Une  may  be  dtawA  from 
any  one  point  to  any  other  point. 

n. 

That  a  terminated  straight  line  may  be  prodUced  to  any 
length  in  a  straight  line. 

HI. 

And  that  a  circle  may  be  described  from  any  centre,  at  any 
distance  from  that  centre. 

A  X  lOM  S. 
I. 

Things  which  are  equal  to  the  same  are  equal  to  one  an- 
other. 

II. 
If  equals  be  added  to  equals,  the  wholes  are  equal. 

m. 

If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V  . 

If  equals  be  takenfrom  unequals,  the  remainders  are  unequal. 

Things  which  are  double  of  the  same,  are  equal  to  one  an- 
other. 

VII. 

nings  which  are  halves  of  the  same,  are  equal  to  one  an- 
other. 

vin. 

Magnitudes  which  coincide  with  one  another,  that  is,  which 
exacdy  fill  the  same  space,  are  equal  to  one  another. 


THE   ELEMENTS 

The  "vx^:^  is  greatier  tfanD  hs  pan. 

X. 

Two  stT^'^rfat  lilies  csuDort  iDclose  a  space. 

XI. 

All  lietjt  angles  are  equal  to  one  another. 

xn. 

^  U  3,  Etraigfat  lioe  meets  two  straight  lines,  so  as  to  make 
^  xht  two  interior  angles  oo  the  same  dde  of  it  taken  to- 
"  gether  less  than  two  right  angles,  these  straight  lines 
^  Ixring  continually  produced,  shall  at  length  meet  upon 
"  x}i3i  side  on  which  are  the  angles  which  aie  less  than 
^  two  right  angles.  See  the  notes  on  Propb29.of  Book  L"* 
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OF    EUCLID. 

PROPOSITION  I.    PROBLEM. 

To  describe  an  equilateral  triangle  upon  a  given 
finite  straight  line. 

Liet  AB  be  the  given  straight  line;  it  is  required  to  dt- 
scribe  an  equilateral  triangle  upon  it. 

From  the  centre  A,  at  the 
distance  AB,  describe^  the 
circle  BCD,  and  from  the 
centre  B,  at  the  distance  BA, 
describe  the  circle  ACE;  and  D 
from  the  point  C,  in  which) 
the  circles  cut  one  another, 
draw  the  straight  lines^  CA, 
CB,  to  the  points  A,  B;  ABC 
shall  be  an  equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD, 
AC  is  equal<^  to  AB ;  and  because  the  point  B  is  the  centre « 15  Defini- 
of  the  circle  ACE,  BC  is  equal  to  BA :  But  it  has  been  ^o°- 
proved  that  CA  is  equal  to  AB ;  therefore  CA,  CB,  are 
each  of  them  equal  to  AB;  but  things* which  are  equal  to 
the  same  are  equal  to  one  another^;  therefore  CA  is  equaHitt Axiom, 
to  CB ;  wherefore  CA,  AB,  BC  are  equal  to  one  another ; 
and  the  triangle  ABC  is  therefore  equilateral,  and  it  is  de- 
scribed upon  the  given  straight  line  AB.    Which  was  re- 
quired to  he  done. 

PROP.  II.    PROB. 

From  a  given  point  to  draw  a  straight  line  equal, 
to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line; 
it  is  required  to  draw  from  the  point  A  a  straight  line  equal 
to  BC. 

From  the  point  A  to  B  draw* 
the  straight  line  AB;  and  upon  it 
describe^  the  equilateral  triangle 
DAB,  and  produce*^  the  straight 
lines  DA,  DB,  to  E  and  F ;  from 
the  centi*e  B,  at  the  distance  BC 
describe**  the  circle  CGH,  and 
from  the  centre  D,  at  the  distance 
DG  describe  the  circle  GKL.  AL 
shall  be  equal  to  BC. 
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Because  the  point  B  is  the  centre  of  tJie  circle  CGH, 
BC  is  equal*  to  BG ;  and  because  D  is  the  centre  of  the 
circle  GKL,  DL.  is  equal  to  DG,  and  DA,  DB,  parts  of 
them,  are  equal;  therefore  the  remainder  AL  is  equal  to 
'  3  '*»■  the  remainder'  BG :  But  it  has  been  shown,  that  BC  is 
equal  to  BG;  wherefore  A L  and  BC  are  each  of  them 
equal  to  BG ;  and  things  that  are  equal  to  the  same  are 
equal  to  one  another;  therefore  the  straight  line  AL  is 
equal  to  BC.  Wherefore  from  the  given  point  A  a  straight 
line  AL  has  been  drawn  equal  to  the  given  straight  line 
BC.     Which  was  to  be  done. 

PROP.  III.     PUOB. 
From  the  greater  of  two  given  straight  lines  to  cut 
off  a  part  equal  to  the  less. 
Let  ABandC  be  the  two  given 
straight  lines,  wliercof  AB  is  the 
greater.     It  is  required  to  cut  off 
from  ABjthe  greater,  a  part  equal  / 
to  C,  the  less,  / 

■  3. 1.  From  the  point  A  draw^  ihel  ^ 
straightline  ADequal  toC;  and\ 
from  the  centre  A,  and  at  the  di- 
•  3  PuBt.  stance  AD,  describe^"  the  circle 
DEF ;  and  because  A  is  the  i 
tre  of  t!ie  circle  DEF,  AE  shall  be  equal  to  AD;  but  the 
straight  line  C  is  likewise  equal  to  AD  ;  whence  AE  and 
C  are  each  of  them  equal  to  AD;  wherefore  the  straight 
'  1  Ai.  line  AE  is  equal  to"^  C,  and  from  AB,  the  greater  of  two 
straight  lines,  a  part  AE  has  been  cut  off  equal  to  C  the 
less.     Which  was  to  be  done, 

!  PROP.  IV.    THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each ;  and  have  like- 
wise the  angles  contained  by  those  sides  equal  to  one 
another;  they  shall  likewise  have  their  bases,  or 
third  silks,  eq\ia.\ ;  and  the  two  triangles  shall  be 
equal;  and  fhcir  other  angles  shall  be  equal,  each  to 
each,  viz.  those  to  which  the  equal  sides  areopposite. 

Let  ABC,  DEFbe  two  triangles,  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to  each,  viz. 
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AB  to  DE,  and  AC  to      A  ^  ?••*  ^: 

DF;  aod  the  angle  BAG 

equal  to  the  angle  EDF, 

the   base  BC  shall   be 

equal  to  the  base  EF ; 

and  the  triangle  ABC  to 

the  triangle  DEF;  and 

the    other    angles    to 

which  the  equal  sides -vj" 

are   opposite,  shall   be 

equal  each  to  each,  viz.  the  angle  ABC  to  the  angle  DEF, 

and  the  angle  ACS  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  DEF,  so  that  the 
point  A  may  be  on  D,  and  the  straight  line  AB  upon  DE ; 
the  point  B  shall  coincide  with  the  point  K,  because  AB  is 
equal  toDE;  and  AB  coinciding  with  DE,  AC  sliall  coini 
cide  with  DP,  because  theangle  BAC  is  equal  to  the  angle 
EDF ;  wherefore  also  the  point  C  shall  coincide  with  the 
point  F,  because  the  straight  line  AC  is  equal  to  DF :  But 
the  point  B  coincides  with  the  point  E;  wherefore  the  base 
BC  shall  coincide  with  the  base  EF,  because  the  point  B 
coinciding  with  £,  and  C  with  F,  if  the  base  BC  does  not 
coincide  with  the  base  EF,  two  straight  lines  would  inclose 
a  $pace,  which  is  impossible^.  Therefore  the  base  BC  ■  to  Ai. 
shah  coincide  with  the  base  EF,  and  be  equal  to  it.  Where- 
fore the  whole  triangle  ABC  shall  coincide  with  the  whole 
triai^eDEF,  and  be  equal  to  it ;  and  the  other  angles  of 
the  one  shall  coincide  with  the  remaining  angles  of  the 
other,  and  be  equal  to  them,  viz.  the  angle  AbC  to  the 
angle  DEF,  and  the  angle  ACB  to  DFE.  Therefore,  if 
two  triangles  liave  two  sides  of  the  one  equal  to  two  sides 
of  the  other,  each  to  each,  and  have  likewise  the  angles  con- 
tained by  those  sides  equal  to  one  another,  their  bases  shall 
likewise  be  equal,  and  the  triangles  be  equal,  and  their 
other  angles  to  which  the  equal  sides  are  opposite  shall  be 
equal,  each  to  each.    Which  was  to  be  demonstrated. 

PROP.  V.    THEOR. 

The  angles  at  the  base  of  an  isosceles*  triangle 
are  equal  to  one  another;  and  if  the  equal  sides 
be  produced,  tl)o  angles  upon  the  other  side  of  tiie 
base  shall  be  equal 

L^  ABC  be  an  isosceles  triangle,  of  which  the  suie  AB  is 
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BooE  I.    equal  to  AC,  and  let  the  straight  lines  AB,  AC  be  produced 
^'^^v^^   to  D  and  E,  the  angle  ABC  shall  be  equal  to  the  angle 
ACB,  and  the  angle  CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  cheater,  cut 

•  3. 1.  oflF  AG  equal  *  to  AF,  the  less,  and  join  FC,  GB. 

Because  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  sides 
FA,  AC  are  equal  to  the  two  GA,  AB,  each  to  each ;  and 
they  contain  the  angle  FAG  ccm- 
mon  to  the  tivo  triangles  AFC, 
AGB;  therefore  the  base  FC   is 

*  *•  t.  equal  ^  to  the  base  GB,  and  the  tri- 

angle AFC  to  the  trianirle  AGB ; 
and  the  remaining  angles- of  the 
one  are  equal  ^  to  the  remaining 
angles  of  the  other,  each  to  each, 
'to  which  the  equal  sides  are  op- 
posite ;  viz.  the  anirle  ACF  to  the 
angle  ABG,  and  the  angle  AFC  to 
the  angle  AGB :  And  because  the-rj 
whole  AF,  is  equal  to  the  whole 
AG,  of  which  the  parts  AB,  AC,  are  equal ;  .the  remainder 
« 3  Ax.  BF  shall  be  equal  ^  to  the  remainder  CG ;  and  FC  was 
proved  to  be  equal  to  GB ;  therefore  the  two  sides  BF, 
FC  are  equal  to  the  tviro  CG,  GB,  each  to  each;  an^  the 
angle  BEC  is  equal  to  the  ani;ie  CGB,  and  the  base  BC  is 
common  to  the  two  triangles  BFC,  CGB  ;  wherefore  the 
triangles  are  equal  ^,  and  thdr  remaining  angles,  each  to 
each,  to  which  the  equal  side^  are  opposite  ;  therefore  the 
angle  FBC  is  equal  to  the  angle  GCB,  and  the  angle  BCF 
to  the  angle  CBG  :  And,  since  it  has  been  demonstrated, 
that  the  whole  angle  ABG  is  equal  to  the  whole  ACF,  the 
parts  of  which,  the  angles  CBG,  BCF  are  also  equal;  the 
remaining  angle  ABC  is  therefore  equal  to  the  remaining 
angle  ACB,  which  are  the  angles  at  the  base  of  the  trian- 
gle ABC :  And  it  has  also  been  proved  that  the  angle  FBC 
is  equal  to  the  angle  GCB,  which  are  the  angles  upon  the 
other  side  of  the  base.  Therefore  the  angles  at  the  base^ 
&c.    Q.  E.  D. 

Corollary.  .  Hence  every  equilateral  triangle  is  also 
equiangular. 

PROP.  VI.     THEOR. 

If  two  angles  of  a  triangle  be  equal  to  one  an- 
other, the  sides  also  which  subtend,  or  are  opposite 
to,  the  equal  angles,  shall  be  equal  to  one  another. 
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Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to   JBook  f. 
the  angle  ACB  ;  the  side  AB  is  also  equal  to  the  side  AC. 

For,  if  AB  be  not  equal  to  AC,  one  of  them  is  greater 
than  the  other :  Let  AB  be  the  greater;  and  from  it  cut "  " 3.  i. 
off  DB  equal  to  AC,  the  less,  and  join  DC;  therefore, 
because  in  the  triangles  DBC,  ACB,  DB  is  equal  to  AC, 
and  BC  common  to  both  the  two  sides, 
DB,  BC  are  equal  to  the  two  AC,  CB 
each  to^  each ;  and  the  angle  DBC  is 
equal  to  the  angle  ACB ;  therefore  the 
base  DC  is  equal  to  the  base  AB,  and 
the  triangle  DBC  is  equal  to  the  tri- 
angle *>  ACB,  the  less  to  the  greater ;       /  \\        ••  4.  | 
wfaicb  is  absurd.    Therefore  AB  is  not 
unequal  to  AC,  that  is,  it  is  equal  to  it. 
Wherefore,  if  two  angles,  &c.  Q.  E.  D.  B 

CoR.    Hence'  every  equiangular  triangle  is  also  equila- 
teral. 

PROP.  yil.    THEOR. 

Upon  the  same  base,  and  on  the  same  side  ofsccN. 
it,  there  cannot  be  two  triangles  that  have  their 
sides  which  are  terminated  in  one  extremity  of 
the  base  equal  to  one  another,  and  likewise  those 
which  are  terminated  in  the  other  extremity. 

If  it  be  possible,  let  there  be  two  triangles  ACB,  ADB, 
upon  the  same  base  AB,  and  upon  the  same  side  of  it,  which 
have  their  sides  CA,  DA  terminated  in  the  extremity  A  of 
the  base  equal  to  one  another,  and 
likewise  their  sides,  CB^  DB,  that 
are  terminated' in  3« 

Join  CD ;  then^  in  the  case  in 
which  the  vertex  of  each  of  the 
triangles  is  without  the  other  tri- 
angle, because  AC  is  equal  to  AD, 
the  angle  ACD  is  equal  *  to  the    1/  ^  *  d.  i. 

angle  ADC:  But  the  angle  ACD  ^ ^ 

is  greater  than  the  angle  BCD;  ^  ^* 

therefore  the  angle  ADC  is  greater  also  than  BCD ;  much 
moire  then  is  the  angle  BDC  greater  than  the  angle  BCD. 
Again,  because  CB  is  equal  to  DB,  the  angle  BDC  Is 
equal  *  to  the  angle  BCD ;  but  it  has  been  demonstrated 
to  be  greater  than  it ;  which  is  impossible. 
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But  if  one  of  the  vertices,  as  D,  be  within  the  other  tri- 
SDgleACB;  produce  AC,  AD  to  E,  F;  therefore,  because 
AC  is  equnl  to  AD  in  the  triangle 
ACD,  Die  angles  ECD,  FDC  upon 
the  other  side  of  the  base  CD  are 
I.  equal '  to  one  another:  hut  the  an- 
gle ECD  is  greater  than  the  angle 
BCD;  wherefore  llie  angle  FDC  i) 
likewise  greater  than  BCD  j  much 
more  then  is  the  angle  BDC  greater  / 
th:in  the  angle  BCD.  Again,  because  a 
CB  is  equal  to  DB,  the  angle  BDC 
is  equal » to  the  angle  BCD  ;  but  BDC  has  been  proved  to 
be  greater  than  the  same  BCD;  which  is  impossible. 
The  case  in  which  the  vertex  of  one  triangle  is  upon  a 
side  of  the  other,  needs  no  demonstration. 

Therefore,  upon  the  same  base,  and  on  the  same  side  of 
it,  there  cannot  be  two  triangles  tjiat  have  their  sides 
whicli  are  terminated  in  one  extremity  of  the  base  equal 
lo  one  another,  and  likewise  those  which  are  terminated  tn 
the  other  extremity.    Q.  £.  D. 

PROP.  VIH.  THEOR. 
If  two  triangles  have  two  sides  of  the  one  equal 
to  two  sides  of  the  other,  each  to  each,  and  have 
likewise  their  bases  equal ;  the  angle  which  is  con- 
tained by  the  two  sides  of  the  one  shall  be  equal 
to  the  angle  contained  by  the  two  sides  equal  to 
them,  of  the  other. 

Let  ABC,  DEF  he  two  triangles,  having  the  two  udcs 
AB,  AC,  equal  to  the  two  sides  DE,  DF,  each  to  each^ 
viz.  AB  to  DE,  and  AC  to  DFj  and  ai«o  the  base  BC 


1  E,  and  the  itraight  line  BC  upon  EF; 
the  point  C  shall  also  coincide  with  the  point  F.     Because 
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BC  is  equal  to  EF ;  therefore  BC  coiDciding  with  EF ;    Booi  I. 
BA  and  AC  shall  coincide  with  ED  and  DF ;  for,  if  the  '^'v^ 
base  BC  coincides  with  the  base  EF ;  but  the  sides  BA,  CA 
do  not  coincide  with  the  sides  ED,  FD,  but  have  a  differ- 
ent situation  as  EG,  F6,  then,  upon  the  same  base  EF,  and 
upon  the  same  side  of  it,  there  can  be  two  triangles  that 
have  their  sides  which  are  terminated  in  one  extremity  of 
the  base  equal  to  one  another,  and  likewise  their  sides  ter- 
minated in  the  other  extremity :  But  this  is  impossible^  ;*  7.  i* 
therefore,  if  the  base  BC  coincides  with  the  base  EF,  the 
sides  BA,  AC  cannot  but  coincide  with  the  sides  ED,  DF ; 
wherefore  likewise  the  angle  BAC  coincides  with  the  angle 
EDF,  and  is  equal**  to  it.    Therefore  if  two  triangles,  &c.  * «  Ax.     , 
Q.E.D. 

PROP.  IX.    PROB. 

To  bisect  a  given  rectilineal  angle,  that  is,  to  divide 
it  into  two  equal  angles. 

Let  BAC  be  the  given  rectilineal  angle,  it  is  required  to 

met  it. 

Take  any  point  D  in  AB,  and  from  AC  cuta  off  AE  equal  •%i^ 
to  AD ;  join  DE,  and  upon  it  describe^  » 1. 1. 

an  equilateral  triangle  DEF ;  then  join 
AF;  die  straight  line  AF  bisects  the  an- 
gle BAC, 

Because  AD  is  equal  to  AE,  and  AF 
is  common  to  the  two  triangles  DAF, 
EAF;  the  two  sides  DA,  AF,  are  equal 
to  the  two  sides  EA,  AF,  each  to  each ; 
and  die  base  DF  is  equal  to  the  basej^ 
EF ;  therefore  the  angle  DAF  is  ec^ual^  *  ^^  '  8.  i. 

to  the  angle  EAF ;  wherefore  the  given 
rsctilined  angle  BAC  is  bisected  by  the  straight  line  AF. 
Which  was  to  be  done. 

PROP.  X.    PROB. 

To  bisect  a  given  finite  straight  line,  that  is,  to  di- 
vide it  into  two  equal  parts. 

Let  AB  be  the  given  straight  Kne ;  it  is  required  to  di- 
vide it  into  two  eqpal  parts. 

l^escribe*  upon  it  an  equilateral  triangle  ABC,  and  hi-  •  1. 1. 
8eaf»  the  angle  ACB  by  the  straight  line  CD.  AB  is  cut  *  9- 1- 
into  two  equal  parts  m  the  point  D. 


]i 
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Because  AC  is  equal  to  CB,  and  CD 
common  to  the  two  triangles  ACD, 
BCD;  the  two  sides  AC,  CD  are 
equal  to  BC,  CD,  each  to  each ;  and 
the  angle  ACD  is  equal  to  the  angle 
BCD;  therefore  the  base  AD  is^equal 
*  4. 1.  to  the  base  «  DB,  and  the  straight  line 
AB  is  divided  into  two  equal  parts  in  4- 
the  point  D,     Which  was  to  be  done. 


PROP.  XI.    PROB. 


To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line,  from  a  given  point  in  the  same. 

See  N.  Let  AB  be  a  given  straight  line,  and  C  a  point  given  la 
it ;  it  is  required  to  draw  a  straight  line  from  the  point  C 
at  right  angles  to  AB. 

•  3. 1.     Take  any  point  D  in  AC,  and »  make   CE  equal  to 
1. 1. 1.  CD,  and  upon  DE  describe  ^ 

the  equilateral  triangle^DFE, 
and  join  FC,  the  straight  line 
FC  drawn  from  the  given 
point  C  is  at  right  angles  to 
the  given  straight  line  AB. 
Because  DC  is  equal  to 
CE,  and  FC  common  to  the  ^ 
two  triangles  DCF,  ECF;^ 
the  two  sides  DC,  CF,  are  equal  to  the  two  EC,  CF,  each 
to  each ;  and  the  base  DF  is  equal  to  the  base  EF;  there-. 

•  8. 1.  fore  the  angle  DCF  is  equal  ^  to  the  an^le  ECF ;  and  they 

are  adjacent  angles.  But,  when  the  adjacent  angles  whicn 
one  straight  line  makes  with  another  straight  line  are 
10  Def.  equal  to  one  another,  each  of  them  is  called  a  right  ^  angle ; 
therefore  each  of  the  angles  DCF,  ECF,  is  a  right  angle. 
Wherefore,  from  the  given  point  C,  in  the  given  straight 
line  AB,  FC,  has  been  drawn  at  right  angles  to  AB. 
Which  was  to  be  done. 

CoR.  By  help  of  this  problem,  it  may  be  demonstrated, 
that  two  straight  lines  cannot  have  a  common  segment. 

If  it  be  possible,  let  the  two  straight  lines  ABC,  ABD 
have  the  segment  AB  comnion  to  both  of  them.  From  the 
point  B  drawBE  at  right  angles  to  AB;  and  because  ABC  is 
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a  stviiiglit   line,    the    angle  }/  ^o<>«  '• 

CBE  is  equals  to  the  augle  .^odITi 

EBA;  in  the  same  manner, 
because  ABD  is  a  straight 
line,  the  angle  DBE  is  equal 
to  the  angle  ERA ;  wherefore 
the  angle  DBE  is  equal  to 
the  angle  CBE,  the  less  to  --r- 
the  greater ;  which  is  impos- 
sible ;  therefore  two  straight  lines  cannot  have  a  common 

segment 

PROP.  XII.    PROB. 

To  draw  a  straight  line  perpendicular  to  a  given 
straight  line  of  an  unlimited  length,  from  a  given 
point  without  it. 

Let  AB  be  the  given  straight  line,  which  may  he  pro- 
duced  to  any  length  both  ways,  and  let  C  be  a  point  with- 
out it.  It  IS  required  to  draw  C 
a  straight  line  perpendicular 
to  AB  from  the  point  C. 

Take  any  point  D  upon 
the  other  side  of  AB,  and 
from  the  centre  C,  at  the        ^N/     H 
distance  CD,  describe**  the  A       F^^^ — - 
circle  EGF  meeting  AB  in  ^ 

F,  G;  and  bisect  <^  FG  in  H,  and  join  CF,  CH,  CG ;  the « lo.  i. 
straigbt  line  CH,  drawn  from  the  given  point  C,  is  per- 
pendicular to  the  given  straight  line  AB.  ' 

Because  FH  is  equal  to  HG,  and  HC  common  to  the 
two  triangles  FHC,  GHC,  die  two  sides  FH,  HC  are  equal 
to  the  two  GH,  HC,.each  to  each;  and  the  base  CF  is 
equal  ^  to  the  base  CG ;  therefore  the  angle  CHF  is  equal  ^  ^  ^^  D«f.  i . 
to  the  angle  CHG;  and  they  are  adjacent  angles;  but 
when  a  straight  line  standing  on  a  straight  line  makes  the 
adjacent  angles  equal  to  one  another,  each  of  them  is  a 
right  angle ;  and  the  straight  line  which  stands  upon  the 
other  is  called  a  perpendicular  to  it ;  therefore  from  the 
given  point  C  a  perpendicular  CH  has  been  drawn  to  the 
given  straight  line  AB.     Wliich  was  to  be  done. 

PROP.  XIII.    THEOR. 

The  angles  which  one  straight  line  makes  with  an- 
other upon  the  one  side  of  it,  are'either  two  riglit 
•ogles,  or  are  together  equal  to  two  right  angles. 


B  ••  S  Poft. 
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Let  ihe  straight  line  AB  make  wiili  CD,  upon  one  aide 
of  it,  the  angles  CBA,  ABD  :  these  are  either  two  right 
auplcs,  or  are  together  equal  to  two  right  angles. 

For  if  the  angle  CBA  be  equal  to  ABD,  each  of  thetn  is  a 


5-  right  ■  ang'le ;  but  if  not,  from   the  point  B  draw  BE  at    , 

1-  right  angles  '>  to  CD ;  therefore  the  angles  CBE,  EBD  are 
two  right  angles  3;  and  because  CBE  is  etjual  to  the  two    ' 
angles  CBA,  ABE  together,  add  the  angle  EBD  to  each 
of  these  equals;  therefore  the  angleu  CBE,  EBD  are 

<■  equal  <^  to  the  three  angles  CBA,  ABE,  EBD.  Again,  be- 
cause the  angle  DBA  is  equal  to  the  two  angles  DBE, 
£BA,  add  to  these  equals  the  angle  ABC,  therefore  the 
angles  DBA,  ABC  are  equal  to  the  three  angles  DBE, 
EBA,  ABC:  but  the  angles  CBE,  EBD  have  been  de- 
monstrated to  be  equal  to  the  same  three  angles;  and 

"-  things  that  are  equal  to  the  same  are  equal ''  to  one  another; 
therefore  the  angles  CBE,  EBD  are  equal  to  the  angles 
DBA,  ABC ;  but  CBE,  EBD  are  two  right  angles ;  there- 
fore DBA,  ABC  are  together  equal  to  two  right  angles. 
Wherefore  when  a  straight  line,  &c.     Q.  E.  D. 

PROP.  XIV.     THEOR.  I 

If,  at  a  point  in  a  straight  line,  two  other  straight  1 
lines,  upon  the  opposite  sides  of  it,  make  the  ad-  1 
jacent  angles  together  eqtial  to  two  right  angles,   ' 
these  two  straight  lines  shall  be  in  one  and   the 
bamestraight  line. 

At    the    point  B   in    the  A 

straight  line  AB,  let  the  two 
siraight  lines  BC,  BD  upon 
the  opposite  sides  of  AB, 
make  the  adjacent  angles 
ABC,  ABD  equal   together 

to  two  right  angks,  BD  is  in 

ihesamestraightliQe  withC3.  C 
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For,  if  BD  be  not  id  the  same  straight  line  with  GB,  let    Boos  L 
BE  be  in  the  same  straight  line  with  it ;  therefore,  because    ^"^^^T^ 
ihe  straight  line  AB  makes  angles  with  the  straight  line 
Cfi£,  upon  one  side  of  it,  the  angles  ABC,  ABE  are  tern- 
ther  equal*  to  two  right  angles;  but  the  angles  ABC,  AoD  •is,  i. 
are  likewise  together  equal  to  two  right  angles ;  therefore 
the  angles  CBA,  ABE  are  equal  to  the  angles  CBA,  ABD :  * 

Take  away  the  common  angle  ABC,  the  remaining  ande 
ABE  is  equal^  to  the  remaining  angle  ABD,  the  less  to  the  *  ^  Ax. 
greater,  which  is  impossible ;  therefore  BE  is  not  in  the 
same  straight  line  with  BC.  And,  in  like  manner,  it  may 
be  demonstrated,  that  no  other  can  be  in  the  same  straight 
line  with  it  but  BD,  which  therefore  is  in  the  same  straight 
line  with  CB.     Wherefore,  if  at  a  point,  &c.     Q.  E.  D. 


PROP.  XV.    THEOR. 

If  two  straight  lines  cut  one  another,  the  vertical, 
or  opposite^  angles  shall  be  equal; 

Let  the  two  straight  lines  AB,  CD  cut  one  another  in 
Ae  point  E;  the  angle  AEC  shall  be  equal  to  the  angle 
.ttEB,  and  CEB  to  AED. 

Because  the  straight  line 
A£  makes  with  CD  the  angles 
CEA,  AED,  these  angles  are 

tqgether  equal*  to  two  right ^^^ ^  •  15,  |. 

u^es. — ^Again,  because  the  ^^ 
strught  line  DE  makes  with 

AB  the  angles  AED,  DEB,  ^ 

these  also  are  together  equal*  ^ 

to  two  right  angles;  and  CEA,  AED,  have  been  demon- 
strated to  be  equal  to  two  right  angles ;  wherefore  the  an- 
gles CEA,  AED,  are  equal  to  the  angles  AED,  DEB.  Take 
away  the  common  angle  AED,  and  the  remaining  angle 
CEA  is  equal^.  to  the  remaining  angle  DEB.  In  the  same  ^  3  Ax. 
manner  it  can  be  demonstrated,  that  the  angles  CEB,  AED 
are  equal.     Therefore,  if  two  straight  lines,  &c.     Q.  E.  D. 

CoR.  1.  From  this  it  b  manifest,  that,  if  two  straight. 
Ibes  cut  one  another,  the  angles  they  make  at  the  point 
where  they  cut,  are  together  equal  to  four  right  angles. 

Cor.  2*  And  consequently  that  all  the  angles  made  by 
aoy  number  of  lines  meeting  in  one  point,  are  together 
•qua]  to  four  right  angles. 

C 


i« 
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2^-  P&OP.  XVI.    THBOR. 

If  one  side  oiF  a  triangle  be  prpd^iced,  the  exterior 
angle  k  greater  than  either  of  the  interior  opposite 
Mgles. 

Let  ABC  be  a  triangle,  an^  let  its  side  BC  be  produced 
to  D,  the  exterior  angle  ACD  is  greater  than  either  of  the 
interior  opposite  angles  CBA,  BAC, 

•  10. 1.      Bisect^  AC  in  E,  join 

BE  and  produce  it  to  F, 
alid  make  £F  equal  to 
BE;  join  also  FC,  and 
produce  AC  to  G. 

Because  AE  is  equal  to 
EC,  and  BE  to  EF ;  AE, 
EB  are  equal  to  CE,  EF, 
each  to  each ;  and  the  angle 

*  15. 1.  AEB,  is  equal^  to  the  angle 

CEF,    because   they  are 

opposite  vertical  angles; 

therefore  the  base  AB  is 

»^  4. 1.  c?qual«  to  the  base  CP,  iand 

the  triangle  AEB  to  the  triangle  CEF,  and  the  remaiditig 
angles  to  the  remaining  angles,  each  to  each>  to  which  the, 
equal  sides  are  opposite ;  wherefore  the  angle  BAE  is  equal 
to  the  angle  ECF;  but  the  angle  ECD  is  greater  than  the 
angle  ECF ;  therefore  the  angle  ACD  is  greater  than  BAE ; , 
In  the  same  manner,  if  the  side  BC  be  bisected,  it  iliay  be 
^  15. 1.  demonstrated  that  the  angle  BCG,  that  is^,  the  angle 
ACD,  is  greater  than  the  angle  ABC.  ThercSfore,  if  one 
side,  &c.    Q.EJ.D. 

PROP.  XVII.    THEOR. 

Any  two  angles  of  a  triangle  are  together  l^ 
thtti  two  right  angles. 

Let  ABC  be  any  triangle ;  any 
two  of  its  angles  together  are 
less  th&n  two  right  angles. 

Produce  BC  to  D ;  and  be* 

cause  ACD  is  the  exterior  angle 

of  the  triangle  ABC,  ACD  is 

.  15  1,  greater*  than  the  interior  and, 

opposite  angle  ABC ;  to  each  of 
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these  add  t)ie  angle  ACB ;  therefoise  the  angles  ACD,  ACB    Bom  L 
«ure  greater  than  the  angles  ABC,  ACB ;  but  ACD,  ACB   ^""^V^ 
9^  together  equal^  to  two  right  angles ;  therefore  the  apglei  ^  i&  i. 
Af  C,  BOA  are  less  than  two  right  angles.    In  like  man* 
ner,  it  may  be  demonstrated,  that  BAC,  ACB,  as  also  CAB, 
ABC,  are  less  than  two  right  angles.    Therefore  any  tW9 
angles,  &c.     Q.  £.  D. 


PROP.  XVIII.    THEOR. 

The  greater  side  of  every  triangle  is  opposite  to 
(be  gresUer  aogle. 

Let  ABC  be  a  triangle,  of 
which  the  side  AC  is  greater 
than  the  side  AB ;  the  angle 
ABC  is  also  greater  than  the 
angle  BCA. 

Because  AC  is  greater  than 
AB^  fliake^  AD  equal  to  AB,  B  ^  C    •  3.  i. 

aiKJ  join  BD;  and  because 
ADB  is  die  exterior  angle  of  the  triangle  BDC,  it  is  greater^  ^  le,  i. 
thaq  the  interior  and  opposite  angle  DCB ;  but  ADB  is 
equal^  to  ABD,  because  the  side  AB  is  eaual  to  the  side  *  5.  t. 
iOP ;  therefore  the  angle  ABD  is  likewise  greater  than 
iSoft  angle  ACB.    Wherefore  much  more  is  the  angle  ABC 
gt^iter^nACB.  Therefore  the  greater  side, &c.  Q.E.D. 


PROP.  XIX.    THEOR. 


l5» 


The  greater  angle  of  every  triangle  is  subtended 
by  the  greater  side,  or  has  the  greater  side  opposite 
to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  is 
greater  than  the  angle  BCA ;  the  side  AC  is  likewise  greater 
than  the  side  AB. 

For,  if  it  be  not  greater,  AC 
must  either  be  equal  to  AB,  or 
less  than  it;  it  is  not  equal,  be- 
cause then  the  angle  ABC 
would  be  equal^  to  the  angle 
ACB;  but  it  is  not;  therefore 
AC  is  not  equal  to  AB ;  neither 
b  it  less;  because  then  the 

C2 
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^18.1. 


Boo«J[.    apgle  ABC  would  be  less^  thaii  the  angle  ACB  ;  but  it  is 

"^  ^     '    not ;  therefore  the  side  AC  is  not  less  than  AB ;  and  it  has 

been  shown  that  it  is  not  equal  to  AB ;  therefore  AC  is 

greater  than  AB.  Wherefore  the  greater  angle,  &c.  Q,E.D« 

PROP.  XX.    THEOR. 

See N.  Any  two  sides  of  a  triangle  are  together  greater 
than  the  third  side. 

Let  ABC  be  a  triangle ;  any  two  sides  of  it  together  arc 
greater  than  thfe  third  side,  viz.  the  sides  BA,  AC  greater 
than  the  side  BC ;  and  AB,  BC  greater  than  AC  5  and  BC, 
CA  greater  than  AB. 

Produce  BA  to  the  point 
•  3. 1.  D,  and  make*  AD  equal  to 
AC ;  and  join  DC. 

Because  DA  is  equal  to  AC, 

the  angle  ADC  is  likewise 

^  5. 1.  equal*»  to  ACD ;  but  the  angle 

BCD  is  greater  than  the  angle 

ACD ;  therefore  the  angle  BCD  is  greater  than  the  angle 
ADC ;  and  because  the  angle  BCD  of  the  triangle  DCB  is 
« 19. 1.  greater  than  its  angle  BDC,  and  that  the  greater^  side  is 
opposite  to  the  greater  angle;  therefore  the  side  DB  is 
greater  than  the  side  BC ;  but  DB  is  equal  to  BA  and  AC  ; 
therefore  the  sides  BA,  AC  are  greater  than  BC.  In  the 
same  manner  it  may  be  demonstrated,  that  the  sides  AB, 
BC,  ti^reater  than  CA,  and  BC,  CA  greater  tlian  AB. 
ThereSre  any  two  sides,  &c.     Q.  E.  D. 


PROP.  XXI.    THEOR. 

SetN.  If  from  the  ends  of  the  side  of  a  triangle,  there  be 
drawn  two  straight  lines  to  a  point  within  the  tri- 
angle, these  shall  be  less  than  the  other  two  sides 
of  the  triangle,  but  shall  contain  a  greater  angle. 

liet  the  two  straight  lines  BD,  CD.be  drawn  from  B,  C, 
the  ends^of  the  side  BC  of  the  triangle  ABC,  to  the  poiqt 
D  within  it ;  BD  and  DC  are  less  than  the  other  two  sides 
BA,  AC  of  the  triangle,  but  contain  an  angle  BDC  great- 
er than  the  angle  BAC. 

Produce  BD  to  E ;  and  because  two  sides  of  a  triangle 
are  greater  than  the  third  side,  the  two  sides  BA,  AE,  of 
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^e  triangle  ABE  are  greater  than  BE.  To  each  of  these  Booi  i. 
add  EC;  therefore  the  sides 
BA,  AC  are  greater  than  BE, 
EC:  Again,  because  the  two 
sides  CEy'ED  of  the  triangle 
CED  are  greater  than  CD, 
add  DB  to  each  of  these ; 
therefore  the  sides  CE,  EB 
are  greater  than  CD,  DB; 
but  it  has  been  shown  that 
BA,  AC  are  greater  than  BE, 

EC,  much  more  then  are  BA,  AC  greater  than  BD,  DC. 
Again,  because  the  exterior  angle  of  a  triangle,  is  greater 
than  the  interior  and  opposite  angle,  the  exterior  angle 
BDC  of  the  triangle  CDE  is  greater  than  CED ;  for  the 
same  reason,  the  exterior  angle  C£B  of  the  triangle  ABE 
is  greater  than  BAC ;  and  it  has  been  demonstrated  that 
the  angle  BDC  is  greater  than  the  angle  CEB;  much  more 
then  is  the  angle  BDC  greater  than  the  angle  BAC. 
Therefore,  if  from  tlie  ends  of,  &c.    Q.  E.  D. 

PROP.  XXII.    PROB. 

To  make  a  triangle  of  which  the  sides  shall  be  See  n. 
equal  to  three  given  straight  lines,  but  any  two 
'whatever  of  these  roust  be  greater  than  the  third*.  •  to,  v 

Let  A,  B,  C  be  the  three  given  straight  lines,  ^  wliich 
SD7  two  whatever  are  greater  than  the  third,  viay&^d  B 
greater  than  C ;  A  and  C  greater  than  B ;  an^pand  C 
than  A.  It  is  required  to  make  a  triangle  of  which  the 
fides  shall  be  equal  to  A,  B,  C,  each  to  each. 

Take  a  straight  line  DE  terminated  at  the  point  D,  but 

unlimited  towards  E,  ^ "^v. 

and  make*  DF  equal  to       /^  ^\  \s,  1. 

A,FG  to  B,  and  GH 
equal  to  C ;  and  from 
the  centre  F,  at  the, J 
distance  FD,  describe^! 

^thecircleDB[L;and    \  \^    jjy  »»SPoit. 

£rom  the  centre  G,  at 

the  distance  GH,  de- 

scribe**  another  circle 

HLK;  and  join  KF, 

KG ;  the  triangle  KFG  has  its  sides  equal  to  the  tbre 

ftraight  lines  ABC. 
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B«>o»  I-        Because  the  point  F  Is  the  centre  of  the  eif  ck  DKL)  FIl 
^f^f  ^^  ^9"^^*^  ^o  ^^  f  ^"^  ^O  ^s  ^q"«^  ^^  ^'^^  straight  Vim  A  j' 

*  *  ^  *  therefore  FK  is  equal  to  A :  Again,  because  Q  }s  the  c66w 
tre  of  the  circle  LKH,  GH  is  equal*'  to  GK ;  but  GH  k 
equal  to  C ;  therefore  also  GK  is  equal  to  C ;  dnd  tG  b 
equal  to  B  5  therefore  the  three  straight  liiies  KF,  FG,  6Kj 
are  equal  to  the  three  A,  B,  C :  And  therefore  the  triangla* 
KFG  has  its  three  sides  KF,  PG,  GK,  equal  td  the  ttoWr 
given  straight  lines  A,  B,  C.     Which  was  to  be  dondf 

PROP.  XXIII.    PROB. 

At  a  give^  point  in  a  given  straight  line,  t6  make  a 
Rectilineal  angle  equal  to  a  given  rectilineal  imgte^  ' 

Let  AB  be  the  giveti  straight  line,  and  A  the  given  point 
in  it,  and  DCE  the  given  rectilineal  angle;  it  is  require^ 
to  make  an  angle  at  the 
given  point  A  in  the 
given  straight  line  AB, 
that  shall  be  equal  to 
the  given  rectilineal 
angle  DCE. 

Take  in  CD,  CE  any 
points  t),  E,  and  joinD 
•  22. 1.  DE;  and  make^  the  tri- 
angle AFG,  the  sides  of 
which  ^11  be  equal  to  the  three  straight  lines  CD,  t)E, 
EC,  sj^  CD  be  equal  to  AF,  CE  to  AG,  and  DE  to 
FG ;  and  because  DC,  CE  are  equal  to  FA,  AG,  each  to 
each,  and  the  base  DE  to  the  base  FG ;  the  angle  DCE  is 
^  8. 1.  equal*>  to  the  angle  FAG,  Therefore,  at  the  given  point  A 
in  the  given  straight  line  AB,  the  angle  FAG  js  made 
equal  to  the  given  rectilineal  angle  DCE.  Which  was  to 
be  done. 

PROP.  XXIV.    THEOR. 

seeN.  If  two  triangles  have  two  sides  of  the  on6  ^qual  t^ 
two  sides  of  the  other,  each  to  each,  but  the  langl^ 
contained  by  the  two  sid^s  of  one  of  them  greatet* 
than  the  angle  contained  by  the  two  sides  equal  to 
them,  of  the  other ;  the  base  of  that  which  has  the 
greater  angle  shall  be  greater  thati  the  base  of  thfei 
other. 


"H- 
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Ut  ABC,  UBF  be  two  triangles^  whicU  h^ve  the  two    Bp9»  U 
^vifs  Afl,  AC,  equal  to  the  two  DE,  DF,  each  to  each,  vu,  ^^T^ 
AB  equal  to  DE,  and  AC  to  DF ;  but  the  angle  BAC 
greater  than  the  angle  EDF;  the  base  BC  is  also  greater 
than  the  base  EF. 

Of  the  two  sides  DE,  DF,  let  DE  be  the  ^de  which  is 
not  greater  than  the  other,  and  at  the  point  D,  in  the  straight 
line  DE,  make^  the  angle  EDG  equal  to  the  angle  BAC]  nfs,  i. 


^s.  1. 


*5.i. 


and  make  DG  equal*»  to  AC  or  DF,  and  join  EG,  GF. 
Because  AB  is  equal  to  DE,  and  AC  to  DG,  the  twq 

sides  BA,  AC  are  equal  to  the  two  ED,  DGjCacb  to  eacht 

and  the    angle  . 

8AC  is  equal  to<^ 

tbeaqgleEDG^i 

tiierefbretbebasei 

BC  isP  equal  to|         \^  \    \\^  «4.  i. 

the  base  EG;  and 

because    DG    is 

equal  to  DF,  the 

aqgle    PFG    is  ^ 

equah*  to  the  an-  ^  ^  '^-     ^ 

gleDGF;  but  the  * 

angle  DGF  is  greater  than  the  angle  EGF ;  therefore  the 

Mgle  DFG  is  greater  than  EGF ;  and  much  more  is  the 
aoigle  EFG  greater  than  the  angle  EGF  ^  and  because  the 
AQsle  EFG  of  the  triangle  EFG  is  greater  than  its  angle 
EGF,  and  that  the  greater^  side  is  opppsite  to  the  greater  •ig.  i. 
angle  J  the  side  EG  is  therefore  greater  than  the  side  EF*; 
but  £G  16  equal  to  BC ;  and  therefore  also  BC  ji|  greater 
(b9SF»    Therefore,  if  two  triangles,  &c.    Q.B.D. 

PROP.  XXV.    THEOR. 

}f  two  triangles  have  two  sides  of  the  one  equal  to 
two  sides  of  the  other,  each  to  each,  but  the  base 
of  the  one  greater  than  the  base  of  the 'other ;  llic 
angle  also  contained  by  the  sides  of  that  which  has 
the  greater  base,  shall  be  greater  than  the  angle 
contained  by  the  sides  equal  to  them  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,each  to  each,  viz. 
A£eqaBltoJ>B,aQdAC  toDF;  but  the  base CB  greater 
d»D  the  base  EF ;  the  angle  BAC  is  likewise;  greater  than 
tkc^C^eEDF, 
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Book  I.        FpF,  if  it  be  not  greater,  it  must  either  be  equal  to  it,  or 
^'^'V^^  less  J^  but  the  angle  BAC  is  not  equal  to  the  angle  EDF, 
because  then  the  base 
•  4. 1.  BC  would  be  equal*  A 
to  EF:  but  it  is  not; 
therefore  the  angle 
BAC  is  not  equal  to 
;    the  angle EDF;  nei- 
ther is  it  less;  because 
then  the   base   BC 

*1M.  1.  would  be  less^  than    ^ .  — 

thebaseEFjbutitis.  B  C  E  F 

not;  therefore  the  angle  BAC  is  not  less  than  the  angle 
EDF ;  and  it  was  shown  that  it  is  not  equal  to  it ;  there- 
fore the   angle  BAC   is  greater  than  the  angle  EDF.' 
Wherefore,  if  Jwo  triangles,  &c.     Q.  E*  D. 

PROP.  XXVI.    THEOR. 

If  two  triangles  have  two  angles  of  one  equal  to 
two  angles  of  the  other,  each  to  each  ;  and  one  side 
equal  to  one  side,  viz.  either  the  sides  adjacent  to 
the  equal  angles,  or  the  sides  opposite  to  equal 
angles  in  each  ;  then  shall  the  other  sides  be  equal^ 
each  to  each :  and  also  the  third  angle  of  the  one 
.   to  the  third  angle  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  angles 
ABC,  BCA  equal  to  the  angles  DEF,  EFD,  viz.  ABC  to^ 
DEF,  and  BCA  to  EFD ;  also  one  side  equal  to  one  side ; 
and  first  let  those  sides  be  equal  which  are  adjacent  to  the 
angles  that  are  equal  in  the  two  triangles ;  viz.  BC  to  EF; 
the  other  sides  .  .^ 
shall  be  equal,  "jV  ^ 
each  to  each,  viz.  ^l 
AB  to  DE,  and^' 
AC  to  DF,  and 
the  third  angle 
BAC  to  the  third 
angle  EDF.  

^     For,  if  AB  be      B~  C         E  K 

not  equal  to  DE,  one  of  them  must  be  the  greater.  Let 
AB  be  the  greater  of  the  two,  and  make  BG  equal  to  DE, 
and  join  GC;  therefore,  because  BG  is  equal  to  DE,  and 
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BC  to  EF,  the  two  sides  GB,  BC  are  equal  to  the  two  DE, 
lEFy  each  to  each ;  and  the  angle  GBC  is  equal  to  the  an* 
gle  DEF ;  therpfore  the  base  GC  is  equal*  to  the  base  DF, 
and  the  triangle  GBC  to  the  triangle  DEF,  and  the  other 
angles  to  the  other  angles,  each  to  each,  to  wbich  the  equal 
sides  are  opposite ;  therefore  the  angle  GCB  is  equal  to  the 
angle  DFE ;  but  DFE  is,  by  the  hypothesis,  equal  to  the 
angle  BCA;  wherefore  also  the  angle  BCG  is  equal  to  the 
angle  BCA,  the  less  to  the  greater,  which  is  impossible; 
therefore  AB  is  notoinequal  to  DE,  that  is,  it  is  equal  to  it ; 
and  BC  is  equal  to  £F ;  therefore  the  two  AB,  BC  are 
equal  to  the  two  DE,  EF,  each  to  each ;  and  the  angle  ABC 
IS  equal  to  the  angle  DEF ;  the  base  therefore  AC  is  equal* 
to  the  base  DF,  and  the  third  angle  BAC  to  the  third  an- 
gleEDF. 

Next,  let  the 
sides  which  are 
opposite  to  equal 
angles  in  each  tri- 
angle be  equal  to 
one  another,  viz. 
AB  to  DE ;  like, 
wise  in  this 


case. 


theothersidesshall    J^ 

be  equal,  AC  to 

DF,  and  BC  to  EF ;  and  also  the  third  angle  BAC  to  the 

third  EDF. 

For,  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater  of- 
them,  and  make  BH  equal  to  EF,  and  join  AH ;  and  be- 
cause BH  is  equal  to  EF,  and  AB  to  DE ;  the  two  AB,  BH 
are  equal  to  the  two  DE,  EF,  each  to  each  5  and  they  con- 
tain equal  angles;  therefore  the  base  AH  is  equal  to  the 
base  DF,  and  the  triangle  ABH  to  the  triangle  DEF,  and 
the  other  angles  shall  be  equal,  each  to  each,  to  which  the 
equal  sides  are  opposite;  therefore  the  angle  BHA  is  equal 
to  the  angle  EFD;  but  EFD  is  equal  to  the  angle  BCA ; 
therefore  also  the  angle  BHA  is  equal  to  the  angle  BCA, 
that  is,  the  exteriorangleBH  A  of  the  triangle  AHC  is  equal 
to  its  interior  and  opposite  angle  BCA;  which  is  impos- 
sible** ;  wherefore  BC  is  not  unequal  to  EF,  that  is,  it  is  ^  I6, 1. 
equal  to  it;  an^^AB  is  equal  to  DE;  therefore  the  two, 
AB,  BC  are  equal  to  the  two  DE,  EF,  each  to  each  ;  and  - 
they  contain  equal  angles ;  wherefore  the  base  AC  is  equal 
to  the  base  DF,  and  the  third  angle  BAC  to  the  third  angle 
EDF.    Therefore,  if  two  triangles,  &c.    Q.  E.  D, 


to 
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BoQ«i.  PROP,  XXVIL    tHEOR. 

If  a '  straight  line  falling  upon  two  other  straight 
lines  makes  the  alternate  angles  equal  to  one  an*^ 
^ther,  these  two  straight  lines  shall  be  parallel. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight 
lines  AB,  CD  make  the  alternate  angles  AEF,EFD  equal 
to  one  another;  AB  is  parallel  to  GD. 

Fqf,  if  it  be  not  parallel,  AB  and  CD  being  produce^ 
shall  nieet  either  towards  B.  D,  or  towards  A,  C :  let  them 
be  produced  and  meet  towards  B,  D  in  the  point  G;  there- 
fore GEF  is  a  triangle,  and  its  exterior  angle  AEF  is 
•  16. 1.  greater*  than  the  interior 
and  opposite  angle  EFG; 
but  it  IS  also  equal  to  it,  *  F/  "R 

which  is  impossible;  there-' ' — 

fore  AB  and  CD  being  pro*  /  >>G 

duced  do  not  meet  towards  ^  '  ^^^ 

B,  D.  In  like  manner  it(J 
may  be  demonstrated,  that 
they  do  not  meet  towards  A, 
C ;  but  those  straight  lines  which  meet  neither  way,  though 
*  35  Def,  produced  ever  so  far,  are  parallel^  to  one  another.  AB 
therefore  is  parallel  to  CD.  Wherefore,  if  a  straight  line, 
&c.    Q.  E.  D. 

PROP.  XXVIII.    THEOR. 

If  a  straight  line  falling  upon  two  other  straight 
lines,  makes  the  exterior  angle  equal  to  the  interior 
and  opposite  upon  the  same  side  of  the  line ;  or 
makes  the  interior  angles  upon  the  same  side  toge- 
ther equal  to  two  right  angles;  the  two  straight 
lines  shall  be  parallel  to  one  another. 

Let  the  straight  line  EF, 
which  falls  upon  the  two 
straight  lines  AB,  CD,  make 


the  exterior  angle  EGB  equal  a 
to  the  interior  and  opposite 
angle  GHD  upon  the  same 
side;  or  make  the  interiorp^ 
angles    on    the    same    side^ 
BGH,  GHD  together  equal 
to  two  right  angles;  AB  is 
parallel  to  CD. 


I. 
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Because  the  angle  EGB  is  equal  to  the  angle  GHD,  and    Bo^k  I. 
ftie  angle  EGB  equa^  to  the  angle  AGH,  the  angle  AGH ,  ''^^^^ 
i3 equal  to  tlie  angle  GHD;  and  they  are  the  alternate'^**  ^* 
angles;  therefore  AB  is  parallel^  to. CD.    Again,  because «» ez.  i. 
the  angles  BGH,  GHD  are  equal*  to  two  right  angles ;  and  *  By  H3  p. 
diar  AGH,  BGH  are  also  equal^  to  two  right  angles  ;  the '  13. 1. 
angles  AGH,  BGH,  are  equal  to  the  two  angles  BGH, 
GHD :  Take  away  the  common  angle  BGH  ;  therefore 
the  reniaining  angle  AGH  is  equal  to  the  remaining  angle 
GHD;  and  they  are  alternate  angles ;  therefore  AB  is  pa* 
rallei  to  CD.     Wherefore  if  a  straight  line,  &c.     Q.  E.  D. 

PROP.  XXIX.    THEOR. 

If  a  Straight  line*  fall  upon  two  parallel  straight  Sec  the 
lines,  it  makes  the  alternate  angles  equal  to  one"^*,^J^ 
another  ;  and  the  exterior  angle  equal  to  the  inte-  «tioiu 
rior  and  opposite  upon  the  same  side ;  and  likewise 
the  two  interior  angles  upon  the  same  side  together 
equal  to  two  right  angles. 

Let  the  straight  line  EF  fell  upon  the  parallel  straight 
lines  AB,  CD ;  the  alternate  angles  AGH,  GHD,  are  equal 
to  one  another ;  and  the  exterior  angle  EGB  is  equal  to  the 
interior  and  opposite,  upon  the  g 
same  side  GHD ;  and  the  two     \ 

interior  aigles  BGH,  GHD         \       

upon  the  same  side,  are  toge-  A      Gv'  R 

ther  equal  to  two  right  angles.  \^ 

For,  if  AGH  be  not  equal  to  \ 

GHD,one  of  them  must  be  great-  q  H\    "        H 

er  than  the  other ;  let  AGH  be  \  «, 

the  greater ;  and  because  the  '  \^ 

angle  AGH  is  greater  than  the  angle  GHD,  add  to  each 
of  diem  the  angle  BGH  ;  therefore  the  Angles  AGH,  BGH 
are  greater  than  the  angles  BGH,  GHD^  but  the  angles 
AGH,  BGH,  are  equal*  to  two  right  angles  ;  therefore  the  •  13. 1. 
angles  BGH,  GHD,  are  less  than  two  right  angles ;  but 
those  straight  lines  which,  with  another  straight  line  fall- 
ing upon  them,  make  the  interior  angles  on  the  same  side 
less  tlian  two  right  angles,  do  meet*  together  if  continually  •  1 J  Ax. 
produced ;  therefore  die  straight  lines  AB,eD,  if  produced  ^®^  ^^^^ 
far  enough,  shall  meet ;  but  they  never  meet,  since  they  are  ^i^ig  propo. 
pandlel  by  the  hypothesis ;  therefore  the  angle  AGH  is  sition. 
not  unequal  to  the  angle  GHD,  that  is,  it  is  equal  to  it; 
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B<>o%  I.    but  the  angle  AGH  is  equal^  to  the  angle  EGB ;  therefore 

^'^^'^'^^   likewise  EGB  is  equal  to  GHD ;  add  to  each  of  these  the 

^^'  'angle  BGH  ;  therefore  the  angles  EGB,  BGH  are  equal 

MS.  ].  to  the  angles  BGH,  GHD ;  but  EGB,  BGH  are  equal^  to 

two  right  angles ;  therefore  also  BGH,  GHD  axe  equal  to 

two  right  angles.     Wherefore,  if  a  straight,  &c.     Q.  E.  D. 


PROP.  XXX.    THEOR. 

Straight  lines  which  are  parallel  to  the  same 

straight  line  are  parallel  to  each  other. 

« 
Let  AB,  CD  be  each  of  them  parallel  to  EF;  AB  is  also 

parallel  to  CD.  ^ 

^      Let  the  straight  line  GHK  cut  AB,  EF,  CD  5  and  be- 
cause GHK  cuts  the  parallel 
straight  lines  AB,  EF,  the  an- 

•  !J9. 1.  gle  AGH  is  equal*  to  the  an-    a G^/ -d 

gle  GHF.  Again,^  because  the                         ^       '       ■" 
straight  line  GK  cuts  the  pa- 
rallel straight  lines  EF,  CD,  K ^h- ^F 

the  angle  GHF  is  equal*  to  ^  ^ 

the  angle  GKD;  and  it  was^  ' 

shown  that  the  angle  AGK  is 

equal  to   the   angle  GHF; 

therefore  also  AGK  is  equal  to  GKD  ;  and  they  are  alter- 

^  «r.  J.  nate  angles ;  therefore  AB  is  parallel^  to  CD.    Wherefore 
straight  lines,  &c»    Q..  E.  D. 


-D 


PROP.  XXXL    PROB' 

To  draw  a  straight  line  through  a  given  point  pa- 
rallel to  a  given  straight  line.    - 

Let  Abe  the  given  point,  and  BC  the  giveo  straight  line ; 
it  is  required  to  draw  a  straight  t,-  a  r* 

line  through  the  point  A,  paral-  ""^  ' ^ 

lei  to  the  straighrline  BC, 

In  BC  take  any  point  D,  and 


join  AD ;  and  at  the  poinr  A,  in  ^p 
*  iX  1.  the  straight  line  AD,  iiaake*  the   ^^ 


D  C 

angle  DAJ^2  equal  to  the  angle  ADC;  and  produce  the 
straight  line  EA  to  F. 

Because  the  straight  line  AD,  which  meets  the  two 
5itraight  lines  BC,  EF,  makes  the  alternate  angles  £AD, 


•  31.  1. 
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ADC  eqaal  to  one  another,  EF  is  pa«llel»>  to  BC.   There-    Boq»i. 
fore  the  straight  Hne^EAF  is  drawn  through  the  given  point  ^^^JpT^ 
A  parallel  to  the  given  straight  line  BC.     Which  was  to 
be  done.  • 

PROP.  XXXII.    THEOR. 

If  a  side  of  any  triangle  be  produced,  the  exterior 
angle  is  equal  to  the  two  interior  and  opposite  an- 
gles ;  and  the  three  inferior  angles  of  every  triangle 
are  equal  to  two  right  angles. 

Let  ABC  he  a  triangle,  and  let  one  of  its  sides  BC  he 
produced  to  D ;  the  exterior  angle  ACD  is  equal  to  the  two 
interior  and  opposite  angles  CAB,  ABC,  and  the  three  in- 
terior angles  of  the  triangle,  viz.  ABC,  BCA,  CAB^  are  to- 
gether equal  to  two  right  angles. 

Through  the  point  C 

draw  CE  parallel*  to  the 

,  straight  line  AB ;  and 

because  AB  is  parallel 

to  C£,  and  AC  meets 

them,  the  alternate  an- 

gles   BAG,   ACE,   areg C D 

equaR    Again,  because  w  J9.  i. 

AB  is  parallel  to  CE,  and  BD  falls  upon  them,  the  exterior 
angle  £CD  is  equal  to  the  interior  and  opix)site  angle 
ABC;  but  the  angle  ACE  was%shown  to  be  equal  to  the 
angle  BAC ;  therefore  the  whole  exterior  angle  ACD  is 
equal  to  the  two  interior  and  opposite  angles  CAB,  ABC ; 
to  these  equals  add  the  angle  ACB,  and  the  angles  ACD, 
ACB  are  equal  to  the  three  angles  CBA,  BAC,  ACB ;  but 
the  angles  ACD,  ACB  are  equal®  to  two  right  angles:  <"  is.  i. 
therefore  also  the  angles  CBA,  BAC,  ACB,  are  equal  to  * 
two  right  angles.  Wherefore  if  a  side  of  a  triangle,  &c. 
Q,E.D. 

Cor.  1.  All  the  interior  angles 
of  any  oectilineal  figure,  together 
with  four  right  angles,  are  equal  to  ^ 
twice  as  many  right  angles  as  the 
figure  has  sides. 

For  any  rectilineal  figure 
ABCPE^  can  be  divided  into  as 
many  triangles  as  the  figure  has 
sides,  by  drawing  straight  lines 
horn  a  point  Fwitlun  the  figure  to 
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Book  I.    eacb  of  its  anglcE.     And,  by  the  preceding  proposition,  kII 

""^•/"^  tlie  angles  of  these  triangles  are  equal  to  twice  as  many 

right  angles  as  there  are  triangles,  that  is,  as  there  are  sides 

of  the  figure :  and  the  same  angles  are  equal  to  the  angles 

of  the  figure,  togetlier  with  the  angles  at  the  point  F,  which 

■  (  Cot.  is  the  common  vertex  of  the  trJangli^  :  that  is%  together 

15,  II       with  four  right  angles.  Therefore  all  the  angles  of  the  figure, 

together  with  four  right  angles,  are  equal  to  twice  as  maey 

right  angles  as  die  figure  has  sides. 

Cor.  2,  All  the  exterior  angles  of  any  rcetilinejil  figure 
are  together  equal  to  four  right  angles. 

Because  every  interior  angle 
ABC,  with  iis  adjacent  exte- 

*  13. 1.  rior  ABD,  is  equal**  to  two 

right  angles  j  therefore  all  the 

interior  together  with  all  the 

exterior  angles  of  the  figure, 

are  equal  to  twice  as  many 

right  angles  as  there  are  sides  XT 

of  the  figure ;  that  is,  by  the 

foregoing  corollary,  they  are  equal  to  all  the  intctior  angles 

of  the  figure,  together  with  four  right  angles ;  therefore  all 

the  exterior  angles  are  equal  to  four  right  angles, 

PROP.  XXXIII.     THEOR. 

The  straight  lines  which  join  the  extremities  of 
two  equal  and  parallel  straight  lines  towards  the 
same  parts,  are  also  themselves  equal  and  parallel. 

Let  AB,  CD  be  equal  and 

paraUdstra)glitline9,andJoin-  ^ g 

ed  towards  the  same  parts  by " 
thestraight]inesAC,BD;  AC, 
BD  are  also  equal  and  parallel. 

Join  BC ;  and  because  AB 
is  parallel  to  CD,  and  BC 
meets  them,  the  alternate  an- 

•  i9.  I.  gtes  ABC,  BCD  are  equal";  and  because  AB  is  equal  to 

CD,  and  BC  common  to  the  two  triangle^  ABC,DCB, the 
two  sides  AB,  BC,  are  equal  to  the  two  DC,  CB;  and  the 
angle  ABC  is  equal  to  the  angle  BCD;  therefore  the  base 
"*■  1.  AC  is  equal''  to  the  hase  BD,  and  the  triangle  ABC  to  the 
triangle  BGD,  and  the  other  angles  to  the  other  angles^, 
each  to  each,  to  which  the  equal  sides  are  opposite ;  tlieic- 
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ble  tlie«B|^1e  ACB  is  eqoal  to  the  angle  CBD ;  and  be-    Booe  I. 
came  the  straight  line  BC  meets  the  two  straight  lines  AC>  *^^v"*^ 
BDy  and  makes  the  alternate  angles  ACB,  CBD  equal  to 
one  another,  AC  is  parallel*^  to  Tab  ;  and  it  was  shown  to  e  27.  j. 
be  equal  to  it.    Therefore,  straight  lines,  &c.    Q.  £.  D, 


KIDP.  XXXIV.    THEOIL 

The  opposite  sides  and  angles  of  parallelograms 
are  equal  to  one  another,  and  the  diameter  bisects 
them,  that  is,  divides  them  into  two  equal  parts. 

N.  B.  A  parallelogram  is  a  four-sided JigurCy  of 
which  the  apposite  sides  are  parallel ;  and  the  dia* 
meter  is  the  straight  lifie  Joining  tzoo  of  its  opposite 
angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  isa  diame^ 
ter;  the  opposite  sides  and  angles  of  the  figure  are  equal 
to  one  another ;  and  the  diameter  BC  biserts  it. 

Because  AB  is  parallel  to  a 
CD,  and  BC  meets  them,  the 
alternate  angles  ABC,  BCD 

are  equal  to  one  another*;  and     \  ^^  \     ,^91 

because  AC  is  parallel  to  BD, 
aad  BC  meets  them,  the  alter* 
bate  angles  ACB,  CBD,  are 
eooal*  to  one  another ;  wherefore  the  two  triangles  ABC, 
CBi)  have  two  angles  ABC,  BCA  in  one,  equal  to  two  an- 

8les£CD,  CBD  in  the  other,  each  to  each,  and  one  side  \ 
iC  common  to  the  two  triangles,  which  is- adjacent  to  their 
equal  aisles;  therefore  their  other  sides  shall  be  equ^l, 
each  to  each,  and  the  third  angle  of  the  one  to  the  third 
angle  of  the  other^,  viz.  the  side  AB  to  the  side  CD,  and »» 96, 1. 
AC  to  BD,  and  the  angle  BAC  equal  to  the  angle  BDC : 
And  because  the  angle  ABC  is  equal  to  the  angle  BCD, 
and  the  angle  CBD  to  the  angle  ACB,  the  whole  angle 
ifUSD  is'e^pial  to  the  whole  angle  ACD :  And  the  angle  BAC 
ite  bean  shown  to  be  equal  to  the  angle  BDC ;  tlierefore 
ike  opposite  'sides  and  angles  of  {parallelograms  are  equal  to 
we  another;  also,  their  diameter  bisects  them;  for  AB 
iidog  equal  to  CD,  and  BC  common,  tlte  two  AB,f)C  are 
^Xjmi  to  the  two  DC,  CB,  each  to  ^eaeh ;  and  the  angle 
ABC  k  equal  to  ■  tlie  angle  BCD ;  theref4M?e  the  triai^le 


S2 


THE    ELEMENTS 


Book  I.    ABC  is  eqiial^  to  th^  triangle  BCD,  and  the  diametfer  BC 
^'^"^^   divides  the  parallelogram  ACDB  into  two  equal  parts. 
*'  Q.  JE.  D. 


•  /  » 


guret 


PROP.  XXXV.    THEOR. 

See N.  Parallelograms  upon  the  saoie  base^  and  be- 
tween the  same  parallels,  are  equal  to  one  another. 

See  the  2d  .   Let  the  parallelograms  ABCD,  EBCF  be  upon  the  same 
and  3d  fi-  base  BC,  and  between  the  same  parallels  AF,  BC ;  the  pa- 
'""'''*'        rallelogram  ABCD  shall  be  equal  to  the  parallelogram 
EBCF. 

If  the  sides  AD,  DF  of  the  pa-  A. 
ralielograms  ABCD,  DBCF,  oj).   "" 
posite  to  the  base  BC,  be  termi- 
nated in  the  same  point  D;  it  is 
plain  that  each  of  the  parallelo- 
•34. 1.  grams  is  double^  of  the  triangle  x^ 
BDC ;  and    they  are    theretbre 
equal  to  one  anbther. 

But,  if  the  sides  AD,  iEF,  opposite  to  the  base  BC  of  the 
parallelograms  ABCD,  EBCF,  be  not  terminated  in  the 
same  point ;  then,  because  ABCD  is  a  paraltelogram^  AD 
is  equal^  to  BC ;  for  the  same  reason  EF  is  equal  to  BC  5 
^  1  Ax.  wherefore  AD  is  equal*»  to  EF ;  and  DE  is  common ; 
« 2  or 3  therefore  the  whole,  or  the  remainder,  AE  is  equal® 
to  the  whole,  or  the  remainder  JDF ;  AB  also  is  equal 
to  DC  5  and  the  two  EA,  AB  are  therefore  equal  ta 


Ax. 


D    E 


F    A     E 


C  B  C      ■■ 

the  two  FD,  DC,  each  to  each ;  and  the  exterior  angle 


triangle  FDC.     Take  the  triangle 

pezium  ABCF,  and  from  the  same  trapezium  take  the.  trir 

'  3  Ax.  angle  E AB  :  the  remainders  therefore  are  equaK,  that  '^thi 

parallelogram  ABCD  is  equal  to  the  parallelogram  EBCF* 

Therefore  parallelograms  upon  the  same  base^&c.  Q.  E»P» 
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BookL 
PROP.  XXXVI.    THEOR. 

Parallelograms  upon  equal  bases,  and  between 
the  same  parallels,  are  equal  to  one  another. 

LetABCD,EFGH,be 
parallelograms  upon  e- 
qual  bases  BC,  FG,  and 
between  the  same  pa- 
rallels AH,  BG;  the 
pamlleio^ram  ABCD  is 

equal  to  EFGH.  L , ,-, 

JoioBE,  CH;  and^  (  ^  G 

because  BC  is  equal  to  FG,  and  FG  to*"  EH,  BC  is  equal  •  94. 1. 
to  £H ;  and  they  are  parallels,  and  joined  towards  the  same 
parts  by  the  straight  lines  BE,  CH.     But  straight  lines 
which  join  equal  and  parallel  straight  lines  towards  the  same 
parts,  are  themselves  equal  and  parallel^ ;  therefore  EB,  ^  33. 1. 
CH^  are  both  equal  and  parallel,  and  ££CH  is  a  parallelo- 
gram ;  and  it  b  equal<^  to  ABCD,  because  it  is  upon  the  *  35. 1. 
same  base  BC,  and  between  the  same  parallels  BC,  AD : 
For  the  like  reason,  the  parallelogram  EFGH  is  equal  to 
the  same  EBCH :  Therefore  also  the  parallelogram  ABCD 
U  equal  to  EFGH*  Wherefore  parallelograms,  &c.  Q.  E.D. 


PROP.  XXXVIL    THEOR. 

Triangles  upon  the  same  base,  and  between  the 
parallels,  are  equal  to  one  another.  ' 


Let  the  triangles  ABC,  DBC,  be  upon  the  same  base 
BC,  and  between  the  same 
parallels  AD,  BC :  The 
triaogle  ABC  is  equal  to 
the  triangle  DBC. 

Produce  AD  both  ways 
to  the  points  E,  F,  and 

dmmgh  B  draw*  BE  pa-  ^ ~V 

raliel  to  C A ;  and  through  ^  ^ ' 

Cdraw  CF  parallel  toBD;  therefore  each  of  the  figures 
EBCA,  DBCF  b  a  parallelogram ;  and  EBCA  is  equal^  ^55.  |. 
to  DBCF,  because  they  are  upon  the  same  base  BC,  and 
between  die  same  parallels  BC,  EF;  and  the  triangle 
ABC  is  the  half  of  tne  parallelogram,  EBCA,  because  the 

D 
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Bqo»J-    diameter  a  B  bisects  c  it;  and  the  triangle  DBC  is  the  hatf 

^'^^^C^^  of  the  parallelogram  DBCF,  because  thi  diameter  DC  tt- 

i  7  ^jjI  sects  it :  but  the  halves  of  equal  things  are  equal* ;  ther^ 

fore  the  triangle  ABC  is  equal  to  the  triangle  BBC 

Wherefore  triangles,  &c.    Q.RD. 

PROP.  XXXVIII.    THEOR. 

Triangles  upon  equal  bases,  and  between  tiM. 
same  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bises  EC, 
£F,  gud  between  the  same  parallels  BF,  AD :  The  triangie 
ABC  is  equal  to  the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,,  and  throv^ 

*  51. 1.  B  draw  BG  parallel^  to  C A,  and  through  F  diaw  FH  pa^ 

ralldtoEDiTheuQ  A  D  H 

each  of  the  figicresV^'  '  ' '^  *  *  ^' "-  • 

GBCA,  DEFH,  is 
^  parallelogram ; 
and  they  are  equal 

*  36. 1.  tQb  o0^  another,  be- 

cause they  are  upoa  ^ 

equal    bases   BC,       o  C     E 

EF,  and  between  the  same  parallels  BF,  GH  j  and  the 

«34,l.  triangle  ABC  is  the  half <^  of  the  parallelogram  GBC  A, 
because  the  diameter  AB  bisects  it ;  and  the  triangle  DEIF 
is  the  half  <^  of  the  parallelogram  DEFH,  because  the  dia- 
meter DF  bisects  it :  But  the  halves  of  equal  thisss  aire 

'  7  Ax.  equaW ;  therefore  the  triangle  ABC  is  equal  to  the  triangle 
DEF.    Wherefore  triangles,  &c.    Q.E.D. 


PROP.  XXXIX.    THEOR. 

Equal  triangles  upon  the  same  base,  and  upon 
same  side  of  it,  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  samo 
base  BC,  and  upon  the  same  side  of  it;  they  are  between 
the  same  parallels. 

Join  AD  ;  AD  id  parallel,  to  BC ;  for,  if  it  is  not,  throogli 
.,11. 1.  the  point  A  draw«  AE  parallel  to  BC,  and  join  EG :  The 
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triangle  ABC  is  equal^  to  the  trian- 
gle £BC,  because  it  is  upon  the 

same  base  BC,  and  between  tlie  same 

paraHels  BC,  AE :  But  the  triangle 

ABC  is  equal  to  the  triangle  BDC, 

therefore  also  the  triangle  BDC  ;  is 

equal  to  the  triangle   JEBC,    the 

greater  to  the  less,  which  is  impos- 
sible: Therefore  AE  is  not  parallel  to  BC,     In  the  sanM 
manner,  it  can  be  demonstrated,  that  no  other  line  but  AD 
is  parallel  to  BC ;  AD  is  therefore  parallel  to  it.     Wheio- 
4m  equal  triangles  upon,  &c.   Q.  £.  D. 

PROP.  XL.    THEOR. 

£qual  triangles  upon  equal  bases,  in  the  same 
straight  line,  and  towards  the  same  parts,  are  be- 
tween the  same  parallels. 

JLet  the  equal  triangles  ABC,  DEF  be  upon  equal  bases 
BC,  EF,  m  the  same 
straight  line  BF,and  to- 
-wards  the  same  parts; 
tbey  are  between  the 
same  paraUeb, 

Join  AD;  ADis  pa- 
rallel to  BC  :  For,  if  it 
is  no^  through  A  draw!^ 
AG  parallel  to  BF,  and  join  GF :  The  triangle  ABC  is 
equal^  to  the  triangle  GEF,  because  they  are  upon  equal  ^  ^  ^* 
bases  BC,  £F,  and  between  the  same  parallels  BF,  AG : 
But  the  triangle. ABC  is  equal  to  the  triangle  DEF ;  there-* 
fore  also  the  triangle  DEF  is  equal  to  the  triangle  GEF, 
the  greater  to  the  less,  which  is  impossible :  Therefore 
AG  is  not  parallel  to  BF :  And  in  the  same  manner  it  caa 
be  demonstrated  that  there  is  no  other  parallel  to  it  but 
AD :  AD  is  therefore  parallel  to  BF.  Wherefore  equal 
tiriaDgles,  &c.    Ct  E.  D. 
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PROP.  XLL    THEOR. 

If  a  paralletogram  and  triangle  be  upon  the  same 

baaCy  and  between  the  same  parallels ;  the  paral- 

lakMnrain  9haU  be.dwUe  of  tbei  triangle* 

D2 
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Let  the  parallelogram  ABCD  and  tlie  Irianerle  EBC  be 

upon  the  siime  base  BC,  and  between  the  same  parallels 

BC,AE;  lliepamllelogram  ABCD  A 

is  (ftiuJtle  of  the  triangle  EBC.  "^ 

Join  AC  ;  then  the  iriangic  ABC 

I.  is  equal"  to  liie  triangle  EBC,  be- 
cause tliey  are  upon  the  same  ba'ie 
BC,  and  betwi^cn  the  same  parallels 
BC,  AE.     But  the  parallelogriim 

I.  ABCD  is  doublei'  uf  the  triangle 
ABC,  because  the  diameter  AC  61-        "  <3 

vides  it  into  two  equal  parts;  wherefore  ABCD  ia  also 
double  of  the  triangle  EBC.  Therefore,  if  a  parallelognim, 
&c.     Q.E.D. 


PROP.  XLII.    PROB. 

To  describe  a  parallelogram  that  shall  be  equal  t» 
a  given  triangle,  and  have  one  of  its  angles  equal 
to  a  given  rectilineal  angle. 

Let  ABC  he  the  given  triangle,  and  D  the  given  rectili- 
neal aogle.     It  is  required  to  describe  a  parallelogram  lliat 
shall  be  equal  to  the  given  triangle  ABC,  and  have  one  of 
its  angles  equal  to  D. 
1-      Bisect^  BC  in  E,  join  AE,  and  at  the  point  E  in  the 
1.  straight  line  EC  makei*  the  angle  CEF  equal  to  D ;  and 

■  !■  through  A  draw*^  AG  parallel 

to  EC,  and  through  C  draw  A   F         G 

CG=  parallel  to  EF :  There- 
fore FECG  is  a  jwirallelo- 
gram :  And  because  BE  is 
equal   to  EC,    the   iriai 

.  1.  ABE  is  likewise  equal"  to 
the  triangle  AEC,  since  they 
are  upon  equal  bases  BE,  EC, 
and  between  the  same  paral- 
lels BC,  AG ;  therefore  the  triangle  ABC  is  double  of  the 
triangle  AEC.  And  the  parallelogram  FECG  is  likewise 
1-  double^  of  the  triangle  AEC,  because  it  Is  upon  the  same 
base,  and  between  the  same  parallels :  Therefore  the  pa- 
rallelogram FECG  is  equal  10  the  triangle  ABC,  and  it 
has  one  of  its  angles  CEF  equal  to  tb«  given  angle  D; 
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wherefore  there  has  been  described  a  parallelograrn  F£CG    Book  L 
equal  to  a  given  triangle  ABC,  tiaving  one  of  its  angles 
C£F  equal  to  the  given  angle  D.    Which  was  to  be  done. 

PROP.  XLIII.    THEOR. 

The  complements  of  the  parallelograms,  which  are 
about  the  diameter  of  any  parallelogram,  are  equal 
to  one  another. 

Ijsi  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC,  and  EH,  FG,  the  paral- 
lek^rams  about  AC,  that  is, 
ihrousth  which  AC  passes,  and 
BK,  KD,  the  other  parallelo- 
grams which  make  up  the 
whole  figure  ABCD,  which  i 
are  therefcMe  called  the  com-    / 

Elements.    The  complement  / 
\K  is  equal  to  the  comple-  k j4- 

tdentKD.  ^       ^' 

Because  ABCD  is  a  parallelc^ram,  and  AC  its  diameter, 
the  triani^e  ABC  is  equal^  to  the  triangle  ADC:  And, .34. i. 
because  £KHA  is  a  parallelogram,  the  diameter  of  which 
ia  AK,  the  triangle  AEK  is  equal  to  the  triangle  AHK  : 
By  the  same  reason,  the  triangle  KGC  is  equal  to  the  tri- 
ai^le  KFC  :  Then,  because  the  triangle  AEK  is  equal  to 
the  triangle  AHK,  and  the  triangle  KGC  to  KFC ;  the 
triangle  AEK,  together  with  the  triangle  KGC  is  equal 
to  the  triangle  AHK  together  with  the  triangle  KFC: 
Bq^  the  whole  triangle  ABC  is  equal  to  the  wb^le  ADC ; 
therefore  the  remaining  complement  BK  is  equal  to  the 
remaining  complement  KD.  Wherefore  the  complements, 
&c.    Q.KD. 

PROP.  XLIV.    PROB. 

To  a  ^ van  straight  line  to  apply  a  parallelogram, 
which  shall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given  tri- 
angle, and-D  (be  given  rectilineal  angle.  It  is  required  to 
ap^y  to  the  straight  line  AB  a  parallelogram  equal  to  the 
triani^e  C>  and  having  an  angle  equal  to  D. 
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^-^'y^  patalielo- 
'  ^^'  ^-  gramBEFG 

equal  to  the 

triangle    C, 

and    having 

the      angle 

EBG  equal 

to  the  angle 

D,    so   that 

BE  be  in  the  same  straight  line  with  AB,  and  produce  FG 
*  31. 1.  to  H ;  and  through  A  draw*^  AH  parallel  to  BG  or  EF,  and 

join  HB.     Then,  because  the  straight  line  HF  falls  upoa 

the  parallels  AH,  EF,  the  angles  AHF,  HFE,  are  togeth^ 
« 29. 1. equal*^  to  two  right  angles;  wherefore  the  angles  BHUPV 

HFE,  are  less  than  two  right  angles :  But  straight  lines 

which  with  another  straight  line  make  the  interior  angles 
*  It  Ax,  upon  the  same  side  less  than  two  right  angles,  do  mee^  if 

produced  far  enough :  Therefore  HB,  FEn  shall  meet  if 

produced ;  let  them  meet  in  K,  and  through  K  draw  KL^ 

Earallel  to  EA  or  FH,  and  produce  HA,  GB  to  the  points 
I,  M  :  Then  HLKF  is  a  parallelogram,  of  which  the  £a« 
meter  is  HK,  and  AG,  ME  are  the  paralleloj^rams  about 
HK ;  and  LB,  BF  are  the  com|den^nts :  tberejbre  LB  is 
« 43. 1.  equal®  to  BF ;  But  BF  is  equal  to  the  triangle  C ;  whcr^ 
fore  LB  is  equal  to  the  triangle  C ;  and  because  the  angle 
'15. 1.  GBE  is  equal^  tothe  angle  ABM,  and  likewise  to  the  angle 
D ;  the  angle  ABM  is  equal  to  the  angle  D  :  Therefore 
the  parallelogram  LB  is  applied  to  the  straight  line  AJB,  is 
equal  to  the  triangle  C,  and  has  the  angle  ABM  equal  to 
the  angle  D.    Which  was  to  be  done* 


PROP.  XLV.    PROB. 

SceN.  To  describe  a  parallelograra  equal  to  a  given  rec- 
tilineal figure,  and  having  an  angle  equal  to  a  given 
rectilineal  angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the 
given  rectilineal  angle.     It  is  required  to  describe  a  paral- 
lelogram equal  to  ABCD,  and  having  an  angle  equal  to  E. 
•  4t,  1.      •^oi'^  DB,  and  describe*  the  parallelogram  FH  equal  to 
the  triangle  ADB,  and  having  the  angle  HKF  equal  to  the 
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angle  E ;  and  to  the  straight  line  GH  apply**  the  parallelo-    ^<^^  t. 
gram  GM  equal  to  the  triangle  DBC,  having  the  angle  ^^'^'^^'^ 
UHM  equal  to  the  angle  E ;  and  because  the  angle  E  is    ^*  ^* 
equal  to  each  of  the  angles  FKH,  GHM,  the  angle  FKH 
is  equal  to  GHM :  add  to  each  of  these  the  angle  KHG ; 
therefore  the    a  ^^  xr         r^     r 

angles  FKH,  ^ J^  ^^ ^^— i^ 

KHG,  are  e- 
qual  to  the 
an^KHG, 
GHM;  but 
FKH,  KHG 

are  equal«  to  \/  \       /  /        /       « f9.  i. 

two  right  an- 
gles; There- 
fore also  KHG,  GHM,  are  equal  to  two  right  angles ;  and 
because  at  the  point  H  in  the  straight  line  GH,  the  two 
straight  lines  KH,  HM  upon  the  opposite  sides  of  it, make 
the  adjacent  angles  equal  to  two  right  angles,  KH  is  in  the 
same  straight  line^  with  HM,  and  because  the  straight  line  *  14.'  i. 
H6  meets  the  parallels  KM,  FG,  the  alternate  angles 
MHG,HGFare  equal^:  Add  to  each  of  these  the  angle 
HGL :  Therefore  the  angles  MHG,  HGL,  are  equal  to  the 
angles  HGF,  HGL :  But  the  angles  MHG,  HGL,  are  equals 
lo  two  right  angles ;  wherefore  also  the  angles  HGF,  HGL 
are  e^al  to  two  right  angles,  and  FG  is  therefore  in  the 
sune  straight  line  with  GL ;  and  because  KF  is  parallel  to 
HG,  and  HG  to  ML ;  KF  is  parallel^  to  ML;  and  KM,  •  50.  i. 
FLare  parallels;  wherefore  KFLM  is  a  parallelogram ;  and 
because  the  triangle  ABD  is  equal  to  the  parallelogram 
HF,  and  the  triangle  DBC  to  the  parallelogram  GM ;  the 
whole  rectilineal  figure  ABCD  is  equal  to  the  whole  paral- 
lelogram KFLM  ;  therefore  the  parallelogram  KFLM  has 
been  described  equal  to  the  given  rectilineal  figure  ABCD, 
having  the  angle  FKM  equal  to  the  given  angle  E. 
Which  was  to  be  done. 

Cor.  From  this  it  is  manifest  how  to  a  given  straight 
line  to  apply  a  parallelogram,  which  shall  have  an  angle 
equal  to  a  giren  rectilineal  angle,  and  shall  be  equal  to  a 
given  rectilineal  figure,  viz.  by  applying**  to  the  given  fc  4^,  i, 
straight  line  a  parallelogram  equal  to  the  first  triangle 
ABD,  and  having  an  angle  equal  to  the  given  angle. 
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PROP.  XLVI.    PROB. 
To  describe  a  square  upon  a  given  straight  line. 

Let  AB  be  the  given  straight  line ;  It  is  required  to  de- 
scribe a  square  upon  AB. 
^  It.  1.      From  the  point  A  draw*  AC  at  right  angles  to  AB;  and 
*  s.  1.  make^  AD  equal  to  AB^  and  through  the  point  D  draw  DE 
« 31. 1.  parallel^  to  AB,  and  through  B  draw  BE  parallel  to  AD  j 

*  34, 1.  therefore  ADEB  is  a  parallelogram :  whence  AB  is  equal* 

to  DE,  and  AD  to  BE :  but  B  A  is 
equal  to  AD ;  therefore*  the  four  ^ 
straight  lines  BA,  AD,  DE,EB,are 
equal  to  one  another,  and  the  paral- 
lelogram ADEB  is  equilateral,  like-  D  - 
wise  all  its  angles  are  right  angles ; 
because  the  straight  line  AD  meet- 
ing the  parallels  AB,  DE,the  angles 

•  «9. 1.  BAD,  ADE  are  equal*  to  two  right 

angles :  but  BAD  is  a  right  angle ; 
therefore  also  ADE  is  a.right  angle ;  * 
but  the  opposite  angles  of  parallelo-  ^ 
grams  are  equal**;  therefore  each  of  the  opposite  angles 
ABE,  BED  is  a  right  angle ;  wherefore  the  figure  ADEB 
is  rectangular,  and  it  has  been  demonstrated  that  it  is  equi- 
lateral ;  it  is  therefore  a  square,  and  it  is  described  upon  the 
given  straight  line  AB :  Which  was  to  be  done. 

CoH.  Hence  every  parallelogram  that  has  one  right  angle 
has  all  its  angles  right  angles. 


PROP.  XLVIi.    THEOR. 

In  any  right-angled  triangle,  the  square  which  is 
,    described  upon  the  side  subtending  the  right  angle, 

is  equal  to  the  squares  described  upon  the  sides 
.  which  contain  the  right  angle. 

I^t  ABC  be  a  right-angled  triangle  having  the.  right  an- 
gle BAC ;  the  square  described  upon  the  side  BC  is  equal  to 
the  squares  described  upon  BA,  AC. 
^  46. 1.      On  BC  describe^  the  square  BDEC,  and  on  BA,  AC  die 
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^14.1. 


squures  Gi^  HC ;  and  through  A  draw*>  AL  parallel  to  BD,    Book  t. 

orCEyandjoin  AD,FC.  Then,  because  each  of  the  anirles  ^^^-^^ 

BAC,BAGisarightangle«,  ^3^• '• 

the  two  straight  lines  AC,  ^ 

AG,  upon  the  opposite  sides 

of  AB,  make  with  it  at  the 

point  A  the  adjacent  angles 

equal  to  two  right  angles; 

therefore  CA  is  in  the  same 

strai^t  line^  with  AG ;  for 

the  same  reason,  AB  and 

AH  are  in  the  same  straight 

Ime;  and  because  the  angle 

DfiC  is  equal  to  the  angle 

FBA,  each  of  them  being  a 

right  angle,  add  to  each  the 

angle  ABC,  and  the  whole 

angle  DBA  is  equal^  to  the^  whole  FBC ;  and  because  the  •  s  Ax. 

two  sides  AB,  BD,  are  equal  to  tl^  two  FB,  BC,  each  to 

each,  and  the  angle  DBA  equal  to  the  angle  FBC ;  there- 
fore the  base  AD  isc^ual^  to  the  base  FC,  and  the  triangle  '4^1. 
ABD  to  the  triangle  FBC:  Now  the  parallelogmm  BL  is 
Awbles  of  the  triangle  ABD,  because  they  are  upon  the  » 4i.  i. 
same  base  BD,  and  between  the  same  parallels  BD,  AL; 
wdthe  square  GB  is  double  of  the  triangle  FBC,  because 
tbesealsoare  upon  the  same  base  FB,  and  between  the  same 
paTaHck  FB,  GC,  But  the  doubles  of  equals  arc  equal*^  to  ^6  Ax. 
one  another :  Therefore  the  parallelogram  BL  is  equal  to 
tbe  square  GB :  And,  in  the  same  manner,  by  joining  AE, 
BK  it  is  demonstrated,  that  the  parallelogram  CL  is  equal 
to  the  square  HC ;  Therefore  the  whole  square  BDEC  is 
equal  to  the  two  squares  GB,  HC ;  and  the  square  BDEC 
is  described  upon  the  straight  line  BC,  and  the  squares  GB, 
HC  upon  BA,  AC :  Wherefore  the  square  upon  the  side 
BC  is  equal  to  the  squares  upon  the  sides  BA,  AC .  There- 
foK,  in  any  right-angled  triangle,  &c.    Q.  E.  D. 


PROP.  XLVIII.    THEOR. 


If  the  Square  described  upon  one  of  the  sides  of  a 
triangle,  be  equal  to  the  squares  described  upon 
the  other  two  sides  of  it ;  the  angle  contained  by 
these  two  sides  is  a  right  angle. 
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BooE  I.    .   If  the  square  described  upon  BC,  one  of  the  sides  6(  the 
^^"^^^^   triangle  ABC,  be  equal  to  the  squares  upon  the  other  sideft 
BA,  AC,  the  angle  BAC  is  a  right  angle. 

•  11. 1.      From  the  point  A  draw*  AD  at  right  angles  to  AC,  and 

make  AD  equal  to  BA,  and  join  DC  :  Then,  because  DA 

is  equal  to  AB,  the  square  of  DA  is  equal 

to  the  square  of  AB  :  To  each  of  these 

add  the  square  of  AC  \  therefore  the 

squares  of  DA,  AC  are  equal  to  the 

squares  of  B A,  AC :  But  the  square  of 

*  4r.  1.  DC  is  equal^  to  the  squares  of  DA,  AC, 

because  D  AC  is  a  right  angle  \  and  the 
square  of  BC,  by  hypothesis,  is  equal  to 
the  squares  of  B A,  AC  ;  therefore  the  ^^ 
square  of  DC  is  equal  to  the  square  of  »^* 
'  BC  ;  and  therefore  also  the  side  DC  is  equal  to  the  side 
BC.  And  because  the  side  DA  is  equal  Xq  AB,  and  AC 
common  to  the  two  triangles  D AC,  BAC^  the  two  DA,  AC 
are  equal  to  the  two  BA,  AC ;  and  the  base  DC  is  equal 
•  B.  1.  to  the  base  BC ;  therefore  the  angle  D  AC  is  equal*^  to  the 
angle  BAC ;  but  DAC  is  a  right  angle ;  therefore  also  BAC 
is  a  right  angle.    Therefore,  if  the  square,  &c.    Q.  E.  D. 
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BOOK  II. 

DEFINITIONS. 

L 

Every  ri^t-angled  parallelogram  is  said  to  be  ^*^ 
contained  by  any  two  of  the  straight  lines  which 
contain  one  of  the  right  angles. 

II. 

In  every  parallelogram,  any  of  the  parallelograms  about 
a  diameter,  together  with     a 
the  two  complements,  is   ^  ^ 
called  a  Gnomon.    *  Thus 

*  the  parallelogram   HG, 

*  together  with  the  com- 

*  plements  AF,  FC,  is  the  -rr 

*  gnomon,  which  is  more 

*  briefly  expressed  by  the   >J^ — Jj- 
'  lettere  AGK,  or  EHC,   ^    ^ 

*  which  are  at  the  opposite  angles  of  the  parallelogram^ 

*  which  make  the  gnomon/ 

PROP.  I.    THEOR. 

If  there  be  two  straight  lines,  one  of  which  is  di- 
vided into  any  number  of  parts ;  the  rectangle  con- 
tained by  the  two  straight  lines,  is  equal  to  the  rec- 
tangles contained  by  the  undivided  line,  and  the 
several  parts  of  the  divided  line. 
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Book  II.       Let  A  and  BC  be  two  straight  lines ;  and  let  BC  be  di- 
^■^"v-^   vided  into  any  parts  in  the  pdnts  D,  E ;  the  rectangle  con- 
tained by  the  straight  lines  A,  g^  J)        E c 

BC  is  equal  to  the  rectangle 
contained  by  A,BD,  together 
with  that  CO  i  itai  rifed  by  A,  DE, 
and  that  contained  by  A,  EC. 

•11.1.      Frona  the  point  B  draw^Q 

BF   at  right  angles  to  BC, 
*»  3. 1.  and  make  BG  equal^  to  A ; 

^  SI.  1.  and  through  Gdraw^  GH  pa-  pi 

rallel  to  BC ;  and  through  D,  E,  C,  draw<^  DK,  EL,  CH 
parallel  t(»  BG ;  then  the  rectangle  BH  is  equal  to  the  rect- 
angles BK,  DL,  EH  ;  and  BH  in  contained  by  A,  BC,  for 
it  is  contained  by  GB,  BC,  and  GB  is  equal  to  A ;  and  BK 
is  contained  by  A,  Bl),  for  it  is  contained  by  GB,  BD,  of 
which  GB  is  equal  to  A ;  and  DL  is  contained  by  A,  DEf 

*  34. 1.  because  DK,  that  is<*  BG  is  equal  to  A ;  and  in  like  man- 

ner the  rectangle  EH  is  contained  by  A,  EC :  Therefore 
the  rectangle  contained  by  A,  BC,  is  equal  to  the  several 
rectangles  contained  by  A,  BD,  and  by  A,  DE  :  and  also 
by  A,  EC.  Wherefore,  if  there  be  two  straight  lines,  &€• 
Q.  E.  J). 

PROP.  11.    THEOR. 

Ira  straight  line  be  divided  into  any  two  parts,  the 
rectangles  contained  by  the  whole  and  each  of  the 
p}«rts^  are  together  equal  to  the  square  of  the  whole 
Kne. 

Let  the  straight  line  AB  be  divided  * 
into  any  two  parts  in  the  point  C;  the   — 
rectangle  contained  by  AB,  BC,  toge- 
ther with  the  rectangle*  AB,  AC, shall 
be  equal  to  the  square  of  AB. 

•  4i).  1.      Upon   AB   describe*   the    square 
ksi  t  ADEB,  and  through  C  draw^  CF, 

parallel  to  AD  or  JBE.    Then  AE  is 

equal  tothe  rectangles  AF,  CE ;  and 

AE  is  the  square  of  AB  ;  and  AF  is 

the  recta tigle  contained  by  BA,  AC ;  for  it  is  contained,  by 

DA,  AC  of  which  AD  is  equal  to  AB ;  and  CE  is  contain- 

•  N.  B.  To  avoid  repeating  the  word  contaiaied  too  frequently,  the  re«t» 
angle  contained  by  two  straight  lines  AB,  AC  is  sometimes  simply  coiled 
the  rectangle  AB,  AC- 
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ed  by  AB^  BC,  for  BE  is  equal  to  AB ;  ,thereforr  the  rert-  Boo«  II. 
aogie  contained  by  A B,  AC,  together  with  the  rectangle 
AB,  BC  is  equal  to  the  square  of  AB.  If  therefore  :\  straight 
Uoe^&c.    Q.  E.  D. 


PROP.  III.    THEOR. 

If  a  straight  line  be  divided  iuto  any  two  parts,  the 
rectangle  contained  by  the  whole  and  one  of  the  parts 
is  equal  to  the  rectangle  contriined  by  the  two  paits, 
together  with  the  square  of  the  aforesaid  part. 

Let  the  straight  line  AB  be  divided  into  two  parts  in  the 
point  C ;  the  rectangle  AB,  BC  (s  equal  to  the  rectangle 
AC,  CB,  together  with  the  square  of  BC. 

Upon  BC  describe*  the  square  a       r*  U  "a^  i 

CDEB,  and  product  ED  to  F,[^  .    V ^ 

and  through  A  draw^  AF  paral-  b  ^^^  , 

let  to  CD  or  BE;  then  the  rect- 
angfe  A£  is  equal  to  the  rectan- 
gl^  AD,  CE;  and  AE  is  the 
rectangle  contained  by  AB,  BC, 
for  it  is  contained  by  AB,  BE, 
(ji  which  BE  is  equal  to  BC ;  and 
AD  is  contained  by  AC,  CB,  for 

CD  is  equal  to  BC ;  and  DB  is  the  square  of  BC ;  there- 
fore the  rectangle  AB,  BC,  is  equal  to  the  rectangle  AC» 
CB,  together  with  the  square  of  BC.  If  therefore  a  straight 
line,  &c.     Q.  E.  D. 


PROP.  IV.    THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
square  of  the  whole  line  is  equal  to  the  squares  of  the 
two  parts,  together  with  twice  the  rectangle  contain- 
ed by  the  parts. 

Let  the  straight  lir>e  AB  be  divided  into  any  tvvo  parts  in 
C;  the  square  of  A  B  is  equal  to  the  squares  of  AC,  CB,and 
to  twice  the  rectangle  contained  by  AC,  CB. 

Upon  AB  describe*  the  square  ADEB,  and  join  BD,  and  *  46.  i. 
tlirough  C  draw**  CGF  parallel  to  AD  or  BE,  and  through  b  31.  i. 
G  draw  HK  parallel  to  AB  or  DE :  And  because  CF  is  pa- 
ndltil  to  AD,  and  BD  falls  upon  them,  the  exterior  angle 
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Book  II.   BGC  IS  equal^  to  the  interior  and  opposite  angle  ADB ; 

^'^'^^'^^  but  ADB  is  eqiial^  to  the  angle  ABD,  because  BA  is  equal 

•29. 1.  ^  ^jp^  being,  sides  of  a  square ;       . 

^'  *•  wherefore  the  angle  CGB  is  equal       - 
to  the  angle  GBC ;  and  therefore 

•  6. 1.  the  side  BC  is  equal®  to  the  side  tt 

'«4. 1.  CG :  But  CB  is  equal^  also  to  GK,  ^ 
and  CG  to  BK;  wherefore  the 
figure  CGKB  is  equilateral:  It  is 
likewise  rectangular ;  for  CG  is 
parallel  to  BK,  and  CB  meets 
them ;  the  angles  KBC,  GCB  are 
therefore  equal  to  two  right  angles^  and  KBC  is  arighf 
angle ;  wherefore  GCB  is  a  right  angle :  and  therefore  luso 
the  angles^  CGK,  GKB  opposite  to  these,  are  right  angles, 
and  CGKB  is  rectangular ;  but  it  is  also  equilateral,  as  was 
demonstrated;  wherefore  it  is  a  souare,  and  it  is  upon  the 
side  CB :  For  the  same  reason  HF  also  is  a  squar^,  and  it 
is  upon  the  side  HG,  which  is  equal  to  AC :  Therefore  HF, 
CK  are  the  squares  of  AC,  CB ;  and  because  the  comple- 

•  43. 1.  ment  AG  is  equals  to  the  complement  GE,  and  that  AG 
is  the  rectangle  contained  by  AC,  CB,  for  GC  b  equal  to 
CB ;  therefore  GE  is  also  equal  to  the  rectangle  AC,  CB; 
wherefore  AG,  GE  are  equal  to  twice  the  rectangle  AC, 
CB :  And  HF,  CK  are  the  squares  of  AC,  CB ;  wtierefor^ 
the  four  figures  HF,  CK,  AG,  GE  are  equal  to  the  squares 
of  AC,  CB,  and  to  twice  the  rectangle  AC,  CB  :  But  HF, 
CK,  AG,  GE  make  up  the  whole  figure  ADEB,  which  is 
the  square  of  AB  :  Therefore  the  square  of  AB  is  equal  to 
the  squares  of  AC,  CB,  and  twice  the  rectangle  AtJ,  CB. 
Wherefore  if  a  straight  line,  &c.     Q.  E.D. 

CoR.  From  the  demonstration,  it  is  manifest,  that  the 
parallelograms  about  the  diapaeter  of  a  square  are  likewise 
squares. 
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PROP.  V.    THEOR. 

If  a  straight  line  be  divided  into  two  equal  parts^ 
and  ako  into  two  unequal  parts^  the  rectangle  con- 
tained by  the  unequal  parts,  together  with  the 
square  of  the  line  between  the  points  of  section,  is 
equal  to  the  square  of  half  the  line. 

•  Let  the  straight  liDe  AB  be  divided  into  two  equal  parts 
in  the  point  C,  and  into  two  unequal  parts  at  the  point  D ; 
the  rectangle  AD,  DB,  together  with  the  square  of  CD,  is 
equal  to  the  square  of  CB. 

Upon  CB  describe*  the  square  CEFB, Join  BE,  and  •  46.  i. 
through  D  draw**  DHG  parallel  to  CE  or  BF ;  and  through  ^  Si.  x. 
H  draw  KLM  parallel  to  CB  or  EF ;  and  also  through  A 

draw  AK  parallel  to  CL  or  BM :  And  because  the  com- 
plement CH  IS  equal®  to  the  complement  HF,  to  each  of  <  4$.  i. 
these  add  DM ;  therefore  the  whole  CM  is  equal  to  the 
whole  DF;  but  CM  is  equal^  j^  r>  t^    t%    *36.t. 

toAL;  because  AC  is  equal  *' 

to  CB ;  therefore  also  AL  is 

equal  to  DF.     To  each  of  K 

these  add   CH^  and    the 

whole  AH  is  equal  to  DF 

and  CH :  But  AH  b  the 

rectangle  coutained  by  AD, 

DB,  for  DH  is  equal«  to  DB  ;  and  DF  together  with  CH  •^Cor.  4.  9. 

is  the  gnomon  CMG ;  therefore  the  gnomon  CMG  is  equal 

to  the  rectangle  AD,  DB :  To  each  of  these  add  LG,  which 

is  equal®  to  the  square  of  CD;  therefore  the  gnomon 

CMG,  together  with  LG,  is  equal  to  the  rectangle  /J),  DB, 

tc^thec  with  the  square  of  CD  ;  But  the  gnomon  CMG. 

and  LG  make  up  the  whole  figure  CEFB,  which  is  the 

square  of  CB :  Therefore  the  rectangle  AD,  DB,  together 
with  the  square  of  CD,  is  equal  to  the  square  of  CB. 
Wherefore  if  a  straight  line,  &c,  •    Q.  E.  D. 

Fix>m  this  proposition  it  is  manifest,  that  the  difference 
of  the  squares  of  two  unequal  lines  AC,  CD,  is  equal  to  the 
vectaugle  contained  by  their  sum  and  difference. 
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^^a^!^'  PROP.vi.     THEOR. 

f 

Ira  straight  line  be  bisected,  and  produced  to  any 
point:  the  rectangle  contained  by  the  whole  line  thus 
produced,  and  the  part  of  it  produced,  together 
with  the  square  of  half  the  line  bisected,  is  equal 
to  the  square  of  the  straight  line  which  is  made  up 
of  the  half  and  the  part  produced* 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced 
(o  the  point  D  ;  the  rectangle  AD,  DB,  together  with  the 
square  of  CB,  is  equal  to  the  square  of  CD. 

»46.i.      Upon  CD  describe*  the  square  CEFD,  join  DE,  and 

fc  31. 1.  through  B  draw*'  BHG  parallel  to  CE  or  DF,  and  through 
H  draw  KLM  parallel  to  AD  or  £F,  and  also  through 
A  draw  AK  parallel  to  CL  i>       i 

or  DM;  and  because  AC  ^ C— —         P 1^ 

is  equal  to  CB,  the  rectan- 

*36. 1  gle  AL  is  equal<^  to  CH ; 

*4S,  \.  but  CH  is  equald  (o  HF  ;K. 
therefore  also  AL  is  equal 
to  HF:  To  each  of  these 
add  CM;  therefore  the 
whole  AM  is  equal  to  the 
gnomon  CMG :  And  AM 
•  Cor.  4. «  is  the  rectangle  contained  by  AD,  DB,  for  DM  is  equal^ 
to  DB :  Therefore  the  gnomon  CMG  is  equal  to  the  rect- 
angle AD,  DB :  Add  to  each  of  these  LG,  which  is  equal 
tp  the  square  of  CB ;  therefore  the  rectangle  AD,  DB,  to- 
gether with  the  square  of  CB,  is  equal  to  the  gnomon 
CMG,  and  th^  figure  LG ;  But  the  gnomon  CMG  and  LG 
make  up  the  whole  figure  CEFD,  which  is  the  square  of 
CD ;  therefore  the  rectangle  AD,  DB,  together  with  the 
square  of  CB,  is  equal  to  the  square  of  CD.  Wherefore^ 
if  a  straight  line,  «tc.    Q.  E.  D. 

PROP.  VII.    THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
squares  of  the  whole  line,  and  of  one  of  the  parts* 
are  equal  to  twice  the  rectangle  contained  by*  the 
whole  and  that  part,  together  with  the  square  of  the 
other  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
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th^  point  C;  the  squares  of  AB,  BC  are  equal  to  twice  the  Boo*  n. 
rectangle  AB,  BC,  together  with  the  square  of  AC.  v-i^^^i^ 

Upon  AB  describe'  the  square  ADEB,  and  construct  the « 46.  i. 
figure  as  in  the  preceding  propositions ;  and  because  AG  is 
equal^  to  GE,  add  to  each  of  them  CK ;  the  whole  AK  is  b43.  i. 
merefore  equal  to  the  whole  CE; 
therefore  AK,  CE,  are  double  of  a  C  p 

AK :  But  AK,  CE,  are  the  gnomon  ^  *         ^^ 

AKF,  together  with  the  square  CK ; 
therefore  the  gnomon  AKF,  toge-  H 
ther  with  the  square  CK,  is^  double 
of  AK :  But  twice  the  rectangle  AB, 
BC  is  double  of  AK,  for  BK  is 
equal^  to  BC :  Therefore  thd  gno- 
mon AKF,  together  with  the  square  D* 
CK,  is  equal  to  twice  the  rectangle 
AB,  BC :  To  each  of  these  equals  . 
add  HF,  which  is  equal  to  the  square  of  AC ;  therefore  thj^ 
gnomon  AKF,  together  with  the  squares  CK,  HF,  is  equal  to 
twice  the  rectangle  AB,  BC,  and  the  square  of  AC :  but  the 
gnomon  AKF,  together  with  the  squares  CK,  HF,  make  up 
the  whole  figure  AJDEB  and  CK,  which  are  the  squares  of  AB 
ai)d  BC :  therefore  the  squares  of  AB  and  BC  are  equal  to 
twice  the  rectangle  AB,  BC,  together  with  the  square  of  AC« 
Wherefore,  if  a  straight  line,  &c.    Q.  £.  D.     , 
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PROP.  VIII.    THEOR. 


A 


If  a  straight  Hoe  be  divided  into  any  two  parts;  four 
times  the.rectangle  contained  by  the  whote  tine,  am) 
ODeof  the  parts,  together  with  the  square pf  the  other 
part,  is  equal  to  the  square  of  the  straight  linisij 
which  iif  made  up  of  the  whole  and  that  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in 
^  point  C;  four  times  the  rectangle  AB,  BC,  together  with 
the  square  of  AC,  is  equal  to  the  square  of  the  strafglit  line 
i]Qade  up  of  AB  and  BC  together. 

Produce  AB  to  D,  so  that  BD  be  equal  to  CB,  and  upon 
A)  describe  the  square  AEFD;  and  construct  two  figures 
such  as  in  the  preceding.  Because  CB  is  equal  to  BD,  and 
that  CB  is  equal*"  to  GK»  and  BD  to  KN ;  therefore  GK  is  •54.  i 
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equal  lo  KN  :  For  [he  same  rea^^oii,  PR  U  C(|ual  lo  RO ;  and 
■*  because  CB  is  equal  to  BD,  and  GK  to  KN,  the  rectangle 
,  1.  CK  is  equali'  to  BN,  and  GR  to  RN  j  but  CK  is  equal'  to 
1-  RN,  because  they  are  the  complements  of  tlie  parallelogram 
CO ;  therefore  also  BN  is  equal  to  GR ;  and  the  four  rect- 
angles BN,  CK,  GR,  RN  are  therefore  equal  to  one  another, 
andsoarequadrupleof  oncoftheni  CK:  Again,  because  CB 
is  equal  to  BD,  nnd  tiiat  BD  is 
-  9-  equal  "^  to  BK,   that  is,  to  CG, 
and  CB  equal  to  GK,  Uiai  ^  is,  to 

GP;   iheiefore  CG  is  equal  to     A Q_ 

GP :  And  because  CG  is  equal  i., 
GP,  and  PR  to  HO,  the  rectangle  M 
AG  is  equal  to  MP,  ami  PL  to  ^. 
1.1.HF:     But  MPisequai*  toPI,,  >^ 
because  they  are  the  com  pie  men  is 
of  the  parallelogram  ML ;  where- 
fore AG  is   equal  also  to   KF: 
Thereforethe  four  rectangles  AG, 
MP,  PL,  RF,  are  equal  to  ODe 
another,andsoarcquadrupleofone 

of  them  AG.  And  it  was  demonstrated  that  the  four  CK, 
BN,  GK,  and  RN  are  quadruple  of  CK.  Therefore  the 
eight  rectangles  which  contain  iht-  gnomon  AOH,  are  quad- 
ruple of  AKj  and  because  AK  is  the  rectaiij^le  coniaiaed 
by  AB,  BC,  for  BK  is  equal  to  BC,  tour  times  the  rectangle 
ABj  BC  is  quadruple  of  AK ;  But  the  gnomon  AOH  was 
demonstrated  to  be  quadruple  of  AK ;  therefore  four  times 
the  rectangle  AB,  BC,  is  equal  to  the  gnomon  AOH.  To 
^.  5-  each  of  these  add  XH,  which  is  equal'  to  the  square  of  AC: 
Therefore  four  times  therectanglc  AB,  BC  together  with  the 
square  of  AC,  is  equal  to  the  gnomon  AOH  and  the  square 
XH  ;  But  the  gnomon  AOH  and  XH  make  up  the  Sgare 
AEFD,  which  is  the  square  of  AD :  Therefore  four  times 
the  rectangle  AB,  BC,  together  with  the  square  of  AC,  is 
equal  to  the  square  of  AD,  that  is,  of  AB  and  BC  added 
together  in  one  stralglit  line.  Wherefore,  if  a  itraight 
line,  &c.    Q.  E.  D. 
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Booi  IL 

PROP.  IX,    THEOR. 

If  a  straight  line  be  divided  into  two  equal,  and 
also  into  two  unequal  parts ;  the  squares  of  the 
two  unequal  parts  are  together  double  of  the  square 
of  half  the  line,  and  of  the  square  of  the  line  be- 
tween tlie  points  of  section* 

liet  the  straight  line  AB  h(S  divided  at  the  point  C  into 
two  eqnud,  and  at  D  into  two  uneoual  parts :  The  squares  of 
AX},  DB  are  together  double  of  the  sauares  of  AC,  CD. 

Vtom  the  point  C  draw*  CE  at  riglit  angles  to  AB,  and  Ml.  i. 
make  it  equal  to  AC  or  CB,  and  join  EA,  EB ;  through  D 
dtAW  ^DF  parallel  to  CE,  and  through  F  draw  FG  parallel  ^31,  ^ 
to  AB ;  and  join  AF :  Then,  because  AC  is  equal  to  CE,  the 
angle  £AC  is  equal<^  to  the  angle  AEG ;  and  because  the  «5. 1. 
ai^e  ACE  is  a  right  angle,  the  two  others  AEC,  EAC 
toother  make  one  right  angle<^ ;  and  they  are  equal  to  one  'St.  1. 
another ;  each  of  them  there- 
fore 18  half  of  a  right  angle. 
For  the  same  reason  each  of  the 
angles  CBB,  EBC  is  half  a 
tight  angle;  and  therefore  the 
vmole  ^B  is  a  right  angle: 
And  because  the  angle  GEF  is 
Ifialf  a  right  angle,  and  EGF  a 

rijght  ai^,  for  it  is  equal^  to  the  interior  and  opposite  an-  •f9. 1. 

gle  £CB»  the  remaining  angle  EFG  is  half  a  nmi  angle ; 

thcrefoie  the  angle  GEF  is  equal  to  the  angle  EFG,  and 

4e  side  EG  equal^  to  the  side  Gl^ :    Again,  because  the  '6. 1. 

an^  at  B  is  half  a  right  angle,  and  FDB  a  right  angle, 

Ar  it  is  equal^  to  the  interior  and  opposite  angle  ECB,  the 

remainiag  aogle  BFD  is  half  a  right  angle ;  therefore 

the  angle  at  B  is  equal  to  the  angle  BFD,  and  the  side 

DF  to^  the  side  DB :.  And  because  AC  is  equal  to  CE, 

the  square  of  AC  is  equal  to  the  square  of  CE ;  there* 

fore  the  squares  of  AC,  CEl,  are  double  of  the  square  of 

AC  :*But  the  square  of  EA  is  equaU  to  the  squares  of  AC,  '47.  t. 

CB,  because  ACE  is  a  right  angle ;  therefore  the  square 

of  ElA  is  double  of  the  square  of  AC :    Again,  because 

EG  is  equal  to  GF,  the  square  of  EG  is  equal  to  the  square 

of  GF ;  therefore  the  squiuxss  of  EG,  GF  are  double  of 

E2 
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^*  I^-    the  square  of  GF  ;  but  the  square  of  EF  is  equal  to  the 

^'^^'^C^   squares  of  EG,  GF ;  therefore  the  square  of  EF  is  double 

^34. 1.  of  the  square  GF;  and  GF  is  equal**  to  CD  ;  therefore  the 

square  of  EF  is  double  of  the  squ?ire  of  CD :    But  the 

square  of  AC  is  likewise  double  of  the  square  of  AC; 

therefore  the  squares  of  AEi^  £F  are  double  of  the  squares 

i  47. 1.  of. AC,  CD  :  And  the  square  of  AF  is  equaU  to  the  squares 

of  AOJ,  EF^  because  AEF  is  a  right  angle ;  therefore  the 

square  of  kP  is  double  of  the  squares  of  AC,  CD :  But 

the  squares  of  AD,  DF,  are  equal  to  the  square  of  AF*, 

because  the  angle  ADF  is  a  rij^ht  angle ;  therefore  the 

squares  of  AD,  DF  ^re  double  of  the  squares  of  AC,  CD, ; 

And  DE  is  equal  to  DB ;  therefore  the  squares  of  AD,  D^ 

are  double  of  the  squares  of  AC,  CD.     If  tlierefore  a 

straight  line,  8ce.    Q.  £.  D. 


PROP.  X,    THEOR. 

If  a  striaight  line  be  bisected,  and  produced  tQ 
$iny  point,  the  square  of  the  whole  line,  thus  pro- 
duced, and  the  square  of  the  part  of  it  produced^ 
are  together  double  of  the  square  of  half  (he  line 
bisected,  and  of  the  square  of  the  line  made  up  of 
the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C  and  produced 
to  the  point  D ;  the  squares  of  AD,  DB  are  double  of  t'h^ 
squares  of  AC,  CD.  - 

•11. 1.  From  the  point  C  draw»  CE  at  right  angles  to  AB: 
And  make  it  eaual  to  AC  or  CB,  and  join  AE,  E6 ; 

k  31. 1.  through  E  draw  ^EF  parallel  to  AB,  and  through  D  drtiw 
DF  parallel  to  CE :  And  because  the  straight  line  EF 
meets  the  parallels  EC,  FD,  the  angles  CEF,  EFD  are 

•^ 29. 1.  equal c. to  two  right  angles ;  and  therefore  the  angles  BEF, 
EFD  are  less  than  two  right  angles ;  but  straight  lines 
which  wltir  another  straight  line  make  the  inferior  angles 

*12  Ax.  upon  the  same  side  less  than  two  right  angles,  do  meet**  if 
produced  fur  enough:  Therefore  EB,  FD  shall  meet,  if  pro- 
duced towards  B,  D  :  Let  them  meet  in  G,  and  join  AG : 
'5. 1.  Then,  because  AC  is  equal  to  CE^  the  angle  CEA  is  equal* 
to  the  angle  EAC;  ana  the  anglo  ACE  is  a  right  angle ; 

^33.  1.  therefore  each  of  the  angles  CEA,  EAC  is  half  a  right  angle.^ 
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^34.1. 


For  the  same  reason,  each  of  the  angles  CEB,  EBC  is  half  Booi  It 
a  right  angle ;  therefore  AEB  is  a  right  angle :  And  be-   ^"^'v^' 
cause  EBC  is  half  a  right  angle,  DBG  is  also^  half  a  right  M5.«i. 
an^Ie,  for  they  are  vertically  oi4>osite ;  but  BDG  is  a  right 
angle,  because  it  is  equal^  to  the  alternate  angle  DC£;«f9.i. 
therefioce  the  remaining  angle  DGB  is  half  a  right  angle, 
aad  b  therefore  equal  to  the  angle  DBG ;  wherefore  also 
the  side  BD  is  equals  to 
the  side  DG.    Again, 
hecause  EGF  is  half  a 
ri^t  andk,  and  that  the 
aujg^le  at  F  is  a  right  an- 
^e,  because  it  is  equal^ 
to    the  opposite  angle  A' 
£CD,  the   remaining 
ankle  FEG  is  half  a 
right  angle,  and  equal 

to  the  angle  EGFj  wherefore  also  the  side  GF  is  equalf 
to  the  side  FE.    And  because  EC  is  equal  to  CA,  the 
square  of  EC  is  equal  to  the  square  of  CA  3  therefore  the 
squares  of  ElC,  CA  are  double  of  the  square  of  CA :  But 
the'sauare  of  EA  is  equal^  to  the  squares  of  EC,  CA  j  there-  *  *^»  i- 
fore  tne  square  of  EA  is  double  of  the  square  of  AC:  Again, 
because  GF  is'^ual  to  FE,  the  square  of  GF  is  eoual  to 
the  square  of  FE;  and  therefore  the  squares  of  GF,  FE 
are  double  of  the  square  of  EF :  But  the  square  of  EG  is 
equal*  to  the  squares  of  GF,  FE  ;  therefore  the  square  of 
EG  is  double  of  the  square-of  EF:  And  EF  is  equal  to 
CD ;  wherefore  the  square  of  EG  is  double  of  the  square 
of  CD.     But  it  was  demonstrated,  that  the  square  of  EA 
is  doul^^  of  the  square  of  AC ;  therefore  the  squares  of 
AE,  EG,  are  double  of  the  square  of  AC,  CD :   And  the 
square  of  AG  is  equal^  to  the  squares  of  AEl,  EG ;  there- 
fore the  square  of  AG  is  double  of  the  squares  of  AC,  CD : 
But  the  squares  of  AD,  GD  are  equal'  to  the  square  of 
AG ;  4ierefore  the  squpes  of  AD,  DG  are  double  of  the 

auares  of  AC,  CD  :    But  DG  is  equal  tQ  DB ;  therefore 
e  squares  of  AD,  DB  are  double  of  the  squares  of  AC, 
CD.    Wherefore,  if  a  straight  line,  &c.     Q.  E.  D. 


PROP.  XI.    PROB. 

To  divide  a  given  straight  line  into  tw  o  parts,  so 
that  the  rectangle  contained  by  the  nhole,  and 
one  of  the  parts,  shall  be  equal  to  the  square  of 
the  other  part. 

Let  AB  be  tlie  given  straight  line  j  it  is  required  lo  di- 

vifle  it  into  two  parts,  so  that  the  rectangle  contained  by 

the  whole,  and  one  of  the  pans,  shall  be  equal  to  the  square 

of  the  other  part. 

■  i6.  I.      Upon  AB  describe"  the  square  ABDC;  bisect''  AC  in 

''}^-  '■  E,  and  join  BE;  produce  CA  to  F,  and  make<^  EF  equal 

■    ■  to  EB,  and  upon  AF  describe"  the  square  of  FGHA  ;  AB 

is  divided  in  H,  so  that  the  rectangle  AB,  BH,  is  equal  to 

the  square  of  AH. 

Produce  GH  to  K  ;  because  the  straight  line  AC  is  bi- 
sected in  E,  and  produced  lo  the  point  F,  the  rectangle 
1 6,  9,  CF,  FA,  topeiher  wiih  the  square  of  AK,  is  equal''  to  the 
square  of  El" :  But  EF  is  equnl  to  EB ;  tlierefore  the  rect- 
angle CF,  Fa,  together  with  the  square  of  AE,  is  equal  to 
the  square  of  EB :  And  the  squares  of  i- 
'  *?.  1.  BA,  AE,  are  equal*'  to  the  square  of    |  |" 

EB,  because  the  angle  EAB  is  a  rij^bt 
angle ;  therefore  the  rectangle  CF,FA, 
together  with  the  square  of  AE,  is 
equal  to  the  squares  of  B.^,  .^EtTake^ 
away  the  square  of  AE,  which  is  com- 
mon to  both,  therefore  the  remaining 
rectangle  CF,  FA,  is  equal  lo  the 
square  of  AB  ;  and  the  figure  FK  isE 
the  rectangle  toniained  by  CF,  FA, 
for  AF  is  equal  to  FG  ;  and  AD  is 
the  square  of  AB;  therefore  FK  is 
equal  to  AD :  Take  away  the  common 
part  AK,  and  the  remainder  FH  is 
equal  to  the  rcniuinder  HD:  And  HD  is  the  rectangle 
contained  by  AB,  BH,  for  AB  is  equal  to  BD;  and  FH 
is  the  square  of  AH,  Therefore  the  rectangle  AB,  BH 
is  equal  to  the  square  of  AH:  Wherefore  the  straight 
line  AB  is  divided  in  H,  so  that  the  rectangle  AB,  BH, 
Is  equal  to  the  square  of  AH.    Which  was  lo  be  done. 
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PROP.  XII.    THEOR. 


Ik  obtuse  angled  triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  oppo- 
site #de  produced^  the  square  of  the  side  subtend* 
ing  the  obtuse  angle  is  greater  than  the  squares  of 
the  sides  containing  the  obtuse  angle,  by  twice  the 
rectangle  contained  by  the  side  upon  which,  when 
produ^d,  the  perpendicular  falls,  and  the  straight 
line  intercepted  without  the  triangle  between  the 
perpendicular  and  the  obtuse  angle. 

Let  ABC  be  an  obtuse  angled  triangle,  having  the  ob- 
tuse angle  ACB,  and  from  the  point  A  let  AD  be  dnwi^  *  i<*  ^^ 
perpendicular  to  EC  produced :    The  square  of  AB  is 
greater  than  the  squares  of  AC,  CB,  by  twice  the  rectangle 
BC,CD. 

Because  the  itnught  line  BD  is  divided  into  two  parts  in 
die  pc^nt  C,  the  square  of  BD  is 

equal  i>to  the  squares  of  BC,  CD,  ^    *♦•«• 

and  twice  the  rectangle  BC,  CD : 
To  each  of  these  equals  add  the 
square  of  DA ;  and  the  squares 
of  BD,  DA,  are  ^ual  to  the 
squares  of  BC,  CD,  DA^  and 
twice  the  rectangle  BG,  CD: 
But  the  square  of  BA  is  equal^'  B  C  D   •  *^*  !• 

to  the  squares  of  BD,  DA,  be- 
cause thie  angle  at  D  is  a  right  angle ;  and  the  square  of 
CA  is  equal<^  to  the  squares  of  CD,  DA:  Therefore  the 
square  of  B  A  is  equal  to  the  squares  of  BC,  CA,  and  twice 
the  rectangle  BC,  CD;  that  is,  the  square  (rf  BA  is  greater 
than  the  square  of  BC,  CA,  by  twice  the  rectangle  BC, 
CD.    Therefore,  in  obtuse  angled  triangles,  8ie.  <S  £•  D. 
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PROP.  XIII.    THEOR. 

SccN.  In  every  triangle,  the  square  of  the  side  subtending 
any  of  the  acute  angles,  is  less  than  the  squares  of 
the  sides  containing  that  angle,  by  twice  the  rect- 
angle contained  by  either  of  these  sidefe,  anfl  the 
straight  line  intercepted  between  the  perpendicular 
let  fall  upon  it  from  the  opposite  angle,  and  the 
acute  angle. 

Let  ABC  be  axff  triangle,  and  the  ande  at  B  one  of  its 
acute  angles,  and  upon  BC,  one  of  tbe  sides  containing  it, 

MS.  1. let  fall  the  perpendicular* ' AD  from  the  ojqxjsite  angle: 
The  square  of  AC,  opposite  to  the  angle  B,  is  less  than  the 
squares  of  CB,  BA,  by  twice  the  rectangle  CB,  BD. 

First,  Let  AD  fall  within  the  triangle  ABC  5  and  because  * 
the  straight  line  CB  is  divided  a 

into  two  parts  in  the  point  D, 

^  7.  2.  the  squares  of  CB,  BD  are  equal^ 
to  twice  the  rectkngle  contained 
by  CB,  BD,  and  the  square  of 
DC :  To  each  of  these  equals 
add  the  square  of  AD ;  therefore 
the  squares  of  CB,  BD,  DA,  arc 
equal  to  twice  the  rectangle  CB,  fe" 
BD,  and  the  squares  of  AD,  DC :  ^ 

«•  47. 1.  But  the  square  of  AB  is  equal«  to  the  squares  of  BD,  DA, 
because  the  angle  BDA  is  a  right  angle ;  and  the  square 
of  AG  is  equal  to  the  squares  of  AD,  DC :  TTierefore  tfce 
squares  of  CB,  BA  are  equal  to  the  square  of  AC,  and 
twice  the  rectangle  CB,  BI>,  that  is,  the  square  of  AC  - 
alone  is  less  than  the  squares  of  CB,  BA  by  twice  the  rect- 
angle CB,  BD. 

Secondly,  Let  AD  fall  without  j^ 

the  triangle  ABC:  Then,because 
the  angle  at  D  is  a  right  angle, 

*  16. 1.  the  angle  ACB  is  greater*^  than 
a  right  angle ;  and  therefore  the 

« 18.  2.  square  of  AB  is  equal^  to  the 
squares  of  AC,  CB,ancl  twice  the 
rectangleBC,CD:  To  these  equals  ^_ 
add  the  square  of  BC,  and  the  ^ 
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squares  <rf  AB,  BC  are  equal  to  the  square  of  AC,  and  twice  Boo»  U. 
tiie  square  df  BC,  and  twice  the  rectangle  BC,  CD  :  But   ^"'•*>''*^ 
because  BD  is  divided  into  two  parts  in  C,  the  rectangle 
DBy  BC  is  equal'  to  t^e  rectangle  BC,  CD  and  the  square  '3.  s. 
oi  BC  :  And  the  douhles  of  these  are  equal :  Thererore  the 
sqiiares  of  AB)  BC  are  equal  to  the  square  of  AC,  and 
twice  the  rectangle  DB,  BC :  Therefore  the  square  of  AC 
ajone  is^ss  than  the  squares  of  AB,  BC,  by  twice  the  rectt 
*j3gle  OT,  BC. 

JL^istly,  let  the  side  AC  he  perpendicular  to 
SC ;  then  19  BC  the  straight  line  between  the 
perpendicular  and  the  acute  angle  at  B ;  and 
it  is  manifest,  that  the  squares  of  AB,  BC,  are 
equals  to  the  square  of  AC  and  twice  the 
square  of  BC :  Therefore,  in  every  triangle,  &c. 
Q.  E.  D. 


1 47. 1. 


PROP.  XIV.    PROB. 

To  describe  a  square  that  shall  be  equal  to  a  given  Se«  n. 
rectilineal  figure. 

Let  A  be  the  given  rectilineal  figure ;  it  is  requited  to 

describe  a  square  that  shall  be  equal  to  A. 

Describe*  the  rectangular  parallelogram  BCDE  equal  '  45. 1. 

to  the  rectilineal  figure  A.    If  then  the  sides  "of  it,  BE,  KD, 

are  equal  to  one     «    A  ^^__.^^^   -. 

another,  it  is  a       /  \  -^"^^       "^^Jl 

square,andwhat     /      \ 

was  required  is  /  \ 

now  done :  But  /    A      \ 

if  they  are  not  \  / 

equal,  produce  \  / 
ooe  of  them  BE  \/ 
to  F,  and  make 
EF  equal  to  ED,  and  bisect  BF  in  G  ;  and  from  the  cen- 
tre G,  at  the  distance  GB,  or  GF,  describe  the  semicircle* 
BHF,and  produce  DEto  H,  and  join  GH  :  Therefore  be- 
cause the  straight  line  BF  is  divided  into  two  equal  parts 
in  the  point  G,  and  into  two  unequal  at  13,  the  rectanijle 
BE,  EF,  together  with  the  square  of  EG,  is  ecjual'^  to  tlie  v  5. 2. 
square  of  GF :  But  GF  is  equal  to  GH  :  Therefore  the 
rectangle  BE,  EF,  together  with  the  square  of  EG,  is  equal 
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Boot  IL  to  the  square'of  GH :  But  the  squares  of  HE,  EG  are  equals 
to  the  square  of  GH :  Therefore  the  rectangle  BE,  EF,  to- 
gether ^ith  the  square  of  EG,  is  equ^l  to  the  squares  of 
HE,  EG :  Take  away  the  square  of  EG,  which  is  commoQ 
to  both ;  and  the  remaining  rectangle  BE,  EP  is  equal  to 
the  square  of  EH :  But  the  rectangle  contained  by  BE,  E^ 
is  the  parallelogram  BD,  because  EF  is  equal, to  ED;' 
therefore  BD  is  equal  to  the  square  of  EH ;  b|it  BD  is 
equal  to  the  rectilineal  figure  A  y  therefore  the  rectilineal 
figure  A  is  equal  to  the  square  of  EH.  Wherefore  a  square 
has  been  made  equal  to  the  given  rectilineal  figure  A,  viz. 
the  square  described  upon  EH.     Which  was  to  be  done. 
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BOOK  III. 

DEFINITIONS. 

L 

£qual  circles  are  those  of  which  the  diameters  are  equal.  Book  III. 
or  from  the  centres  of  which  the  straight  lines  to  the  cir- 
cumferences  are  equal. 

^  Thb  is  not  a  aefinition,  hut  a  theorem,  the  truth  of 
'  which  is  evident ;  for,  if  the  circles  he  applied  to  one  an- 
^  other,  so  that  their  centres  coincide,  the  circles  must  like- 
^  wise  coincide,  since  the  straight  lines  from  the  centres 
'  areequaL' 

n. 

A  straight  line  is  said  to 
touch  a  circle,  when  it 
meets  the  circle,  and 
being  produced  does  not 
cut  it 

m. 

Circles  are  said  to  touch  one 

another,  which  meet  but 

do  not  cut  one  another. 

IV. 
Straight  lines  are  said  to  be  equally 

distant  from  the  centre  of  a  circle, 

when  the  perpendiculars  drawn  to 

them  from  the  centre  are  equal. 

y. 

And  the  straight  line  on  which  the 
greater  perpendicular  falls,  is  said 
tube  further  from  the  centre. 
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VL 

A  segment  of  jsl  circle  is  the  figure 
contained  by  a  straight  line  and 
the  circumference  4t  cuts  off. 

VIL 
The  angle  of  a  segment  is  that  which  is  contained  by  the 
"  straight  line  and  the  circumference." 

VIIL 

An  angle  in  a  segment  is  the  angle 
contained  by  two  straight  lines 
drawn  from  any  point  in  the  cir- 
cumference of  the  segment,  to  the 
extremities  of  the  straight  line 
which  is  the  base  of  the  segment. 

IX. 

And  an  angle  is  said  to  iiisist  or  stand 
upon  the  circumference  intercept- 
ed between  the  straight  lines  that  contain  the  angle. 


X. 

The  sector  of  a  circle  is  the  figure  con- 
tained by  two  straight  lines  drawn 
from  the  centre,  and  the  circumfer- 
ence  between  them. 

Similar  segments  of  a  cir- 
cle are  those  in  which 
the  angles  are  equal,  or 
which  contain  equal  an- 
gles. 


PROP.  I.    PBOB. 

See  N.  To  find  the  centre  of  a  given  circle. 

Let  ABC  be  the  given  circle  ;  it  is  required  to  fiad  i^ 

centre.  ^  •  ♦  - 

•  10. 1.     Draw  within  it  any  straight  line  AB,  and  bisect*  it  in  D ; 
M 1. 1  from  the  point  D  draw»>  DC  at  right  angles  to  AB,  and  pro- 
duce it  to  E,  and  bisect  CE  in  F :  The  point  F  is  the  cea- 
tre  of  the  circle  ABC. 
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For,  if  it  be  not,  let,  if  possible,  G  be  the  centre,  and  join  Booijtll. 

GA,  GD,  GJB :  Then,  because  DA  is  equal  to  DB,  and  DO 

common  to  the  two  triangles  ADG, 

BDG,  the  two  sides  AD,  DG,  are 

equal  to  the  two  BD,  DG,  each  to 

eaich ;  and  the  base  GA  is  equal  to 

the  base  GB,  because  they  are  drawn 

ftom  the  centre  G* :  Therefore  the 

ai^Ie  ADG  is  equal^  to  the  angle 

6DB :  But  when  a  straight  line 
'  standing  upon  another  straight  line 

makes  the  adjacent  angles  equal  to 

one  another,  each  of  the  angles  is  a 

right  angle*^ :  Therefore  tlie  angle  GDB  is  a  right  angle :  *  lo  Dh:  !• 

But  FDB  is  likewise  a  right  angle  :  wherefore  the  angle 
FDB  is  equal  to  the  angle  GDB,  the  greater  to  the  lefsi, 
wluch  is  impossible  :  Therefore  G  is  not  the  centre  of  the 
circle  ABC  In  the  same  manner  it  citii  be  shown,  that 
no  other  point  hut  F  is  the  centre  ;  that  is,  F  is  the  centre 
of  the  circle  ABC :  Which  was  to  be  found. 

Coa.  From  this  it  is  manifest,  il  tat  if  in  a  circle  a  straight 
I'me  bisect  another  at  ri^t  angles,  the  centre  of  the  circle 
isio  the  line  which  bbccts  the  other. 


PROP.  II.    TIIEOU. 

If  any  two  points  be  taken  in  the  circumference 
of  a  circle,  the  straight  line  which  joins  tliem  sihall 
fall  within  the  circle. 

Let  ABC  he  a  circle,  and  A,  B  any  two  points  in  the  cir- 
cumference; the  straight  line  drawn 
from  A  to  B  shall  fall  within  the  circle. 
For,  if  it  do  not,  let  it  fall,  if  possi- 
ble, without,  as  AEB;  find^D  tiie 

centre  of  the  circle  ABC;  and  join 

AD,    DB,   and   produce   DF,   any 

straight  line  meeting  the  circumfer-; 

enee  AB  to  E  :  Then  because  DA  is 

equal  toDB,  the  angle  DAB  is  equal** 

ti^the  angle  DBA ;  and  because  AE, 

•  N.  B.  Whenever  the  expression  "  slraiglu  line*  from  the  centre"  or 
"  drawn  from  the  centre''  occurs,  it  is  to  be  uuricrstcmd  that  they  are  drawn 
to  the  circumference. 


f.  X 
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Boor  III.  a  side  of  the  triangle  DAE,  is  produced  to  B,  the  angle 

"■"T^i  DEB  is  greater*  than  the  angle  DAE ;  but  DAE  is  eqinl 

*  to  the  angle  DBE ;  therefore  the  angle  DEB  is  greater  than 

the  angle  DBE :  Biit  to  the  greater  angle  the  greater  sick 

'  19. 1.  is  opposite^;  t)B  is  tlierefore  greater  than  DE:  But  DB* 

is  equal  to  DF ;  wherefore  DF  is  gieater  than  DE^  the  lemt 

than  the  greater,  which  is  impossible :  Tlierefore  the  straight 

line  drawn  from  A  to  B  does  not  fall  without  the  circle.    In 

the  same  manner,  it  may  be  demonstrated  that  it  does  nof, 

fall  upon  the  circumference ;  it  falls  therefore  within  it|. 

Wherefore,  if  any  two  points,  &c.    Q.  E.  D. 


FROP.  Iir:    THEOR. 

If  a  straight  line  drawn  through  the  centre  of  >t 
circle  bisect  a  straight  line  in  it  which  does  not  pass 
through  the  centre,  it  shall  cut  it  at  right  angles; 
and  if  it  cuts  it  at  right  angles,  it  shall  bisect  it. 

Let  ABC  be  a  circle  ;  and  let  CD,  a  straight  line  drawn 
through  the  centre,  bisect  any  straight  line  AB,  which  does 
not  pass  through  the  centre,  in  the  point  F :  It  cuts  it  ako 
at  right  angles. 

•  J  3      Take*  E  the  centre  of  the  circle,  and  join  EA,  EB.  Theb, 
*  because  AF  is  equal  to  FB,  and  PE  common  to  the  two  tri- 
angles AFE,  BFE,  there  are  two  sides  in  the  one  equal  t^ 
two  sides  in  the  other,  and  the  base  q^  ,.t. 

E  A  is  equal  to  the  base  EB ;  there- 

»» 8. 1.  fore  the  angle  AFE  is  equal  ^  to  the  . 
angle  BFE:  But  when  a  straight 
linestanding  upon  anotI)er  makes  the 
adjacent  angles  equal  to  one  another, 
« iODef.1.  each  of  them  is  aright*^  angle '.There- 
fore each  of  the  angles  AFE,  BFE,  is 
a  right  angle ;  wherefore  the  straight    ^ 
line  CD,  drawn  through  the  centre, 
bisecting  another  AB  that  does  not 
pass  through  the  centre,  cuts  the  same  at  riglit  angles. 
But  let  CD  cut  AB  at  right  angles;  CD  also  bisects  il, 

that  is;  AF  is  equal  to  FB.  x:,  a    «« 

The  samp  construction  being  made,  because  EA,  EB, 
from  the  centre  are  equal  to  one  another,  the  angle  EfAF. 
*5. 1.  is  equal^  to  the  angle  EBF:  and  the  right  angle  "AFfi  is 
equal  to  the  right  angle  BFE :  Tlierefore,  in  the  two  tri- 
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angles,  EAF,  £BF,  theie  are.  two  angles  in  one  equal  to  Bmk  ilL 
two  angles  in  the  other,  and  the  side  EF,  which  b  opposite  ^'^^^'^^ 
to  one  of  the  equal  angka  in  each,  b  common  to  both ; 
tberefixe  the  other  sides  are  equal « ;  AF  therefore  is  equal  •  f«.  i. 
toFB.    Wherefore,  if  a  straight  line,  &c.    Q.E.D. 


PROP.  IV.    THEOR. 

If  in  a  circle  two  straight  lines  cut  one  another 
which  dp  not  both  pass  through  the  centre,  they 
do  not  bisect  each  other. 

Let  ABCD  he  a  circle,  and  AC,  BD  two  straight  lines  in 
it  which  cut  one  another  in  the  point  E,  and  do  not  both 
pass  through  the  centre :  AC,  BD,  do  not  bisect  one  an- 
-other. 

For,  if  it  is  possible,  let  AE  be  equal  to  EC,  and  BE  to 
E3) :  If  one  of  the  lines  pass  through  the  ccntnp,  it  is  plain 
that  it  cannot  be  bisected  by  the 
other  which  does  not  pass  through 

the  centre :  But  if  neither  of  them     /  \r% 

pns  through  the  centre,  take*  F     f  Y      ^^    '  ^-  ^ 

the  centre  of  the  circle,  and  join 
EF;  and  because  FE,  a  straight 
Une  through  the  centre,  bisects  an- 
other AC  which  does  not  pass 
Arourfa  die  centre,  it  shall  cut  it  at  right^  angles ;  where-  ^  5.  a 
fore  FEA  b  a  right  angle ;  Again,  because  the  straight 
line  FE  bisects  the  strait  line  BD,  which  does  not  pass 
through  the  centre,  it  shall  cut  it  at  right^  angles :  wfaere<> 
fore  FEB  b  a  right  angle :  And  FE^  was  shown  to  he  a 
right  angle ;  therefore  FEA  is  equal  to  the  angle  FEB,  tb^' 
k»  to  tbris  greater,  which  is  impossible :  Therefore  AC,  BD 
do  not  bisect  one  another.     Wherefore,  if  in  a  circle,  &€< 

a£.D. 


PROP.  V.   THEOR. 

If  two  circles  cut  one  another,  they  shall  not  have 
the  same  centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the 
p«mts  B,  C;  they  have  not  the  same  centre.     * 
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Book  llf.       iFor,  if  it  be  possible,  let  E  be  their  centre ;  join  EC, jSind 
draw  anystmight  line  EFXj  meet-  Q 

ill?  them  in  F  and  G;  and  be- 
cause E  is  the  centre  of  the  circle 
ABC,  CE  is  equal  to  EF :  Again,  A, 
because  E  is  the  centre  of  the  cir- 
cle CDG,  CE  is  equal  to  EG : 
But  CE  was  shown  to  be  equal  to 
EF;  therefore  EF  is  equal  to  EG, 
the  less  to  the  greater,  which  is 
impossible:  Therefore  E  is  not 
the  centre  of  the  circles  ABC,  CDG.  Wherefore,  If 
circles,  &c.    Q.  E.  D. 


PROP.  VI.    THEOR.  '\2 

If  two  circles  touch  one  another  internally,  theg^ 

shall  not  have  the  same  centre. 

• 

Let  the  two  circles  ABC,  CDE,  touch  one  another  int<^ 
nally  in  the  point  C ;  They  have  not  the  same  centre.      il 

For,  if  they  have,  let  it  be  F  5  join  FC  and  draw  aw 
straightlineFEB  meeting  them  in  r>        ♦    ^•!T 

E  and  B;  And  because  F  js  the  ^*»^-V"-^        -t'T 

centre  of  the  circle  ABC,  CF  is 
equal  to  FB;  Also,  because  F  is 
the  centre  of  the  circle  CDE,  CF 
is  equal  to  FE:  And  CF  was 
shown  to  be  equal  to  FB ;  there- 
fore FE  is  equal  to  FB,  the  less  to 
the  greater,  which  is  impossible  :  ^V^^  ^  ^^    •♦  > 

Whcipefore  F  is  not  the  centre  of  '1^ 

tbfe  circles  ABC,  CDE.    Therefore,  if  two  circles,  ini 

Q.E.D.  :'*k 
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Book  111.  Also  there  can  be  drUwn  only  two  equal  straight  line* 
from  the  point  F  to  the  circumference,  one  upon  each  side. 
of  the  shortest  line  FD :  At  the  point  E  ia  the  straight 
HJ3. 1,  line  EF,  make<^  the  angle  FEH  equal  to  the  angle  GEFy 
and  join  FH  :  Then  because  GE  is  equal  to  EH,  and  £F 
common  to  the  two  triangles  GEF,  HEP ;  the  two  tidei 
GE,  EF  are  equal  to  the  t^o  HE,  EF ;  and  the  angl^  GBJf 
^  4. 1.  is  equal  to  the  angle  HEF ;  therefore  the  base  FG  is  equal  ^ 
to  the  base  FH :  Bat^  besides  FH,  no  other  straight  line 
can  be  drawn  from  F  to  the  circumference  equal  to  FG : 
For,  if  there  can,  let  it  be  FlK ;  and  because  FK  is  eqnaf 
to  FG,  and  FG  to  FH,  FK  is  equal  to  FH ;  that  is,  n 
line  nearer  to  that  which  passes  through  the  centre,  is  equal 
to  one  which  b  more  remote ;  which  is  impossible.  Th^if^^, 
fore,  if  any  point  be  taken,  &c.    Q.  E*  D* 


PROP.  VIII.    THEOR. 

If  any  point  be  taken  without  a  circle,  and  strai^M 
lineA  be  drawn  from  it  to  the  circumierence,  where- 
of one  passes  through  the  centre ;  of  those  which 
fell  upon  the  concave  circumference,  the  greatest 
is  that  which  passes  through  the  centre ;  and  of 
the  rest,  that  which  is  nearer  to  that  through  the 
centre  is  always  greater  than  the  more  remote :  Biit^ 
of  those  which  fall  upon  the  convex  circumference, 
the  least  is  that  between  the  point  without  the  cir- 
cle and  the  diameter;  and  of  the  rest,  that  which, 
is  nearer  to  the  least  is  always  less  than  the  naorci 
remote :  And  only  two  equal  straight  lines  cajt)  to 
drawn  from  the  point  unto  the  circumference,  one 
upon  eac|i  side  of  the  least. 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  ffpia 
which  let  the  straight  lines  DA,  DE,  DF,  DC,  be  drawn  Ux 
the  circumference,  whereof  DA  passes  through  the  centJFiw- 
Of  those  which  fall  upon  the  concave  part  of  the  circumf^r*- 
ence  AEFC,  the  greatest  is  AD  whith  passes  through  the 
centre ;  and  the  nearer  to  it  is  always  greater  than  the  mortB 
remote,  viz.  D£  than  DF,andDF  than  DC:  But  of  thoi^ 
which  fall  upop  the  convex  circumference  HLKG^  tW 
least  is  DG  between  the  point  D  and  the  diameter  AG ;; 
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an^the  nearer  to  it  is  always  less  iliaii  tlie  more  remote,  viz.  ' 

I>K  than  DL.  and  DL  than  DH. 

T^ke"  M  the  centre  of  tht-  circle  AflC,  aiidjoin  MC.MF,  • 

MC,  MK,  ML,  MH  :  And  hc^ao^;.•  AM  is  equal  to  ME, 

add  MD  to  eacb,  tlierefore  AD  U  cjual  to  CM,  MD ;,  but 

£M,  MD  are jfrealer''  than  ED;  tlierelbre  also  AD  it* 

greater  than  ED.    Agnin,  because  ME  is  equal  to  MF,  and 

MD  comnioii  to  the  triangles  , , 

KMD,  FMD  i  EM,  MD,  arc 

e(HuibiFM,MD:  btit  the  angle 

£mD  is  greater  than  the  angle 

FAfD ;  therefore  the  liase  El)  ia 

greater'  than  the  base  FD,     In 

like  manner  it  may  be  shown 

tkat  FD  is  greater  than  CD : 

Therefore  DA  is  the  greatest ; 

and  DE  ereater  than  DF,  and 
DF  than  DC :  And  because  MK, 
KDare  grcata-*>  than  MD,  and 

UKia  eoua)  to  MG,  the  rematn-  ^.P 

der  KD  IS  greater''  than  the  re-     \ 

mainder  GD,  that  is  GD  is  less 

ihaQ  KDi  And  because  MK, 

DKa  an  drawn  to  the  point  K 

Ttthui  the  triangle  MLD,  from 
ti,  D,  the  extremities  of  its  side  MD,  MK,  KD,  are  less* ' : 
than  ML,  LD,  whereof  MK  is  equal  to  ML  { therefore  the 
nmainder  DK  is  less  tluin  the  remainder  DL :  In  like 
manoer  it  ma;  be  shown,  tlutt  DL  is  less  than  DH :  There- 
fore DG  is  the  least,  and  DK  less  than  DL,  and  DL  than 
DH.  Also  there  can  be  drawn  only  two  equal  straij^ht 
Iba  from  the  point  D  to  the  circumference, one  upon  each 
Me  ttAe  ttast.  At  the  point  M,  in  the  stniciht  line  MD, 
make  the  angle  DMB  equal  to  the  an^le  DMK,  and  join 
DB:  And  because  MK  is  equal  to  MB,  and  MD  common 
to  4e  triangles  KMD,  HMD,  the  two  sides  KM,  MD  are 
e^I  to  the  two  BM,  M  D ;  and  the  ai^le  KMO  is  equal 
tndie  angle  HMD;  therefore  the  base  DK  isequaK  tothe'^ 
Imk  DB  :  £ut,  besides  DB,  there  can  be  no  slraijfht  Une 
tewn  from  D  to  the  circumference  equal  to  DK  :  For,  if 
dtsre  can,  let  it  be  DN  ;  and  because  DK  is  equul  to  DN, 
ml  also  to  DB ;  thenfore  DB  is  equal  to  DN,  that  is,  the 
nearer  to  the  least  equal  to  the  more  remote,  which  is  !m- 
posable.  If  therefore  any  point,  &c.  Q.  E.  D. 
F2 


PROP.  IX.    THEOR. 

Ira  pointbetaken  within  a  circle,  from  which  there 
fall  more  than  two  equal  straight  lines  to  the  cii^ 
cumference,  that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC,  from 
which  to  the  circumference  there  fall  more  than  two  equal 
straight  lines,  viz,  DA,  DB,  DC,  the  point  D  is  the  centre 
of  the  circle. 

For,  if  not,  let  E  be  the  centre, 
join  DE  and  produce  it  to  the  cir- 
cumference in  F,  G :  then  FG  is 
a  diameter  of  the  circle  ABC:  And 
because  in  FG,  the  diameter  of  the  J 
circle  ABC,  there  is  taken  the  point 
D,  which  is  not  the  centre,  DG 
shall  be  the  greatest  line  from  it  to 
'*'-3.  the  circumference,  and  DC  greater^ 
than  DB,  and  DB  than  DA :  But 
they  are  likewise  equal,  which  is  impossible ;  Therefore  E 
is  not  the  centre  of  the  circle  ABC :  In  like  manner  it  may 
be  demonstrated,  that  no  other  point  but  D  is  the  centre } 
D  therefore  is  the  ceutre.  Wherefore,  if  a  point  betaken, 
&c.    Q.  E.  D. 


PROP.X.    THEOR. 

One  circumference  of  a  circle  cannot  cut  another 
ID  more  than  two  points. 

If  it  be  possible,  let  the  circum- 
ference FAB  cut  the  circumfer- 
ence DEF  in  more  than  two 
points,  viz.  in  B,  G,  F ;  take  the 
centre  K  of  the  circle  ABC,  and  pi 
join  KB,  KG,  KF :  And  because  ' 
within  the  circle  DEF  there  is 
taken  the  point  K,  from  which  to 
the  circumference  DEF  fall  more 
than  two  equal  itraight  lines  KB, 
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Kg,  KF,  the  point  K  is«  the  centre  of  the  circle  DEF :  Book  iil 
But  K  is  also  the  centre  of  the  circle  ABC ;  therefore  the  ^  ""^^^ 
same  point  b  the  centre  of  two  circles  that  cut  one  another, '  '*  ^ 
^which  is  impossible^.    Therefore  one  circumference  of  a  ^  5.  a. 
circle  caoinot  cut  another  in  more  than  two  points.  Q.  E.  D; 


PROP.  XL    THEOR. 

It  two  circles  touch  each  other  internally,  the 
strait  line  which  joins  their  centres  being  pro* 
doced  shall  pass  through  the  point  of  contact 

Let  the  two  drcW  ABC,  ADE  touch  each  other  inter* 
tally  in  the  point  A,  and  let  F  be  the  centre  of  the  circle 
ABC,  and  G  the  centre  of  the  circle 
ADE :  The  straight  line  which  joins 
'  the  centres  F,  G,  being  {nroduced, 
passes  throa^  the  point  A. 

For,  if  not,  let  it  fiall  otherwise,  if 
possible,  as  FGDH,  and  join  AF,  AG : 

And  because  AG,  GF  are  greater*    \  V       ^     "'^>C/   '*^^' 
than  F^  that  is,  than  FH,  for  FA  is     V^^t^t-^  yC 
equal  to  FH,  both  being  from  the 
same  centre ;  take  away  die  common 
part  F6 ;  therefore  the  remainder  AG 
IS  greater  than  the  remainder  GH  :  But  AG  is  equal  to 
GD;  therefore  GD  is  greater  than  GH,  the  less  than  the 
greater,  which  is  impossible.    Therefore  the  straight  line 
which  joins  the  points  F,  G  cannot  fall  otherwise  than  upon 
the  point  A,  that  is,  it  must  pass  through  it    Therefore, 
if  two  circles,  &c.    Q.  £•  D. 


PROP.  XII.    THEOR. 

If  two  circles  touch  each  other  externally,  the 
straight  line  which  joins  their  centres,  shall  pass 
through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  exter- 
oally  in  the  point  A;  and  let  F  be  the  centre  of  the  circle 
ABC,  and  G  the  centre  of  ADE :  Hie  straight  line  which 
joins  the  points  F,  G  shall  pass  through  the  point  of  con* 
tictA. 

For,  if  not,  let  it  pass  otherwise,  if  possible,  as  FCDG, 
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PoQK  Hi.  ^nd  join  FA,  AG  :  And  because  F  is  the  centre  of  the  dr^ 
cle  ABC,  AFis  equal 
to  FC:  Also,  because 
G  is  the  centre  of  the 
circle  ADE,  AG  is 
equal  t*)  GD :  There- 
fore FA,  AG  are  equal 
to  FC,  DG;  where- 
fore  the  whole  FG  is 
greater  than  FA,  AG : 
20. 1. But  it  is  also  less*;  which  is  impossible:  Therefore th© 
straight  line  which  joins  the  points  F,  G  shall  not  past. 
otherwise  than  through  the  point  of  contact  A,  that  is,  it 
must  pass  through  it.  Therefore,  if  two  circles,  &c,  Q,  E.  D, 


PROP.  XIU.    THEOR. 

SecN.  One  circle  cannot  touch  another  in  more  points 
than  one,  whether  it  touches  it  on  the  inside  or 
outside. 

For,  if  it  be  possible,  let  the  circle  EBF  touch  the  circle 

ABC  in  more  points  than  one,  and  first  on  the  inside^  iq 

10.  n.  1.  the  points  B,  D ;  join  BD,  and  draw*  GH  bisecting  BD 

at  right  angles :  Therefore  because  the  points  B,  D^  are  b 


H      Bl 


^       the  circumference  of  each  of  the  circles,  the  straight  liM 

« Cor.  1.5!  ^^  ^^^^^  within  each^  of  them :  and  their  centres  are«  in 

*  the  straight  line  6H  which  bisects  BD  at  right  angles  j 

*  11. 3,  TTierefore  GH  passes  through  the  point  of  contact** ;  but  ft 

does  not  pass  through ~it,  because  the  points  B,  D  are  witk- 

but  the  straight  line  GH,  which  is  absurd :  Therefore  one 

circle  cannot  touch  another  on  the  inside  in  more  pointi 

than  one« 
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Kor  <«kii  tffo  circles  *  touch  one  another  on  the  outside  Booi  III. 
in  more  than  one  jwint ;  For,  if  it  be  possible,  let  the  cir- 
cle ACK  touch  tlie  circle  ABC  in  the 
eints  A;  C,  and  join  AC :  Therefore, 
cause  the  two  points  A,  C  are  in  the 
circumference  of  the  circle  ACK,  the 
straight  line  AC  which  joins  them 
shall  fall  within«>  the  circle  ACK :  And 
the'cirde  ACK  is  wiihpat  the  circle 
ABC ;  and  therefore  the  straight  line 
AC  IS  without  this  last  circle^  but  be- 
came  the  points  A,  C  are  in  the  cir- 
cumference of  the  circle  ABC,  the 
ttniight  line  AC  must  be  within^  the 
aame  cirde,  which  is  absurd  :  There- 
fore one  circle  cannot  touch  another  on  the  outsidejn  more 
than  one  point.     And  it  has  been  shown,  that  they  cannot 
touch  on  the  inside  in  more  points  than  one.    Therefore, 
one  cwclc,  8tc.    Q.  E.  D. 


PROP.  XIV.    THEOR. 

Equal  straight  lines  in  a  circle  are  equally  distant 
frona  the  centre ;  and  those  which  are  equally  dis- 
tant from  the  centre,  are  equal  to  one  another. 

Lei  the  straight  lines  AB,  CD,  in  the  circle  ABCD,  be 

equal  to  one  another,  they  are  equally  distant  from  the 

centre. 
Take  E  the  centre  of  the  circle  ABDC,  and  from  it  draw 

EF,  EG,  perpendiculars  to  AB,  CD :  Then,  because  the 

straight  line  EF,  passing  through  the  centre,  cuts  the 

straight  line  AB,  which  does  not  pass 

through  the  centre,  at  right  angles, 

it  also  bisects*  it :  Wherefore  AF  is  A/^  /  \  X       '  *•  ^ 

equal  to  FB,  and  AB  double  of  AF. 

For  the  same  reason  CD  is  double  of  i 

CG :  And  AB  is  equal  to  CD ;  there- 

fiwe  AF  is  equal  to  CG:  And  because 

AB  is  equal  to  EC,  the  square  of  AE 

is  equal  to  the  square  ot  EC :  But 

the  squares  of  AF,  FE,  are  equal*'  to   "^    "'^- — -^  ^  47.  i. 

*e  square  of  AE,  because  the  angle  AFE  is  a  right  angle  j 
«n4  for  the  like  reason,  the  squares  of  EG,  GC  are  equal  to 
4e  square  of  EC :  Therefore  the  squarear  of  AF;  FE^  arp 
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too.  III.  equal  to  the  squares  of  CG,  GE,  of  which  the  square  of  AF 
"^"^^"^  IB  equal  to  the  squari^  ol*  CG  ;  because  AF  is  equal  to  CG  j 
therefore  the  temainiu^'  square  of  FE  is  equal  to  the  re- 
inaiDing  square  of  EG,  and  the  straight  line  EF  is  therefore 
equal  to  EG  :  But  straight  lines  in  a  circle  are  said  to  be 
equally  distant  from  the  centre,  when  the  perpendiculars 
4  Dcf,  3.  drawn  to  them  from  the  centre  are  equal" :  Therefore  AB, 
CD  must  he  equally  distant  from  the  centre. 

Next,  if  the  straight  lines  AE,  CD  be  equally  distant 
from  the  centre,  that  is,  if  FE  be  equal  to  EG ;  AB  is  equal 
to  CD :  For,  the  same  coustniction  being  made,  it  may,  as 
before,  be  dempostrated,  that  AB  is  double  of  AF,  and  CD 
double  of  CG,  and  that  the  squares  of  EF,  FA  are  equal  to 
the  squares  of  EG,  GC ;  of  which  the  square  of  FE  is  equal 
10  the  square  of  EG,  because  FE  is  equal  to  EG  j  theret 
fore  the  remaining  square  of  AF  is  equal  to  ibe  remaining 
square  of  CG ;  and  the  straight  line  AF  is  therefore  equal 
to  CG :  And  AB  Js  double  of  AF,  and  CD  double  of  CG ; 
wherefore  AB  is  equal  to  CD.  Therefore  equal  straight 
lines,  &c.    Q.E.D. 


PROP.  XV.    THEOH, 

tN.  The  diameter  is  the  gi^atest  straight  line  in  a  cir- 
cle; and,  of  all  others,  that  which  is  nearer  to  the 
centre  is  always  greater  than  one  more  remote ;  and 
the  greater  is  nearer  to  the  centre  than  the  less. 

Let  ABCD  be  a  circle,  of  which 
the  diameter  is  AD,  and  the  centre 
E ;  and  let  BC  he  nearer  to  the  ci 
Ire  than  FG ;  AD  is  greater  than  any  ; 
straight  line  BC,  which  is  not  a  dia-  /, 
meter,  and  BC  greater  than  FG. 

From  the  centre  draw  EH,  EK  \ 
perpendiculars  to  BC,  FG,  and  join  , 
EB,  EC,  EF;  and  because  AE  ii  ^ 
equal  to  EB,  and  ED  to  EC,  AD  is 
!0.i.  equal  to  EB,  EC;  but  EB,  EC  are  greater"  than  BC : 
wherefore  also  AD  Is  greater  than  BC. 

And,  becaus<e  BC  is  Dearer  to  the  centre  than  FC,  EH 
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is  les8^  tbtn  £K :  But,  as  was  demonstrated  in  the  pre«  Book  iil 
cedingy  BC  is  dojuble  of  BH,  and  PG  double  of  FK,  and  ^^"Z^^ 
the  squares  of  EH,  HB  are  equal  to  the  squares  of  EK,  KF,    ^  '^  ^' 
of  wtuch  the  square  of  EH  is  less  than  the  square  of  EK, 
because  EH  is  less  than  EK ;  therefore  the  square  of  BH 
is  gfeater  than  the  square  of  FK,  and  the  straight  line  BH 
greater  than  FK,  and  therefore  BC  is  greater  than  FG. 

Next,  Let  BC  be  greater  than  FG ;  BC  is  nearer  to  the 
centre  than  FG,  that  is,  the  same  construction  bein^  made, 
£H  is  less  than  EK :  Because  BC  is  greater  than  FG,  BH 
likeim  is  greater  than  KF :  And  the  squares  of  BH,  HE 
are  equal  to  the  squares  of  FK,  KE,  of  which  the  square  of 
BH  is  greater  than  the  square  of  FK,  because  BH  is  greater 
than  FK;  therefore  the  square  of  EH  is  less  than  tlie 
square  of  EK,  and  the  straight  line  EH  less  tlian  EK. 
Wfaeref<Mre  the  diameter,  &c,    Q.  E.  D. 


PROP.  XVI.    THEOR. 

The  straight  line  drawn  at  right  angles  to  tlie  dia-  SmK. 
meter  of  a  circle,  from  the  extremity  of  it,  falls 
without  the  circle;  and  no  straight  line  can  be 
drawn  between  that  straight  line  and  the  circum- 
ference from  the  extremity,  so  as  not  to  cut  the 
circle;  or,  which  is  the  same  thing,  no  straight 
line  can  make'  so  great  an  acute  angle  with  the  dia- 
meter at  its  extremity,  or  so  small  an  angle  with 
the  straight  line  which  is  at  right  angles  to  it,  as  not 
to  cut  the  circle. 

Let  ABC  he  a  circle ;  the  centre  of  which  is  D,  and  the 
diameter  AB :  the  straight  line  drawn  at  right  angles  to  AB 
from  its  extremity  A,  shall  fall  without  the  circle. 

For,  if  it  does  not,  let  it  fall,  if 
possible,  within  the  circle,  as  AC, 
aDd  draw  DC  to  the  point  C  where 
it  meets  the  circumference :  And 
because  DA  is  equal  to  DC,  the 

angle  DAC  is  equal*  to  the  angle     ^  *^  /     •  5.  i. 

ACD;  but  DAC  is  a  right  angle, 
therefore  ACD  is  a  right  angle, 
and  the  angles  DAC,  ACD  are 
therefore  ec^ual  to  two  right  angles^  which  b  impossible^ :  ^  u.  u 


\ 
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Book  III.  Therefore  the  straight  line  drawn  from  A  at  right  angles 
•"^v*^^  to  BA  does  not  fall  within  the  circlet  In  the  same  manner 
it  may  be  demonstAted,  that  it  does  not  fall  upon  the  dr«* 
cumference ;  therefore  it  must  fall  without  the  circle  as  AE^ 
And  between  the  straight  line  AE  and  the  circumfereiMSe 
no  straight  line  can  be  drawn  from  the  point  A  which  doei 
not  cut  the  circle :  For,  if  possible,  let  FA  be  between 
' !«.  1.  them,  and  from  the  point  D  draw*  DG  perpendictilar  to 
FA,  and  let  it  meet  the  circumference  in  H  :  Andbecatise 
AGD  is  a  right  angle,  and  DAG  less  ^  than  a  right  angfo^ 
^  19. 1.  DA  is  greater^  than  DG :  But  DA 
is  equal  to  DH :  therefore  DH  is 
greater  than  DG,  the  less  than  the 
greater,  which  is  impossible:  There- 
fore no  straight  line  can  be  drawn 
from  the  pohit  A  between  AE  and 
the  circumference,  which  does  not 
cut  the  circle ;  or,  which  amounts 
to  the  same  tiling,  however  great 
an  acute  angle  a  straight  line  makes 
with  the  diameter  at  the  point  A,  or 
however  small  an  angle  it  makes  with  AE,  the  circumfei^ 
cnce  passes  between  that  straight  line  and.  the  perpendHtitf 
lar  AE.  ^  And  this  is  all  that  is  to  be  understood,  whM^ 
'  in  the  Greek  text,  and  translations  from  it,  the  angle  of 

*  the  semicircle  is  said  to  be  greater  than  any  acute  rectili- 
*■  neal  angle,  and  the  remaining  angle  less  than  any  rectill- 
*neal  angle/    Q.E.D. 

'  CoR.^Frora  this  it  is  manifest,  that  the  straight  1hi0 
which  is  drawn  at  right  angles  to  the  diameter  of  a  cird0 
from  the  extremity  of  it,  touches  the  circle  ;  and  that  k 
touches  it  only  in  one  point,  because,  if  it  did  meet  the  cir-r 
•-  2. 3.  cle  in  two,  it  would  fall  within  it«.  *  Abo,  it  is  evident, 
'  that  there  can  be  but  one  straight  line  ^diich  touches  tH 

*  circle  in  the  same  point' 


PROP.  XVIL    PROB. 


To  draw  a  straight  line  from  a  given  point,  either 
without  or  in  the  circumference,  which  shall  touch 
a  given  circle. 

First,  let  A  be  a  given  point  without  the  ffven  tkeh 
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BCD ;  it  is  required  to  draw  a  straight  line  from  A  which  B<»'  ^^^ 

shall  touch  the  circle.  ^***>r^ 

Find^the  centre  £  of  the  circle,  and  join  AE;  and  from  *  i.  3. 

the  centre  E,  at  the  distance  EA,  describe  the  circle  AFG; 

from  the  point  D  draw^  DP  at  right  angles  to  EA,  and  join  ^  M.  i: 

EBF,AB.    A6  touches  the  circle  BCD. 
Because  E  is  the  centre  of 

the  circles  BCD,  AFG,  EA  y^  ^A 

is  equal  to  EF,  and  ED  to . 

£B  i  therefore  the  t>^*o  sides 

A£y  EB  are  equal  to  the  qyo 

FE,  ED,  and  they  contain 

the  angle  at  E  common  to 

the  two  triangles  AEB,  FED ; 

therefore  the  base  DF  is  equal 

l»  the  base  AB;  andthetri- 

voigle  FED  to  the  triangle  AEB,  and  the  other  angles  to 

the  other  angles  <^:  Therefore  the  angle  £1BA  is  equal  to«  4.  \. 

the  angle  EDF:  But  EDF  is  a  right  aujle,  wherefore  EBA 

is  a  right  angle :  And  ElB  is  drawn  from  the  centre:  But 

a  sirught  line  drawn  from  the  extremity  of  a  diameter,  at 

light  ai^es  to  it,  touches  the  circle  <>:  Therefore  AB'Cor.i6.5. 

toadies  the  circle ;  and  it  is  drawn  from  the  given  point  A, 

^inddi  was  to  be  done. 

But  if  the  given  point  be  in  the  circumference  (^  the 
Click,  as  the  point  D,  draw  DE  to  the  centre  E,  and  DF 
at  rig^t  angles  to  DE ;  DF  touches  the  circle*^. 


PROP.  XVIII.    THEOR. 

r 

If  a  straight  line  touches  a  circle,  the  straight  line 
drawn  froai  the  centre  to  the  point  of  contact,  shall 
be  perpendicular  to  the  line  touching  the  circle. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  the 
rant  C  ;  take  the  centre  F,  and  draw  the  straight  line  FC : 
FC  is  perpendicular  to  DE. 

For,  if  It  be  not,  from  the  point  F  draw  FBG  perpendi- 
cular to  DE ;  and  because  FGC  is  a  right  angle  GCF  is*  •  i^.  i. 
anaeuteangle ;  and  to^  greaiter  angle  the  greatest^  side  ^  ^9.  |. 
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is  oppadte ;  Therefore  FC  is  greater  than  FG ;  but  FC  u 
equal  to  FB ;  therefore  FB  is 
greater  than  FG,  the  less  than  the 
greater,  which  is  impossible : 
Wherefore  FG  is  not  perpendi- 
cular to  DE  :  In  the  same  man- 
ner it  may  be  shown,  that  nooiher 
is  perpendicular  to  it  besides 
FC,  Ihnt  is,  FC  is  perpendicular 
to  DE.  Therefore,  if  a  straight 
line,&c.     Q.E.D. 


PROP.  XIX.    THEOR. 
If  a  straight  line  touches  a  circle,  and  from  the 
point  of  contact  a,  straight  line  be  drawn  at  right 
angles  to  the  touching  line,  the  centre  of  the  cirde 
shall  be  in  that  line. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  C,  and 
from  C  let  CA  be  drawn  at  right  angles  to  DE  ;  the  centre 
of  the  circle  is  in  CA. 

For,  if  not,  letF  be  the  centre,  if  possible,  andjoiaCF) 
Because  DE  touches  the  circle 
ABC,  and  FC  is  drawn  from  the 
centre  to  the  point  of  contact, 
•IB.  3.FC  is  perpendicular^  to  DE; 
therefore  FCE  is  a  right  angle : 
But  ACE  is  also  a  right  angle  ; 
therefore  (he  angle  FCE  is  equal 
to  the  angle  ACE,  the  less  to  the 
greater,  which  is  impossible : 
Wherefore  F  is  not  the  centre  of      IT  C  E 

the  circle  ABC  :  In  the  same  manner,  it  may  be  shown, 
that  no  other  point  which  is  not  in  CA,  is  the  centre ;  that 
is,  the  centre  is  in  OA.  Therefore,  if  a  straight  liae,  &c. 
Q.E.D. 


PROP.  XX.     THEOR.  , 

s««  jj.  The  angle  at  the  centre  of  a  circle  is  double  of  tho 
angle  at  the  circumference,  upon  the  same  baa 
that  is,  upon  the  same  part  of  the  circumference. 


OF  EUCLID. 


17 


Let  ABC  be  a  circle,  and  BEC  an  angk  at  the  centre^  ^'PV 
and  BAC  an  angle  at  the  circumference,  which  have  the 
same  circiiraference  BC  for  their  base;  the  angle  BEG  ii 
double  of  the  angle  BAG. 

First,  let  E,  the  centre  of  the  circle, 
be  within  the  angle  BAG,  and  join  AE, 
and  produce  it  to  F :  Because  EA  is 

equal  to  EB,  the  angle  EAB b  equal*  /  /  I     \      \* S.  t. 

to  the  ande  EBA ;  therefore  the  an- 
gles ELAB,  EBA  are  double  of  the  an- 
gle EAB;  but  the  angle  BEF  is  equal  b    \^    /  \j/  *S«.i. 
to  the  angles  EAB,EBA;  therefore 
also  the  angle  BEF  is  double  of  the          F^ 
angle  EAB:  For  the  same  reason,  the  angle  FEG  is 
double,  of  the  angle  EAG :  Therefore  the  whole  angle  BEC 
il  double  of  the  whole  angle  BAG, 

Again^  let  E,  the  centre  of  the 
^rde,  be  without  the  angle  BDC, 
and  jdn  DE,  and  produce  it  to  G, 
it  majr  be  demonstrated,  as  in  the 
frst  case^  that  the  angle  GEG  is 
double  of  the  angle  GDC,  and  that 
GEE,  a  part  of  the  first,  b  double 
vH  GDB,  a  part  of  the  other ;  there- 
fore the  remaining  angle  BEG  is 
doublecrf  the  remaming  angle  BDG. 
Tbemfore  the  angle  at  the  centre,  &c«    Q.  E.  D^ 


/ 


PROP.  XXI.    THEOR. 


The  angles  in  the  same  segment  of  a  circle  are  Sec  v. 
equal  to  one  another. 

Let  ABCD  be  a  circle,  and  BAD, 
BED  angles  in  the  same  segment 
BAED :  The  angles  BAD,  BED 
are  equal  to  one  another. 

Tate  F,  the  centre  of  the  circle 
ABCD :  And,  first,  let  the  segment 
BAED  be  greater  than  a  semicircle, 
tndjoinBF,FD:  And  because  the  P 
BFD  is  at  the  centre^  and  the 
BAD  at  the  circumference, 
that  they  faave  the  same  part  of  the  circumference,  viz. 


7S  THE   ELEMENTS 

Boot  lit,  BCD  for  their  base ;  therefore  the  angle  BPD  is  dofttle^ 
"'"^   of  the  angle  BAD :  For  the  same  reason,  the  angle  BFD 
^^•^-  is  double  of  the  angle  BED  :  Therefore  the  angle  BADcl 
equal  to  the  angle  BED. 

Btit^  if  the  segment  BAED  be  not  greater  thian  a.semi- 
'      circle,  let  BAD,  BED  be  angles  in  A     E 

it ;  these  also  are  equal  to  one  ano- 
ther :  Draw  AF  to  the  centre,  and  d 
produce  ittoC,  and  join  CE :  There- 
fore the  segment  BADC  is  greater 
-than  a  semicircle;  and. the  angles 
in  it  BAC,  BEC  are  equal,  by  the 
first  case :  For  the  same  reason,  be- 
cause CBED  is  greater  than  a  semi- 
circle, the  angles  CAD,  CED,  are 
equal :  Therefore  the  whole  angle  BAD  is  eqtial  to  th«f 
whole  angle  BED.  Wherefore  the  angles  in  the  same 
segment,  &c,     Q.E.D. 


PROP.  XXn.    THEOR. 

The  opposite  angles  of  any  quadrilateral  figuref* 
described  in  a  circle,  are  together  equal  to  twcr 
right  angles. 

Let  ABCD  be  a  .quadrilateral  figure  in  the  circle  ABCD  \ 
any  two  of  its  opposite  aagles  are  together  equal  to  two 
rightangles. 

Join  AC,  BD ;  and  because  the  three  angles  of  every 

» 32.  L  triangle  are  equal*  to  twp  right  angles,  the  three  angles  of 
the  triangle  CAB,  viz.  the  angles  CAB,  ABC^  BCA^  aie 
equal  to  two  right  angles  :  But  the 

^'  51.  s.  angle  CAB  is  equal  ^  to  the  angle 
CDB,  because  they  are  in  the  same 
segment  BADC,  and  the  angle 
ACB  is  equal  to  the  angle  ADB, 
because  they  are  in  the  same  seg- 
ment ADCB :  Therefore  the  whole 
angle  ADC  is  equal  to  the  angles 
CAB,  ACB  :  To  .  each  of  these 
equals  add  the  angle  ABC ;  therefore  the  angles  ABCt* 
CAB,  BCA  are  equal  to  the  angles  ABC,  ADC :  But  ABC^ 
CAB,  BCA,  are  equal  to  two  right  angles;  therefore 4il80- 
the  angles  ABC^  ADC,  are  equal  to  two  right  angles:  In 
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the  saoie  fidaoner,  the  angles  BAD,  DCB,  may  be  shown  Book  ill, 
to  be  equal  to  two  right  angles.    Therefore,  the  opposite   '  ' 

angles  &c.    Q.E.D. 


>       PROP.  XXIII.    THEOR. 

Upon  the  same  straight  line,  and  upon  the  same  See  n. 
side  of  it,  there  cannot  be  two  similar  segments  of 
drcles^  not  coinciding  with  one  another. 

If  it  he  possible,  let  the  two  similar  segments  of  circles 
Tiz.  ACB,  ADB  he  upon  the  same  side  of  the  same  straight 
line  AB)  not  coinciding  with  one  another.    Then,  because 
the  circle  ACB  cuts  the  circle  ADB 
in  tiie  two  points  A,  B,  they  cannot 

cut  one  another  in  any  other  point*:         x^''"O^X"^"\        •  lo.  s. 
One  of  tbe  segments  must  therefore 
fall  within  the  other :  Let  ACB  fall 
within  ADBf  and  draw  the  straight 
liae  BCD,  and  join  CA,  DA :  And  A 
beeause  the  segment  ACB  is  similar 
ti  tbe  s^ment  ADB,  and  that  similar  segments  of  circles 
contain**  equal  angles ;  the  angle  ACB  is  equal  to  the  an-  "*  ti  Dc^"-  ^* 
gle  ADB,  me  exterior  to  the  interior,  which  is  impossible^,  c  \e.  t. 
Therefore  there  cannot  be  two  similar  segments  of*  a  circle 
upon  the  same  side  of  the  same  line,  which  do  not  coin- 
cide.   Q.E.D. 


/ 


PROP.  XXIV.    THEOR. 

Similar  segments  of  circles  upon  equal  straight  Set  n. 
Ibes,  are  equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  circles  upon  the 
equal  straight  lines  AB,  CD  ^  the  segment  AEB  is  equal 
lo  the  segment  CFD. 

For  if  the 
Ngment  AEB 
he  implied  to 
tic     segment 

CF»,aoastlie   X  B 

{oat  A  he  on 

C|  and  the  straijs^t  line  AB  upon  CD,  the  point  B  shall 
caiioiAiisitk  the  point  D,  because  AB  is  equal  to  CD: 
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Boo.  III.  nierefore  tlie  straight  line  AB  coinciding  with  CD,  the 
"""^'^    segment  AEB  must^  coincide  with  the  segmeat  CFD,  and 
■  ■  thcrerore  is  equal  to  it.     Wlierefore  similar  segments,  &c. 
Q.E.D. 


PROP.  XXV.    PROB. 

SeeN.  A  SEGMENT  of  a  circlc  being  given,  to  describe 
tlie  circle  of  which  it  is  the  segment- 
Let  ABC  be  the  given  segment  of  a  circle;  it  is  required 
to  describe  tlie  circle  of  which  it  is  the  segment. 
■10. 1.     BisecP  AC  in  D,  and  from  the  point  D  drawl"  DB  at 

"■''right  angles  to  AC,  and  join  AB :  First,  let  the  angles 
ABD,  BAD  be  equal  to  one  another;  then  the  straight 

•  6,  ).  line  BD  is  equal  "^  to  DA,  and  therefore  to  DC ;  and  be- 
cause the  three  straight  lines  DA,  DB,  DC,  are  all  equal ; 

■"  9, 3.  D  is  the  centre  of  the  circle''.  From  the  centre  D,  at  the 
distance  of  any  of  the  three  DA,  DB,  DC,  describe  a  cir- 
cle ;  this  shall  pass  through  the  other  points ;  and  the  circle 
of  which  ABC  is  a  segment  is  described:  And  because  the 
centre  D  is  in  AC,  the  segment  ABC  is  a  semicircle :  But 


if  the  angles  ABD,  BAD  are  not  equal  to  one  another,  at  ■ 
'  S3. 1.  the  point  A  in  the  straight  line  AB  make*  the  angle  BAE 
equal  to  the  angle  ABD,  and  produce  BD,  if  necessary,  to 
E,  and  join  EC  :  And  because  the  angle  ABE  is  equal  to 
the  angle  BAE,  the  straight  line  BE  is  equal « to  EA :  And 
because  AD  is  equal  to  DC,  and  DE  common  to  the  tri- 
angles ADE,  CDE,  the  two  sides  AD,  DE  are  equal  to 
the  two  CD,  DE,  each  to  each;  and  the  angle  ADE  is 
equal  to  the  angle  CDE,  for  each  of  them  is  a  right  angle; 
'  *  I .  therefore  the  base  AE  is  equal  f  to  the  base  EC  :  but  AE 
was  shown  to  be  equal  to  EB,  wherefore  also  BE  is  equal 
to  EC :  And  the  three  straight  lines  AE,  EB,  EC  are 
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thcrefbre  equal  to  one  another ;  wberefore^  E  is  the  centre  Boot  III. 
of  the  circle.  From  the  centre  E,  at  the  distance  of  any  ^^^ 
of  the  three  AE,  EB,EC,  describe  a  circle,  this  shall  pass 
through  the  other  points ;  and  the  circle  of  which  ABC 
is  a  segment  is  described :  And  it  is  evident,  that  if  the  an- 
gle ABD"  be  greater  than  the  angle  BAD,  the  centre  E 
fells  without  the  segment  ABC,  which  therefore  is  less  than 
a  semicircle :  But  if  the  angle  ABD  be  less  than  BAD, 
the  centre  E  falls  within  the  segment  ABC,  which  is  therefore 
greater  than  a  semicircle :  Wherefore  a  segment  of  a  circle 
being  given,  the  circle  is  described  of  which  it  is  a  seg- 
ment.   Wliich  was  to  be  done. 


PROP,  XXVI.    THEOR. 

In  equal  circles,  equal  angles  stand  upon  equal 
circumferences,  whether  they  be  at  the  centres  or  ' 
circumferences. 

Let  ABC,  DEF  be  equal  circles,  and  the  equal  angles 
BGC,  EHF  at  their  centres,  and  BAC,  EDF  at  their  cir- 
camfereoces :  The  circumference  BKC  is  equal  to  the  cir- 
cumference ELF. 

Join  BC,  EF ;  and  because  the  circles  ABC,  DEF,  are 
eq\ial,  the  straight  lines  drawn  from  tlieir  centres  are  equal : 
Therefore  the  two  sides  BG,  GC,  are  equal  to  the  two  EH,  \ 


c  t 


l 


PP;  and  the  angle  at  G  is  equal  to  the  angle  at  H ;  there- 

^rc  the  base  BC  is  equal^  to  the  base  EF.    And  because  m  4.  i. 

U  fingle  at  A  is  equal  to  the.  anj^le  at  D,  the  segment 
BAC  IS  similar^  to  the  segment  EDF ;  and  they  are  upon  •»  11  Def.  s. 
^al  straight  lines  BC,  EF  2  But  similar  segments  of  cir-    . 
cks  upon  equal  straight  lines  are  equal ^  to  one  another,  *  $4. 3. 
tjjcre&re  the  segment  BAC  is  equal  to  the  segment  EDF : 
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Boos  III.  But  the  whole  circle  ABC  is  equal  to  the  whole  DEF; 

^'"■v^  thereFore  the  remaining  segment  BKC  is  equal  to  the  re- 
maining segment  ELF,  and  the  circumference  BKC  to  the 
circumference  ELF.  Wherefore,  in  equal  circles,  &c. 
Q.E.D. 


PROP.  XXVII.    THEOB. 
Ik  equal  circles,  the  angles  which  stand  upoa  equal 
circumferences  are  equal  to  one  another,  whetfier 
tbey  be  at  the  centres  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centres,  and  BAC, 
EDFat  ihe  circumferences ofthe  equal  circles  ABC,  DEF 
stand  upon  the  equal  circumferences  BC,  EF :  The  aogls 
BGC  is  equal  to  the  angle  EHF,  and  the  angle  BAC  to 
the  angle  EBF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  ma- 
•  s.  s.  nifest^tliat  the  angle  BAC  is  also  equal  to  EDF.     But,  if 


not,  pne  of  tliem  is  the  greater :  Let  BGC  be  the  greater, 
"  ts.  1.  and  at  the  point  G,  in  the  straight  line  BG,  make'' the 
angle  BGK  equal  to  the  angle  EHF;  but  equal  angles 
•  afi- s.  stand  upon  equal  circumferences^,  when  tbey  are  at  the  cen- 
tre ;  therefore  the  circumference  BK  is  equal  to  the  cir* 
cumference  EF :  But  EF  is  equal  to  BC  ;  therefore  also 
BK  is  equal  to  BC,  the  less  to  the  greater,  which  is  impos- 
sible ;  Tlierefore  the  angle  BGC  is  not  unequal  to  the  an- 
gle EHF;  that  is,  it  is  equal  to  it :  And  the  angle  at  A  ia 
half  of  the  angle  BGC,  and  the  angle  at  D  half  of  the  an- 
gle EHF :  Therefore  the  angle  at  A  is  equal  to  the  angle 
at  D.     Wherefore,  in  equal  circles,  &c.     Q.  E.  D. 
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PROP.  XXVIII.    THEOR. 

Iff  equal  circles,  equal  straight  lines  cut  off  equal 
circumferences,  the  greater  equal  to  the  greater, 
and  the  less  to  the  less< 

L«t  ABCy  DEF  be  equal  circles,  and  BC,  £F  equal 
straight  lines  in  them,  which  cut  off  the  two  greater  cir- 
cumferences BAG,  £DF,  and  the  two  less  BGC,  EHF ; 
the  greater  BAG  is  equal  to  the  greater  EDF,  and  the  less 
BiSCtottielessEIlt^. 

Tike*  K,  L,  tlie  centres  of  the  circles,  and  join  BK,  KG,  •  i.  «• 
IQLi^  LF :  ^ni  because  the  circles  are  equal;  liie  stiaight 


IKnes  from  their  centres  are  equal :  therefore  BK,  KG  are 
«nial  to  EL,  LF ;  end  the  base  BC  is  equal  to  the  base 
£F;  therefore  the  angle  BKG  is  equal  ^  to  the  angle  ELF :  ^  a.  i. 
But  equal  angles  stand  upon  equal  ^  circumferences,  when  •  si. 
theyaie  at  the  centres ;  therefore  the  circumfei^nce  BGG 
is  equal  to  the  circumference  fiHP.  But  the  whole  circle 
AfiC  is  equal  to  the  whole  EDF;  the  remaining  part 
therefore  of  the  circumference,  tiz.  BAG,  is  equal  to  the 
remaininr  part  EDP.  Therefore,  in  equal  civclee,  &c. 
Q.E.D. 


PROP.  XXIX-    TPEOR. 

jjr  ^ual  drcles,  equal  circumferences  are  sub- 
tended t>y  eq^al  str^gbt  lines. 

Let  ABC,  DEF  he  equal  cfircle^,  and  let  the  circumfer- 
ences BGC,  EHF  also  be  equal :  and  join  BG,  EF :  The 
6tiaie:ht  line  BC  is  equal  to  the  straight  line  EF. 
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Boo*  lU.       Take"  K,  L,  tlie  centres  of  tlic  circles, and  joiD  BK, KC, 
EL,  LF :  And  becsui^e  fhe  circiimferente  BGC  is  equal  to 


» 57.3.  tlie  circumference  EHF,  the  angle  BKC  is  equal''  to  the 
angle  ELF:  And  because  the  circles  ABC,  DEF,  are  j 
equal,  the  straight  lines  from  their  centres  are  equal : 
Therefore  BK,  KC,  are  equal  to  EL.  LF,  and  they  contain 
e  4. 1.  «iual  angles  ;  Therefore  the  baseBC,  is  equal'^  to  tiie  bue 
EF.     Therefore,  in  equal  circles,  &c.     Q.  E.  D. 


PROP.  XXX.    PROB. 

To  bisect  a  given  circumference,  that  is,  to  divide 
ii  ittlo  tXfo  equal  parts. 

liet  ADD  be  the  given  circumference;  it  is  required  to 
bisect  it. 

J.  Join  AB,  and  bisect"  itin  C;  from  the  point  C  draw  CD 
at  right  angles  to  AB,  and  ioia  AD,  DB  ;  The  circumfer- 
ence ADB  Is  bisected  in  the  point  D. 

Because  AC  is  equal  to  CB,  and  CD  common  to  the  tn- 
angles  ACD,  BCD,  the  two  sides  AC, 
CD  are  equal  to  the  two  BC,  CD; 
and  the  angle  ACD  is  equal  to  the 

angle  BCD,  because  each  of  them  is  a   

right  angle ;  Therefore  the  base  AD  is   A  C 

i,equal''to  the  base  BD.    But  equal 

3.  straight  lines  cut  off  equal  ^^  circumferences,  the  greater  J 
equal  to  the  greater,  and  the  less  to  the  less,  and  AD,  DB  I 
are  each  of  them  less  than  a  semicircle ;  because  DC  passes  1 

i.  through  the  centre  <■ :  Wherefore  the  circumference  AJ>  is 
equal  to  the  circumference  DB :  Therefore  ihe  given  cii^ 
eumference  is  bisected  in  D.     Which  was  to  be  done. 
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PROP.  XXXI.    THEOR. 

In  a  circle,  the  angle  in  a  semicircle  is  a  right 
angle ;  but  the  angle  in  a  segment  greater  than  a 
semicircle  is  less  than  a  right  angle ;  and  the  angle 
in  a  segment  less  than  a  semicircle  is  greater  than 
a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC, 
and  centre  E;  and  draw  CA,  dividing  the  circle  into  tlie 
segments  ABC,  ADC,  and  join  BA,  AD,  DC ;  the  angle 
in  the  semicircle  BAC  is  a  right  angle ;  and  the  angle  in 
die  segment  ABC,  which  is  greater  than  a  semicircle,  is 
less  than  aright  angle ;  and  the  angle  in  the  segment  ADC, 
which  is  less  than  a  semicircle,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F :  And  because  BE  is  equal 
to  EA,  the  angle  EAB  is  equal^  to  EBA ;  also,  because  AE  • «.  i. 
is  equal  to  EC,  the  angle  EAC  is  P 

equal  to    ECA;   wherefore    the 
whole  angle  BAC  is  equal  to  the 
two  angles  ABC,  ACB :  But  FAC, 
tlie  exterior  angle  of  the  triangle       y^/  V^nT"^^*^^^ 
ABC  is  equal**  to  the  t^o  angles     //      \       >v    vV     '•«^2.  i. 
ABC^  ACB;  therefore  the. angle 
BAC  is  equal  to  the  angle  FAC,  B| 
md  each  "of  them  is  therefore  a 

rig^t«  angle :  Wherefore  the  angle     V  >/      » lODef.  i 

BAC  in  a  semicircle  is  a  right  angle. 

And  because  the  two  angles  ABC, 
BAC  of  the  triangle  ABC  are  together  less**  than  two  right  *  17. 1. 
angles,  and  that  BAC  fs  a  right  angle,  ABC  must  be  less 
than  a  right  angle ;  and  therefore  the  angle  in  a  segment 
ABC  greater  than  a  semicircle,  is  less  than  a  right  angle. 

And  because  ABCD  is  a  quadrilateral  figure  in  a  circle, 
iny  two  of  its  opposite  angles  are  equal®  to  two  right  an-  « 9ft  S. 
gles:  therefore  the  angles  ABC,  ADC,  are  equal  to  two 
right  angles ;  and  ABC  is  less  than  a  right  angle ;  where- 
fore the  other  ADC  is  greater  than  a  right  angle. 

Besides,  it  is  manifest,  that  the  circumference  of  the 
greater  segment  ABC  tails  without  the  right  angle  CAB ; 
hut  the  circumference  of  the  less  segment  ADC  falls  with-  . 
in  the  right  angle  CAF.    ^  And  this  is  all  tluit  is  meant. 


"  Elements 

■  '  when  in  the  Greek  text,  and  (he  translations  from  it,  the 
•  angle  of  the  greater  segment  h  said  to  be  greater,  anr!  the 
'  angle  of  the  less  segment  ia  said  to  be  less,  than  a  right 
'  angle.' 

Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a  tri- 
angle be  equal  to  the  other  two,  it  is  a  right  angle,  because 
the  angle  adjacent  to  it  is  equal  to  the  same  two  ;  and  when 
the  adjacent  angles  are  equal,  they  are  right  angles. 


PROP.  XXXIl.    THEOR. 

If  a  straight  line  touches  a  circle,  and  from  the  point 
of  contact  a  straight  line  be  drawn  cutting  the  cir- 
cle, the  angles  made  by  tliis  line  with  the  line 
touching  the  circle,  shall  be  equal  to  the  angles 
which  are  in  the  iilternate  segments  of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  ABCD  in  B, 
and  from  the  point  B  let  the  straight  line  BD  be  drawn, 
cutting  the  circle  :  The  angles  which  BD  makes  with  the 
touching  line  EF  shall  be  equal  to  the  angles  in  the  alter- 
nate segments  of  the  circle :  that  is,  the  angle  FBD  it 
equal  to  the  angle  which  is  in  the  segment  DAB,  and  ths 
angle  DEE  to  the  angle  in  the  segment  BCD. 

•11.1.  Prom  the  point  B  draw«  BA  at  right  angles  to  EF,  and 
take  any  point  C  in  the  circumference  BD,  and  Join  AD, 
DC,  CB  ;  and  because  the  straight  line  EF  touches  the 
circle  ABCD  in  the  point  B,  and 
EA  is  drawn  at  right  angles  to  the 
touching  line  from  the  point  of 
contact  B,  the  centre  of  the  circle 

'19.  S.  jgb  in  B^j  therefore  the  angle 

'  Si.  s.  ADIi  in  a  semicircle  is  a  right' 
angle,  and  consoqiieutly  the  other 

•3S,  i.twoangk'sBAD,  ABDarc  equal ^ 
to  a  right  angle  :  Hut  ABFis  like- 
wise a  HkIk  angh- :  therelore  theTT 
angle  AEF  is  equal  to  the  angles  BAD,  ABD :  Tnke  from 
these  equals  the  ccmmou  angle  ABD;  therefore  the  re- 
mainittg  angle  DBF  is  equal  to  the  angle  BAU,  which  is 
iu  the  alternate  segment  of  the  circle ;  and  because  ABCD 
■  is  a  quadrihitcral  figure   in   a  circle,  the  opposite  anglea 

•  !«.  3.  BAD,  BCD  are  equal'  to  two  right  angles ;  therefore  the 
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ax^ks  DBF,  DBE|  being  likewise  equal  ^  to  two  ri^ht  aD«  Book  iil 
gles,  ajre  equal  to  the  angles  BAD,  BCD :  and  DBF  Iihs  ^  ^-^'v-w 
been  proved  equal  to  BAD  :  Therefore  the  remaining  an-  }^  ^ 
gle  DBE  is  equal  to  the  angle  BCD  in  the  alternate  seg^ 
ment  of  the  circle.     Wherefore,  if  a  straight  line,  8k. 
Q.E.D. 


PROP.  XXXIIL    PROB. 

Upon  a  given  straight  line  to  describe  a  segment  See  n. 
of  a  circle,  containing  an  angle  equal  to  a  given 
rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  the  angle  at  C 
the  given  rectilineal  angle ;  it  is  required  to  describe  upon 
the  given  straight  line  AB  a  segment  of  a  circle,  containing 
io  aagfe  equal  to  the  angle  C. 

first, let  the  angle  at  C  be  a  right  ^^ ^i 

angle,  and  bisect^  AB  in  F,  and 
6md  the  centre  F,  at  the  distance 
FB,  describe  the  semicircle  AHB ; 
therefore  the  angle  AHB  in  a  semi- 
tirde  is^  equal  to  the  right  angle 
itC. 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A, 
in  the  straight  line  AB,  make^  the  angle  BAD  equal  to  the 

angle  C,  and  from  the  point  u 

A  draw  ^  AE  at  right  angles  ^        " 

to  AD;  bisect^  AB  in  F,  /  \E 

and  from  F  draw**  FG  at 
right  angles  to  AB,  and  join 
GB:  And  because  AF  is 
equal  to  FB,  and  FG  com- 
mon to  the  triangles  AFG,  \jJ 
BFX5,  the  two  sides  AF,FG 
are  equal  to  the  two  BF, 
FG;  and  the  angle  AFG  is        ^  D' 

e(pal  to  the  angle  BFG ;  therefore  the  base  AG  is  equal  ^ 
to  the  base  GB  :  and  the  circle  described  from  the  centre 
6iattfie  distance  GA,  shnll  pass  through  the  point  B  ;  let 
this  be  the  circle  AHB  :  And  because  from  the  point  A, 
the  extremity  of  the  diameter  AE,  AD,  is  drawn  at  right 
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Book  III.  angles  to  AE,  therefore  AD  ^touches  the  circle;  and  be- 
"^^^"^   causeAB  drawn  from  the  pbint  __JI 

of  contact  A  cuts  the  circle,  Q 
the  angle  DAB  is  equal  to  the 
angle  in  the  alternate  segment 
s  St.  5.  AHB? :  But  jhe  angle  DAB 
is  equal  to  the  angle  C,  there- 
fore also  the  angle  C  is  equal 
to  the  angle  in  the  segment 
AHB:  Wherefore,  upon  the 

given  straight  line  AB  the  segment  AHB  of  a  circle  is  de- 
scribed, which  contains  an  angle  equal  to  the  given  angle 
at  (X    Which  .was  to  be  done. 


17. 


••23. 


32. 


PROP.  XXXIV.    PRGB. 

N 

To  cut  off  a  segment  from  a  given  circle,  which 
shall  contain  an  angle  equal  to  a  given  rectilineal 
angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  rectilineal 
angle ;  it  is  required  to  cut  off  a  segment  from  the  circle 
ABC  that  shall  contain  an  angle  equal  to  the  given  angle  D. 

a      Draw  a  the  straight  line  EP  touching  the  circle  ABC  in 
the  point  B,  and  at  the 
point  B,  in  the  straight 

1.  line  BF,  make^  the  an- 
gle FBC  equal  to  the 
angle  D :  Therefore,  be- 
cause the  straight  line 
EF  touches  the  circle 
ABC,  and  BC  is  drawn 
from  the  point  of  con- 
tact B,  the  angle  FBC 

3.  is  equal  ^^  to  the  angle  in  the  alternate  segment  BAC  of  the 
circle :  But  the  angle  FBC  is  equal  to  the  angle  D :  there- 
fore the  angle  in  the  segment  BAC  is  equal  to  the  angle 
D :  Wherefore  the  segment  BAC  is  cut  off  from  the  given 
circle  ABC,  containing  an  angle  equal  to  the  given  angl« 
D.    Which  was  to  be  ddhe. 
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PROP.  XXXV.    THEOR. 

It?  two  straight  lines  within  a  circle  cot  one  an- See  n. 
otjier,  the  rectangle  contained  by  the  segments  of 
one  of  them,  is  equal  to  the  rectangle  contained  by 
the  segments  of  the  other. 

Let  the  two  straight  lines  AC,  BD,  within  the  circle 
ABCD,  cut  one  another  in  the  point  £;  the  rectangle^con- 
tained  by  AE,  EC  is  equal  to  the  rectangle  y^  s. 
contained  by  BE,  ED.  ^  M> 

If  A.C,BD  pass  each  of  them  through 
t\ie  centre,  so  that  E  is  the  centre ;  it  is 
evident,  that  AE,  EC,  BE,  ED,  being  all 
equal,  the  rectangle  AE,  EC  is  likewise  ^^  ^C 

egoal  to  the  rectangle  BE,  ED. 

But  let  one  of  them  BD  pass  through  the  centre,  and  cut 
the  other  AC  which  does  not  pass  through  the  centre,  at 
right  angles,  in  the  point  E:  Then,  if  BD  be  bisected  in 
F,F  is  the  centre  of  the  circle  ABCD ;  join  AF:  And  be- 
cause BD,  which  passes  through  the  centre,  cuts  the  straight 
line  AC  which  does  not  pass  through 
the  centre,  at  right  angles  in  E,  AE, 

EC  are  equal "  to  one  another :  And       /^  X      •  3.  *. 

because  the  straight  line  BD  is  cut 
into  two  equal  parts  in  the  point 
F,  and  into  two  unequal  in  the 
point  E,  the  rectangle  BE,  ED,  to- 
gether with  the  square  of  EF,  is  ^ 

equal**  to  the  square  of  FB  ;  that  is,        n^  ^        i.  5.  ^ 

to  the  square  of  FA :  but  the  squares 

of  AE,  EF  ai:e  equal®  to  the  square  "  c  47. 1, 

of  FA ;  therefore  the  rectangle  BE,  ED,  together  with  the 
«quare  of  EF,  is  equal  to  the  squares  of  AE,  EF :  Take 
away  the  common  square  of  EF,  and  the  remaining  rect- 
angle BE,  ED  is  equal  to  the  remaining  square  of  AE ; 
that  is,  to  the  rectangle  AE,  EC. 

Next,  let  BD,  which  passes  through  the  centre,  cut  the 
ott\er  AC,  which  does  not  pass  tl\rough  the  centre,  in  E, 
but  not  at  right  angles :  Then,  as  before,  if  BD  be  bisected 
in  F,  F  is  the  centre  of  the  circle.    Join  AF,  and  from  F 
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B<k)kIII.  dravy**  FG  perpendicular  to  AC  ;  therefore  AG  is  equal  «^ 
^^^^"^"^  to  GC ;  wiierefore  the  rectangle  AE,  EC,  together  with 
'*3.  3*  the  square  of  EG,  is  equal  ^  to  the  square  of  AG :  To  each 
*  d.  2.  of  these  equals  add  the  square  of  GF ;  therefore  the  rect- 
angle AE,  EC,  together  with  tlie  squares  of  EG,  GF,  is 
equal  to  the  squares  of  AG,  GF  : 
But  the  squares  of  EG,  GF,  are 
>47. 1.  equal  s  to  the  square  of  EF;  and 
the  squares  of  AG,  GF  are  equal 
to  the  square  of  AF:  Therefore 

tlie  rectangle  AE,  EC,  together  J^^;-^'^  ^  ^;^  /Q 
with  the  square  of  EF,  is  equal  to  ^ 

the  square  of  AF ;  that  is,  to  the 
square  of  FB  :  But  the  square  of 

FB  is  equal  ^  to  the  rectangle  BE,  ED,  together  with  the 
square  of  EF ;  therefore  the  rectangle  AE,  EC,  together 
with  the  square  of  EF,  is  equal  to  the  rectangle  BE,  BD, 
together  with  the  square  of  EF :  Take  away  the  common 
square  of  EF,  and  the  remaining  rectangle  AE,  EC,  is 
therefore  equal  to  the  remaining  rectangle  BE,  ED. 

Lastly,  Let  neither  of  the  straight  lines  AC,  BD  pass 
through  the  centre :  Take  the  cen-      ij 
tre  F,  and  through  E,  the  intersec- 
tion of  the  straight  lines  AC,  DB, 
draw  the  diameter  GEFH :  And 
because  the  rectangle  AE,  EC  is 
equal,  as  has  been  shown,  to  the 
rectangle  GE,  EH;  and^  for  the 
same  reason,  the  rectangle  BE,  ED 
is  equal  to  the  same  rectangle  GE, 
EH  ;  therefore  the  rectangle  AE,  EC  is  equal  to  the  rect-  — 
angle  BE,  ED,     Wherefore,  if  two  straight  lines, 
Q.E.D. 


PROP.  XXXVI.    THEOR. 

If  from  any  point  without  a  circle  two  straigb'  ^ 
lines  be  drawn,  one  of  which  cuts  the  circle,  anc^ 
the  other  touches  it ;  the  rectangle  contained  b^  ^ 
the  whole  line  which  cuts  the  circle,  and  the  pai — ■ 
of  it  without  the  circle,  shall  be  equal  to  the  squar  — 
of  the  line  which  touches  it. 
Let  D  be  any  point  without  the  circle  ABC,  and  DCj 
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«4r.  1. 


DB  t^^stfidght  lines  drawn  fWmi  it|  of  whieb  DC  A  euta  Bom  iu. 
die  circle,  and  DB  touches  the  same :  The  rectangle  AD, 
DC  b  equal  to  the  square  of  DB. 

Either  DCA  passes  through  the  centre,  or  it  does  not ; 
Ik^  let  it  pass  through  the  centre  £^  and  join  £B ;  there- 
fore the  angle  EBD  is  a  right^  angle :  r\  •  is.  5. 
And  because  the  straight  line  AC  is 
bisected  in  £,  and  produced  to  the 
point  D,  the  rectangle  AD,  DC,  to- 
gether nrith  the  square  of  EC,  is  equal^ 
to  the  square  of  ED,  and  G£  is  equal 
to  EB :  Therefore  the  rectangle  AD, 
DC,  together  with  the  square  of  EB, 
is  equal  to  the  square  of  ED :  But  the 

3iiare  of  ED  is  equal  ^  to  the  squares 
EB,  BD,  because  EBD  is  a  right 
angle:  Therefore  the  rectangle  AD, 
DC,  together  with  the  square  of  EB, 
is  equal  to  the  squares  of  EB,  BD : 
Take  away  the  common  square  of  EB  ;  therefore  the 
remaining  rectangle  AD,  DC,  is  equal  to  the  square  of 
the  tangent  DB. 

But  if  DCA  does  not  pass  through  the  centre  of  the  circle 
ABC,  take**  the  centre  E,  add  draw  EF  perpendicular  <*  to  J  J' ^ 
ACy  and  join  EB,  EC,  ED  :  And  because  the  straight  line 
%F,wUch  passes  through  the  centre,  cuts  the  straight  line 
-AC,  which  does  not  pass  through  the 
centre,  at  right  angles,  it  shall  like- 

'•^fisc  bisect f  it ;  therefore  AF  is  equal  //  t^^ 

^o  FC :  And  because  the  straight  line 
-AG  is  bisected  in  F,  and  produced  to 
X),  the  rectangle  AD,  DC,  together 
With  the  squai-e  of  FC  is  equal  ^  to  the 
square  of  FD :  To  each  of  these  equals 
^d  the  souare  of  FE ;  therefore  the 
recttngli;  AD,  DC,  together  with  the 
•quares  of  CF,  FE,  is  equal  to  the 
sQuares  of  DF,  FE  :  But  the  square 
Oi  ED  is  equal<^  to  the  squares  of  DF, 
^E,  because  EFD  is  a  right  angle : 
and  the  square  of  EC  is  equal  to  the  squares  of  CF,  FE ; 
^refore  the  rectangle  AD,  DC,  together  with  the  square 
^EC,  is  equal  to  the  square  of  ED  :  And  CE  is  equal  to 
^B)  therefore  the  rectangle  AD,  DC,  together  with  the 
i^«^  of  EB,  i$  equal  to  the  square  of  ED :  But  tlie 
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Book  III,  squares  of  £B,  BD  are  equal  to  the  square <^  of  ED^  bt 

^"^'^^^^  cause  EBD  is  a  right  angle.;  therefore  the  rectangle  AI 

•  47.  !•  jyQ^  together  with  the  square  of  £B,  is  equal  to  t&e  squan 

of  EB,  BD  :  Take  away  the  common  square  of  EB ;  then 

fore  the  remaining  rectangle  AD,  DC  is  equal  to  the  squai 

of  DBr    Wherefore,  if  from  any  point,  &c.     Q.  E.  D. 

CoR.  If  from  any  point  witlwut  a  ^ 

circle,  there  be  drawn  two  straight 
lines  cutting  it,  as  AB,  AC,  the  rect- 
angles contained  by  the  whole  lines 
.  and  the  parts  of  them  without  the 
circle,  are  equal  to  one  another,  viz. 
the  rectangle  B  A ,  AE,  to  the  rectangle 
CA,  AF :  For  each  of  them  is  equal 
to  the  square  of  the  straight  line  AD 
which  touches  the  circle. 


PROP.  XXXVIl.    THEOR. 


SceN.  If  from  a  point  without  a  circle  there  be  drawi 
two  straight  lines,  one  of  which  cuts  the  circle,  am 
the  other  meets  it ;  if  the  rectangle  contained  b 
the  whole  line  which  cuts  the  circle,  and  the  par 
of  it  without  the  circle,  be  equal  to  the  square  c 
the  line  which  meets  it,  the  line  which  meets  i 
sliall  touch  the  circle. 

Let  any  point  D  be  taken  witliout  the  circle  ABC,  an 

from  it  let  two  straight  lines  DCA  and  DB  be  drawn,  c 

which  DCA  cuts  the  circle,  and  DB  meets  it ;  if  the  reel 

angl6  AD,  DC  be  equal  to  the  square  of  DB,  DB  touchc 

the  circle. 

'  17. 3.      Draw  a  the  straight  line  DE,  touching  the  circle  ABC 

find  its  centre  F,  and  join  FK,  FB,  FD ;  then  FED  is 

•»  18.  3.  right  ^  angle  :  And  because  DE  touches  the  circle  ABC 

« 3d.  3.  and  DCA  cuts  it,  the  rectangle  AD,  DC  is  equal  ^  to  th 

square  of  DE :  But  the  rectangle  AD,  DC  is,  by  hypothc 

sis,  equal  to  the  square  of  DB :  Therefore  the  square  of  D] 

is  equal  to  the  square  of  DB ;  and  the  straight  line  DJ 
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cQual  to  the  straight  line  DB :  And '  FE  is  equal  to  FB,  Book^I. 
wherefore  DE,EFare  equal  to  DB, 
BF;  and  the  base  FD  is  common  to 
the  two  triangles  DEF,  DBF ;  there- 
fore the  angle  DEF  is  equal**  to  the  //I  \  *«.!. 
angle  DBF ;  hut  DEF  is  a  right  an- 
gle,  therefore  also  DBF  is  a  right 
angle:  And  FB^  if  produced,  is  a 
diameter;   and    the    straight    line 
which  is  drawfi  at  right  angles  to  a 
diameter,  from  the  extremity  of  it, 

touches «  the  circle:  Therefore  DB  \     I  /  «ifi.X 

touches  the  circle  ABC.  Wherefore, 
if  from  a  point,  &c.    aE«D: 
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DEFINITIONS. 

I. 

Book  IV.  A  RBCTiLiNBAL  figure  is  said  to  be  inscribed  in  aooclier 

^■•'V''^       rectilineal  figure,  when  all  the  angles  of  the  inscrifaed 

^  ^'     figure  are  upon  the  sides  of  the  figure  in 

which  it  is  inscribed,  each  upon  each. 

II. 


In  like  manner,  a  figure  is  said  to  be  described  N 
about  another  figure,  when  all  the  sides  of  I     Xv, 
the  circumscribed  figure,  pass  through  the  L— >-- - 
angular  points  of  the  figure  about  which  it  is  descrLVjed^ 
each  through  each. 

III. 

A  rectilineal  figure  is  said  to  be  inscribed 
in  a  circle,  when  all  the  angles  of  the 
inscribed  figure  are  upon  the  circum- 
ference of  the  circle, 

IV.  ^ 

A  rectilineal  figure  is  said  to  be  described  about  a  ciTcte^ 
when  each  side  of  the  circumscribed 
figure  touches  the  circumference  of 
the  circle. 

V. 

In  like  manner,  a  circle  is  said  to  be  in- 
scribed in  a  re(:tilineal  figure,  when  the 
circumference  of  the  circle  touches 
each  side  of  the  figure. 
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A  circle  is  said  to  be  described  about  a 
rectilineal  figure,  when  the  circum- 
ference of  the  circle  passes  through 
all  the  angular  points  of  the  figure 
about  which  it  is  described. 

VH. 
k  straiglit  line  is  said  to  be  placed  in  a 

circle,  when  the  extremities  of  it  ai;e  in  the  circumference 
of  the  circle. 


3oD«iy. 


PROP.  L    PROB. 

In  a  given  circle  to  place  a  straight  line  equal  torn 
given  straight  line  not  greater  than  the  diameter  of 

the  circle. 

^  Ltt  ABC  be  the  given  circle,  and  D  the  given  straight 
Uw,  not  greater  than  the  diameter  of  tlie  circle. 

Draw  BC  the  diameter  of  the  circle  ABC  j  then,  if  BC 
isequaJ  to  D,  tlie  thing  required  is  done  j  for  in  the  circle 

ABC  a  straight  line  BC  is  ^ 

placed  equal  to  D  :  But,  if 

it  is  not,  BC  is  greater  than 

D;  make  CE  equal*  to  D,      /        qJ/         ]£  V.^  •  3.  i- 

aod  from  the  centre  C,  at 

thedistance  CE,  describe  the 

circle  AEF,  and  join  CA;     j^ 

Therefore,  because  C  is  the     ^' 

centre  of  the  circle  AEF,  C  A  is  equal  to  CE  :  but  D  is 

tjatl  to  CE ;  therefore  D  is  equal  to  C  A.    Wherefore  in 

the  circle  ABC,  a  straight  line  is  placed  equal  to  the  given 

•trwght  line  D,  which  is  not  greater  tlian  the  diameter  of 

the  circle.    Which  was  to  be  done. 


PROP.  II.    PROB. 

^^  a  |iven  circle  to  inscribe  a  triangle  equiangular 
to  a  given  triangle. 

Let  ABC  be  tlio  given^circle,  and  DEF  the  given  triao- 
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Book  IV.  gle;  it  IS  required  to  inscribe  in  the  circle  ABC  a  triafcizjffi 
^••'V'^    equiangular  to  the  triangle  DEF. 

•  17. 3.  '    Draw  a  the  straight  line  GAH  touching  the  circle  ic^  the 
^Z3, 1.  point  A,  and  at  the  point  A,  in  the  straight  line  AH,  m^^e^ 

the  angle  HAC  equal  to  the  angle  DEF;  and  at  the  poixrMtA, 
in  the  straight  line  AG, 
make  the  angle  GAB 
equal  to  the  angle 
DFE,  and  Join'BC-. 
Therefore  because 
HrAG  touches  the  cir- 
cle ABC,  and  AC  is 
drawn  from  the  point 
of  contact,  the  angle 

•  3t.  s.  H AC  is  equal «  to  the 
'         angle  ABC  in  the  alternate  segment  of  the  cirdc :  Bat 

HAC  is  equal  to  the  angle  DEF :  therefore  also  the  BOgl^ 
ABC  is  equal  to  DEF :  For  the  same  reason,  the  angl^ 
ACB  is  equal  to  the  angle  DFE ;  therefore  the  TQtnmuM^ 

•  ai  L^ngle  BAC  is  equaH  to  the  remaining  angle  EDF:  Wbw^^ 

Tore  the  triangle  ABC  is  equiangular  to  the  triangle  VEJ^^- 
and  it  is  inscribed  in  the  circle  ABC.  Which  was  to  be doo^^ 


PROP.  II L    PROB. 

About  a  given  circle  to  describe  a  triangle  equi 
angular  to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  tri  "3 
angle ;  it  is  required  to  describe  a  triangle  about  the  circle- 
ABC  equiangular  to  the  triangle  DEF. 

Produce  £F  both  wajrs  to  the  points  G,  H,  and  find  tli=s=^ 
centre  K  of  the  circle  ABC,  and  from  it  draw  any  straifffa^^ 

•  ts.  1.  line  KB ;  at  the  point  K  in  the  straight  line  KB,  mue. 
the  anrle  BKA  equal  to  the  angle  DEG,  and  the  angB-^ 
BKC  equal  to  the  angle  DFH ;  and  through  the  poin'tf=^ 
A,  B,  C,  draw  the  straight  lines  LAM,  MBN,  NCE--^ 

*i7.  a,  touching^  the  circle  ABC :  Therefore,  because  LM,  Ml^it 
NL  touch  the  circle  ABC  in  the  points  A,  B,  C,  to  whicrS^ 
from  the  centre  are  drawn  KA,  KB,  KC,  the  angles  at  tl»^ 

« 18. S. points  A,  B,  C,  are  right <^  angles:  And  because  the  foim* 
angles  of  tht  quadrilateral  figure  AMBK  are  equal  to  foim^ 
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right  angles,  for  it  can  be  divided  into  two  triangles ;  and  ^»jV; 
that  two  of  them  KAM,  KBM  are  right  ancles,  the  other 
twoAKB,AMB  &        s -» 

are  equal  to  two 

rigbt      angles : 

Bat  the  angles 

DEG,DEFare 

fikewise  equal^  a 

to  two  right  an- 
gles;  therefore 
the  angles  AKB, 
AMBare  equal 
to   the    angles 

DEG,  DEF,  of  which  AKB  is  equal  to  DEG ;  wherefore 
the  remaining  angle  AMB  is  equal  to  the  remaining  angle 
DEF :  In  like  manner,  the  angle  LNM  may  be  demon- 
strated to  be  equal  to  DFE ;  and  therefore  the  remaining 
angle  MLN  is  equals  to  the  remaining  angle  EDF:'^*-t. 
Wherefore  the  triangle  LMN  is  equiangular  to  the  tri- 
angle DEF :  And  it  is  described  about  the  circle  ABC. 
Mich  was  to  be  done. 


PROP.  IV.    PROB. 

To  inscribe  a  circle  in  a  given  triangle.  SeeN. 

Let  the  given  tf  iangle  be  ABC ;  it  is  required  to  inscribe 
^  drcle  in  ABC. 

Bkect*  the  angles  ABC,  BCA  by  the  straight  lines  BD,  •  9.  i. 
^D  meeting  one  another  in  the  point  D^  from  which  draw^  *"  is.  i. 
X)E,  DF,  DG  perpendiculars  to        A 
^AB^  BC,  CA :  And  because  the 

Sle  EBD  is  equal  to  the  angle 
D,  for  the  angle  ABC  is  bi- 
sected by  BD,  and  that  the  right 
angle  BED  is  equal  to  the  right 
na^e  BFD,  the  two  triangles 
^D,  FBD  have  two  angles  of 
the  one  equal  to  two  angles  of 
4e  other,  and  the  side   BD,  _ 
^ich  is  opposite  to  one  of  the  B 
^l  angles  in  each,  is  common  to  both  ;  therefore  their 

H 
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Bo^  tt.  crfHer  sides  shall  be  equals ;  Whcrefbte  DE  is  equal  to  TXP: 

^^^^y**^   For  the  same  reason,  DG  is  equal  to  I>F;  therefore  the 

*  three  straight  lines  DE,  DF,  DG,  are  equal  to  one  another, 

and  the  circle  described  from  the  centre  D,  at  the  distance 

of  any  of  them,  shall  pass  through  the  extremities  of  tire 

other  two,  atid  touch  the  straight  lines  AB,  BC,  GA,  lie^ 

cause  the  angles  at  the  points  E,  F,  G,  are  right  angles, 

and  the  straight  line  which  is  drawn  frorai  the  extremity  of 

^16. 3.  a  diameter  at  right  angles  to  it,  touches^  the  circle :  Therer- 

{dft  tfte  straight  lines  AB,  BC,  CA  do  each  of  tbeitt  toucfr 

the  circle,  and  the  circle  EFG  is  inscribed  in  th^  triai^glb 

ABC.    Which  was  to  be  done. 


PROP.  V.    PROB. 


SeeN.  T#  describe  a  circle  about  a  given  triangle^ 

•'.  ■•   *  '. 

^t.  the  given  triangle  be  ABC ;  it  is  required  to  desdribe 

a  cijdte  about  ABC. 

•  10, 1. .  V  bisect*  AB,  AC,  in  the  points  D,E,  and  from  these  points 

Ml.  1.  draw  DF,  EF  at  right  angles ^  to  AB,  AC ;  DF,  EF,  pro- 


duced meet  on6  another :  For,  if  they  do  not  meet,  they 
are  parallel^  wherefore  AB,  AC,  which  are  at  right  angles 
to  them,  are  parallel ;  which  is  absurd :  Let  them  meet  in. 
F,  andjoin  FA ;  also  if  the  point  F  be  not  in  BC,  join  BF^ 
OF :  Then,  because  AD  is  equal  to  DB,  and  DF  commotio 
•  4. 1,  and  at  right  angles  to  AB,  the  base  AF  h  equal^  to  th^ 
base  FB.  In  like  manner,  it  may  be  shown  that  CF  is 
equal  to  FA;  and  therefore  BF  is  equal  to  FC ;  and  FA, 
FB^  PC  are  equal  to  one  another  i  wherefore  the  circle  de** 
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scribed  from  the  centre  F,  at  the  distance  of  one  of  them,  Book  ly, 
shall  pass  through  the  extremities  of  the  other  two,  and  be 
described  about  the  triangle  ABC.  Wliich  was  to  be  done. 
CoR.  And  it  is  manif^t,  that  when  the  centre  of  the  cir- 
cle falls  within  the  triangle,  each  of  its  angles  is  less  than  a 
right  angle,  each  of  them  being  in  a  segment  greater  than 
asiemiwcle;  but,  when  the  centre  is  in  one  of  the  sides  of 
tne  triangle,  the  angle  opposite  to  this  side,  being  in  a  se- 

Siicm]^  is  a  right  angle ;  and,  if  the  centre  falls  without 
^  ^tiiai^le,  th^  angle  opposite  to  the  side  beyond  which  it 
18^  be|og  in  a  segment  less  than  a  semicircle,  is  greater 
toan  a  rigbt  angle :  Wherefore,  if  the  given  triangle  be 
tcute  ai]\gled^  the  centre  of  the  circle  falls  within  it  j  if  it 
l)e  a  rigb^  angled  triangle,  the  centre  is  in  the  side  oppo- 
site to  the  right  angle ;  and,  if  it  be  an  obtuse  angled  tri- 
angle, the  centre  falls  without  the  triangle,  beyond  the  side 
opposite  to  the  obtuse  angle. 


■^  I  ^    . «, 
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PROP.  VI.    PROB. 


To  inscribe  a  square  in  a  giyen  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  to  inscribe 
asquareinABCD. 

thaw  the  diameters  AC,  BD,  at  right  apgles  to  one  an- 
otiier,'and  join  AB,  BC,  CD,  DA ;  because  BE  is  equal  to 
£D,  for  £  is  the  centre,  and  that 
M  is  common,  and  at  right  angles 

toBP;  the  base  BA  is  equal*  to  x  X  XX  •4.  i. 
toe  base  AD ;  and,  for  the  same 
K^aon,  BC,  CD  are  each  of  them 
yal  to  BA,  or  AD  ;  therefore  the 
quadrilateral  figure  ABCD  is  eqiii- 
lateral.  It  is  also  rectangular ;  for 
the  straight  line  BD,  being  the  di- 
ameter of  the  circle  ABCD,  BAD 
tta  semicircle ;  wherefore  the  angle  BAD  is  a  right**  an- 1  si. 5. 
^e;  for  the  same  reason  each  of  the  angles  ABC>  BCD, 
CD  A,  is  a  right  angle;  therefore  the  quadrilateral  figure 
ABCD  is  rectangular,  and  it  has  been  shown  to  be  equila-* 
M;  therefore  it  is  a  square ;  and  it  is  inscribed  in  the 
<^eABCD.    Which  was  to  be  done. 

H2 
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PROP.  VII.    PROB. 

To  describe  a  square  about  a  given  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  io  describe 
a  square  about  it. 

Dcaw  two  diameters  AC,  BD  of  the  cifcle  ABCD,  at 
right  angles  to  one  another,  and  through  the  points  A,  B, 

•  17. 3.  C,  D,  draw  a  FG,  GH,  HK,  KF  touching  the  circle ;  and 

because  FG  touches  the  circle  ABCD,  and  EA  is  drawn 
from  the  centre  E  to  the  point  of  contact  A,  the  angles  a| 
«» 18.  3.  A  are  right ^  angles ;  for  the  same  reason,  the  an^^es  at  the* 
points  B,  C,D  are  right  angles;  and 
because  the  angle  AEB  is  a  right  &■ 
angle,  as  likewise  is  EBG,  GH  is 

*  28. 1.  parallel c  to  AC  ;  for  the  same  rea- 

son AC  is  parallel  to  FK,and  in  like  t> 
manner  GF,  HK  may  each  of  them 
be  demonstrated  to  be  parallel  to 
BED;  therefore  the  figures  GK, 
GO,  AK,  FB,  BK  are  parallelo- 
'  34. 1.  grams ;  and  GF  is  therefore  equal  '* 

to  HK,  and  GH  to  FK ;  and  because  AC  is  equal  to  BD, 
and  that  AC  is  equal  to  eacli  of  the  two  GH,  FK ;  and  BD 
to  each  of  the  two  GF,  HK:  GH,  FK  are  each  of  them 
equal  to  G F  or  H  K  5  therefore  tlie  quadrilateral  figure  FGHK 
is  equilateral.  It  is  also  rectangular;  for  GBEA  being  a 
parallelogram,  and  AEB  a  right  angle,  AGB  ^  is  likewise  a 
right  angle:  In  the  same  manner  it  may  be  shown  that  the 
angles  at  H,  K,  F  are  right  angles ;  therefore  the  quadrila-. 
teral  figure  FGH  K  is  rectangular,  and  it  was  demonstrated 
to  be  equilateral ;  therefore  it  is  a  square ;  and  it  is  described 
about  the  circle  ABCD.    Which  was  to  be  done. 


PROP.  Vni.     PROB. 
To  inscribe  a  circle  in  a  given  square. 

Let  ABCD  be  the  given  square ;  it  is  required  to  io$cribe 
a  circle  in  ABCD. 
•10. 1.      Bisect^  each  of  the  sides  AB,  AD,  in  the  points  Fj,  E,and 
*  31. 1.  through  E  draw^  EH  parallel  to  AB  or  DC,  and  through 
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F  draw  FK  parallel  to  AD  or  BC ;  therefore  each  of  the  ^^^  ^ V- 
figures  AK,  KB,  AH,  HD,  AG,  GC,  BG,  GD,  is  a  paral-   "^^^ 
lel^ram,  and  their  opposite  sides  are  equal  <^ ;  and  because  *  ^*  t* 
AD  is  equal  to  AB,  and  that  AE  is  the  half  of  AD,  and  AF 
thehalfofAB,AEisequaltoAF;    j. 
wherefore  the  sides   opposite   to      '^ 
these  are  equal,  viz.  FG  to  GE ; 
in  the  same  manner  it  may  be  de- 
monstrated that  GH,  GK  are  each  pi 
of  them  equal  to  FG  or  GE :  there- 
fore the  four  straight  lines  GE,  GF, 
GH,  GK  are  equal  to  one  another ; 
%vA  the  circle  described  from  the 
antie  G  at  the  distance  of  one  of 
them,  shall  pass  through  the  extremities  of  the  other  three, 
and  touch  the  straight  lines  AB,  BC,  CD,  DA :  because  the 
angles  at  the  points  E,  F,  H,  K,  are  right**  angles,  and  that  ^  «9.  i. 
tbe  straight  line  which  is  drawn  from  the  extremity  of  a 
^  diameter,  at  right  angles  to  it,  touches  the  circle «;  there-  •  16. 3. 
fore  each  of  the  straight  lines  AB,  BC,  CD,  DA  touches 
tbe  circle,  which  therefore  is  inscribed  in  the  square  ABCD. 
Which  was  to  be  done. 


PROP.  IX.    PROB. 

To  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square ;  it  is  required  to  describe 
a  circle  about  it. 

Join  AC,  BD,  cutting  one  another  in  E ;  and  because 
1)A  is  equal  to  AB,  and  AC  common  to  the  triangles  DAC, 
BAC,  the  two  sides  DA,  AC  are  equal 
|othe  two  BA,  AC,  and  the  base  DC  A 
K  equal  to  the  base  BC ;  wherefore  the 
angle  DAC  is  equal*  to  the  angle  BAC, 
and  the  angle  DAB  is  bisected  by  the 
Jtraight  line  AC :  In  the  same  manner, 
it  may  be  demonstrated  that  the  angles  ^^ 
ABC,  BCD,  CDA  are  severally  bisect-  ** 
*4  by  the  straight  lines  BD,  AC;  therefore,,  because  the 
angle  DAB  is  equal  to  the  angle  ABC,  and  that  the  angle 
fiAB  is  the  half  of  DAB,  and  EBA  the  half  of  ABC :  the 
angle  EAB  is  equal  to  the  angle  EBA ;  wherefore  the  side 
EA  is  equal  ^  to  the  side  EB :  In  the  same  manner,  it  may  **  6- 1* 


8.1. 
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'Boqk  jv.  be  demonstrated,  that  the  straight  lines  EC,  ED  afe  'encti 
of  them  equal  to  EA  or  EB ;  therefore  the  four  §tnn|^t 
lines  EA,  EB,  EC,  ED,  are  eqtial  to  one  another;  and  the 
circle  described  from  the  centre  E,  at  the  di^tani^e  ofxAse  of 
th^m,  shall  ^ass  through  the  extremities  of  tb^  otherthree, 
and  be  described  about'the  square  ABCD.  Wbii6h\vas'to 
be  done. 


•11.2, 


PROP.  X.    PROB. 

To  dei^cnbe  an  isosceles  triangle,  li^vinjg'eachof 
the  angles  at  the  base  double  of  the  tbird  angle. 

Take  any  straight  line  AB,.and  divide^  it  iti  the  pbint^<b, 
so  that  the  rectangle  AB,  BC  be  equal  to  the  square  of  CA; 
and  from,  the  centre  A,  at  the  distance  AB,  describe  tUe 

*  1. 4.  circle  BDE,  in  which  place  ^  the  straight  line  BD  equal  to 

Ac,  which  is  not  greater  than  the  diameter  of  the  circle 

•  5. 4.  BDE;  join  DA,  DC,  and  about  the  triangle  ADC  describe* 

the  circle  ACD;  the  triangle  ABD  issuchas  is  required,  tlmt 

is,  each  of  the  angles  ABD,  ADB  is  double  of  the  angle  BAD. 
Because  the  rectangle  AB,  BC  is  equal  tb  the  square  of 

AC,  and  that  AC  is  equal  to  BD,  the  rectangle  AB,  BC  ii 

equal  to  the  square  of  BD ; 

and  because  from  the  point 

B,  without  the  circle  ACD, 

two  straight  lines  BCA,  BD 

are  drawn  to  the  circumfer- 
ence, one  of  which  cuts,  and 

the  other  meets  the  circle, 

artd  that  the  rectangle  AB, 

BC,  contained  by  the  whole 

of  the  cutting  line,  and  the 

part  of  it  without  the  circle, 

is  equal  to  the  square  of  BD, 

'  which  meets  it ;  the  straight  ^ ^ 

^37.5.  line  BD  touches^  the  circle  B  D 

ACD  5  and  because  BD  touches  the  circle,  and  DC  b 

dravvn  from'  the  point  of  contact  D,  the  angle  BDC  'U 
•32. 3. 6qual«  to  the  angle  DAC  in  the  alternate  segment  of  the 

circle ;  to  each  of  these  add  the  angle  CDA ;  theriefore  the 

whole  angle  BDA  is  equal  to  the  two  angles  CDA,  DAC; 
'32.  I.  but  the  exterior  angle  BCD  is  equal  *^  to  the  angled  CDA, 

DAC  5  therefore  also  BDA  i$  equal  to  BCD ;  but  BDA  i» 
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equals  io  the  angle  CJBD,  because  the  side  AD  is  equal  Book  iv. 
ioiht  side  AB ;  therefore  CBD,  or  DBA,  b  equal  to  BCD ;  ^^>^ 
and* consequently  the  three  angles  BJ>A,  DBA»  BCD,  are'^' '' 
equal  to  one  another;  and  because  the  angle  DBC  is  equal 
ito  the  ai^le  BCD,  the  side  RD  is  equal  ^  to  the  side  DC  ;^  6.  i. 
.butiBD  was  made  equal  to  CA,  therefore  also  CA  is  equal 
^tOD,  and  the  angle  CDA  eqiials  to  tlie  angle  DAC ; 
iherefore^tbe  angles  CDA>  DAC  together,  are  double  of  the 
angk  DAC :  But  BCD  is  equal  to  the  angles  CDA,  DAC; 

dieielbre  also  BCD  is  double  of  DAC,  and  BCD  is  equal 

to  eioh  of  the  angles  iBDA,  DBA ;  each  therefore  of  the 
JiDgks  JBDA,  DBA  is  double  of  the  angle  DAB,  wherefoie 

an  isosceles  triangle  ABD  is  described,  having  each  of  the 
•titles  at  the.base  double  of  the  third  angle.     Which  was 

to  be  done. 


PftOP.  XI.    PROB. 

To  inscribe  an  equilateral  and  equiangular  penta*- 
gon  in  a, given  circle. 

Let  ABC DE  be  the  given  circle;  it  is  required  to  in- 
scribe an  equilateral  and  equiangular  pentagon  in  the  cir- 
cle ABCDE. 

Describe  *  an  isosceles  triangle  FGH,  having  each  of  the  •  lO.  4« 
angles  at  G,  H,  double  of  the  angle  at  F ;  and  in  the  cir- 
cle ABCDE  inscribe  ^  the  triangle  ACD  equiangular  to  the  >>  2. 4. 

:  triaogle  FGH^  so  that  the 

uai^e  CAD  be  equal  to  the 

.aoglc/atF,  and  each  of  the 

lAQgles  ACD,  GDA  equal 

•to  the^angle  at  G  or  H, 
jwliecefore  ^adi  of  the  an- 

.^ksACD,  CDA  is  double 

:>of  theaugle CAD.  Bisect*^  /  \   \\//    W/y^      '^- 1- 

:  the  angles  ACD,  CDA  by  / \ 

.  the  strait  lines  CE,  DB ;  &  H 

:«Qd  join  AB,  BC,  DE,  EA.    ABCDE  is  the  pentagon  re- 

.l)UiM). 

^Because  each  of  the  angles  ACD,  CDA  is  double  of 
!CAD,  and  are  bisected  by  the  straight  lines  CE,  DB,  the 
fife  angles  DAC,  ACE,  ECD,  CDB,  BDA  are  equal  to         , 
one  another ;  but  equal- angles  stand  upon  equal  ^  circum-  *  t^,  3, 
fcttoces;  therefore  the  five  oircumlerences,  AB,.BC,  CD, 
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Boo*  IV.  DE,  EA  are  equal  to  one  another:  And  equal  circumfer- 
^^^^^^   ences  are  subtended  by  equal®  straight  lines;  therefore  the 
*^*  ^'  five  straight  lines  AB,  BC,  CD,  DE,  EA  are  equal  to  ooc 
another.    Wherefore  the  pentagon  ABCDE  is  equilateral 
it  is  also  equiangular ;  because  the  circumference  AB  is 
equal  to  the  circumference  DE :  If  to  each  be  added  BCD, 
the  whole  ABCD  is  equal  to  the  whole  EDCB  :  And  the 
angle  AED  stands  on  Ihe  circumference  ABCD,  and  the 
angle  BAE  on  the  circumference  EDCB  ;  therefore  the 
^27.3.  angle  BAE  is  equal  ^  to  the  angle  AED :  For  the  same 
reason,  each  of  the  angles  ABC,  BCD,  CDE  is  equal  to 
the  angle  BAE,  or  AED :  Therefore  the  pentagon  ABCDE 
is  equiangular;  and  it  has  been  shown  that  it  is  equilateraL 
Wherefore,  in  the  given  circle,  an  equilateral  and  equiangu- 
lar pentagon  has  been  inscribed.    Which  was  to  be  done. 


PKOP.  XIL    PROB. 

To  describe  an  equilateral  and  equiangular  penta — 
gon  about  a  given  circle. 

• 

'  Let  ABCDE  be  the  given  circle ;  it  is  required  to  de—  ^ 
scribe  an  equilateral  and  equiangular  pentagon  about  th^  . 
circle  ABCDE. 

Let  the  anglps  of  a  pentagon,  inscribed  in  the  circle, 
the  last  proposition,  be  in  the  points  A,  B;  C,  D,'E,  so 

•  11.  4.  the  circumferences  AB,  BC,  CD,  DE,  EA  ai*e  equal^ ; 

through  the  points  A,  B,  C,  D,  E,  draw  GH,  HK,  Kl 
•»  17.3.  LM,  MG,  touching^  the  circle ;  lake  the  centre  P, 
join  FB,  FK,  FC,  FL,  FD :  And  because  the  straight  lii 
KXctouches  the  circle  ABCDE  in  the  point  C,  to  which 
=  18.  s.  is  drawn  from  the  centre  F,  FC  is  perpendicular*  to 
therefore  each  of  the  angles  at  C  is  a  right  angle :  For 
same  reason,  the  angles  at  the  points  B,  D  are  right  anj 
And  because  FCK  is  a  right  angle,  the  square  of 

*  47. 1.  equal  ^  to  the  squares  of  FC,  CK :  For  the  same  reason, 

square  of  FK  is  equal  to  the  squares  of  FB,  BK :  Tb( 
fore  the  squares  of  FC,  CK  are  equal  to  the  squares  of 
BK,  of  which  the  sq^uare  of  FC  is  equal  to  the  square  ai 
FB ;  the  remaining  square  of  CK  is  therefore  equal  to  -^rAe 
remaining  square  of  BK,  and  the  straight  line  CK  equal  tq 
BK :  And  because  FB  is  jequal  to  FC,  and  FK  commoc^  ^^ 
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the  triangles  BFK,  CFK,  the  two  BF,  FK  are  equal  to  the  Book  tv. 
two  CF,  FK ;  and  the  base  BK  is  equal  to  the  base  KC ;    ^■^^'"^ 
ilierefore  the  angle  BFK  is  equal*  to  the  angle  KFC,  and  •  8.  u 
the  angle  BKF  to  FKC;  wherefore  the  angle  BFC  is  double 
of  the  angle  KFC,  and  BKC  double  of  FKC:  For  the  same 
reason,  the  angle  CFD  is  double  of  the  angle  CFL,  and 
CLD  double  of  CLF :  And  because  the  circumference  BC 
is  equal  to  the  circumference  CD,  the  angle  BFC  is  equal ^ '  27.  x 
to  the  angle  CFD ;  and  BFC 
is  double  of  the  angle  KFC, 
and  CFD  double  of  CFL  5 
therefore  the  angle  ,KFC  is 
equal  to  the  angle  CFL;  and  rj, 
the  right  angle  FCK  is  equal 
to  the   right  angle  FCL : 
Therefore,  in  the  two  trian- 
gles FKC,  FLC,  there  are 
two  angles  of  one  equal  to 
two  angles  of  the  other,  each 
to  each,  and  the  side  FC, 

which  is  adjacent  to  the  equal  angles  in  each,  is  common 
to  both  ;  therefore  the  other  sides  shall  be  equaU  to  the  i  J6.  i. 
other  sides,  and  the  third  angle  to  the  third  angle :  There- 
fore the  straight  line  KC  is  equal  to  CL,  and  the  angle 
FKC  to  the  angle  FLC  :  And  because  KC  b  equal  to  CL, 
KL  is  double  of  KC ;  In  the  same  manner  it  may  be  showu 
that  HK  is  double  of  BK:  And  because  BK  is  equal  to 
KC,  as  was  demonstrated,  and  that  KL  is  double  of  KC, 
and  HK  double  of  BK,  HK  shall  be  equal  to  KL :  In  like 
manner,  it  may  be  shown  that  GH,  GM,  ML  are  each  of 
them   equal  to   HK,  or  KL:  Therefore   the   penti^n 
GHKLM  is  equilateral.    It  is  also  equiangular;  for,  since 
the  angle  FKC  is  equal  to  the  a«gle  FLC,  and  that  the 
ai^le  HKL  is  double  of  the  angle  FKC,  and  KLM  double 
of  FLC,  as  was  before  demonstrated,  the  angle  HKL  is 
equal  to  KLM  :  And  in  like  manner  it  may  be  shown,  that 
each  of  the  angles  KHG,  HGM,  GML  is  equal  to  the  an- 
gle HKL  or  KLM :  Therefore  the  five  angles  GHK, 
HKL,  KLM,  LMG,  MGH,  being  equal  to  one  another, 
Ae  pentagon  GHKLM  is  equianguhir :  And  it  is  equila-    ' 
teral,  as  was  demonstrated ;  and  it  is  described  about  the 
circle  ABCDE.     Which  was  to  be  done. 
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PROP.  XIII.    PROB. 

1^0  inscribe  a' circle  in  a  given  equilateral  and  equi* 
BHgolaf  pentagon. 

•Let  ABGDE  be  the  given  equilateral  and  equiangular 
pentagon ;  it  is  required  to  inscribe  a  circle  in  the  penta- 
gon ABODE. 

•  9. 1.  Bisect*  the  angles  BCD,  CDE  by  the  straight  lines  CF^ 
DF,  and  from  the  point  F,  in  which  they  meet,  draw  the 
straight  lines  FB,  FA,  FE :  Therefore,  since  BC  is  equal 
to  CD,  ^d  CF  common  to  the  triangles :BCF,DCF  the 
two  sides  BC,  CF  are  equal  to  tbs  two  DC,  CF ;  and  die 
angle  BCF  is  equal  to  the  angle  DCF;  therefore  the  base 

*4. 1.  BF  is  equal**  to  the  base  FD,  and  the  other  angles  to  the 
other  angles,  to  which  the  equal  sides  are  opposite;  there- 
fore the  angle  GBF  is  equal  to  the  angle  CDF:  And  be- 
cause the  angle  CDE  is  double  of  CDF,  and  that  CDE  ii 
equal  to  CBA,  and  CDF  to 
OBF;  CBA  is  also  double  of 
theangle  CBF ;  therefore  the 
ft&^e  ABF  is  equal  to  the  an- 
'gie^CBF ;  wher^ore  the  an- 
•|le  ABC  is  bisected  by  the  B] 
straight  lincBF :  In  the  same 
-manner  it  may  be  demon- 
strated, that  the  angles  BAE, 
•AE^?,  are  bisected  by  the 
straight  lines 'AFjFE:  From 
<^  1 2. 1.  the  point  F,  draw^:  FG,  FH,  C         K         D  . 

'FK,TL,  PM  perpendiculars  to  the  straight  lines  AB,  BC, 
CD,  DE,  'EA:  And  because  the  angle  HCF  is  equal  to 
^KOF,-and  the  right  angle  FHC  equal  to  the  right  angle 
FRC  ;  in  the  triangles  FHC,  FKC  there  are  two  angles  of 
one  equal  to  two  angles  of  the  other,  and  the  side  FC, 
'wfeich  is  opposite  to  one  of  the  equal  angles  in  each,  is 
*26. 1.  common  to  both  ;  therefore  the  other  sides  shall  be  equal d, 
each  to  each ;  wherefore  the  perpendicular  FH  is  equal  to 
the  perpendicular*  FK  :  In  the  same  manner  it  may  be  de- 
monstrated ;  that  FL,  FM,  FG  are  each  of  them  equal  to 
FH,  or  FK :  Therefore  the  five  straight  lines  FG,  FH, 
FK,  FL,  FM  are  equal  to  one  another :  Wherefore  the 
circle  described  from  the  centre  F,  at  the  distance  of  one 
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of  these  five,  shall  pass  through  the  extremities  of  the  other  Book  IV. 
four,  and  touch  the  straight  lines  AB,  BC,  CD,  DE,  EA,  ^^"^^ 
because  the  angles  at  the  points  G,  H,  K,  L,  M  are  right 
angles;  and  that  a  straight  line  drawn  from  the  extremity 
x)f  the  diaractcr  of -a  circle  at  right  angles  to  it,  touches*  the  •  16.  s, 
circle :  Therefor^  each  of  the  straight  lines  AB,  BC,  CD, 
DE,  EA  touches  the  circle :  wherefore  it  is  inscribed  in 
the  pentagon  \^BCDE.    Which  was  to  be  done. 


PROP.  XIV.    PROB. 

^O  dig^cribe  a  circle  about  a  given  equilateral  and 
'equiangular  peiitagdn. 

Xet  A*BCDE  be  the  given  equilateral  and  equiangular 
^peptagon;  it  is  required  to  describe  a  circle  about  it. 

Bise^tathe  angles  BCD,  CDE  by  the  straight  lines  CF,  •  9.  L 

'^P,  and  from  thejx)int  F,  in  which  they  meet,  draw  the 
stra^ht  lines  FB,  FA,  FE,  to  the 

^points  B,  A,  E.     It  may  be  de- 

'^inbnstrated,  in   the   same  man- 
ner,  aa  in  the  preceding  propo-  'V 
f itioB,   'that '  the    angles    CBA, 
BAE,AEb\^i:e  bisected  by  the 

'atraTght  lines'FB,  FA^  FE:  And 
because  the  angle  BCD  is  equal 

to    the   angle    CDE,  and    that  _ 

FCP  is  the  half  of  the  angle  BCD,  and  CDF,  the  half 

of  CBE;  the  angle  FCD  is  equial  to  FDfc;  wherefore 

the  side  <JF  is  eqtial*»  to  the  side  FT):  In  like  manner  "^^.u 

it  may  be  demonstrated  that  FB,  I^A,  FJE,  are  each  of  them 

^oraal  to  F]C  or  FD:  Therefore  the  five  straight  lines  FA, 

FBj^C,  FD,  FE  are  equal  to  one  another;  and  the  circle 

described  from  the  centre  F,  at  the  distance  of  one  of  them, 

shall  pass  through  the  extremities  of  the  other  four,  and  be 

described  about  the  equilateraV  arid  equiangular  pentagoa 

ABCPE.  .  Wliich  was  to  be  done. 
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PROP.  XV.    PKOB. 


•5. 


SeeN.  To  inscribe  an  equilateral  and  equiangular  iiexagoci 
in  a  given  circle. 

Let  ABCDEF  be  the  given  circle;  it  is  required  to  iii- 
scribe  an  equilateral. and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  draw 
the  diameter  AGD :  and  from  D,  as  a  centre,  at  the  dis- 
tance DG,  describe  the  circle  EGCH,  join  EG,  CG,  and 
froduce  them  to  the  points  B,  F;  and  join  AB,  BC,  CD, 
)E,  EF,  FA;  The  hexagon  ABCDEF  is  equilateral  add 
equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE  is 
equal  to  GD :  And  because  D  is  the  centre  of  the  dtde 
EGCH,  DE  is  equal  to  DG;  wherefore  GE  is  equal  to 
ED,  and  the  triangle  EGD  is  equilateral;  and  therefore 
its  three  angles  EGD,  GDE,  DEG,  are  equal  to  ont 
another,  because  the  angles  at  the  base  of  an  isosceles 

1*  triangle  are  equal  ^;  and  the  three  angles  of  a  triangle 

1*  are  equal *>  to  two  right  angles;  therefore  the  angle  EGD 
is  the  third  part  of  two  right  angles:  In  the  same  man* 
ner  it  may  be  demonstrated,  that  the  angle  DGC  is  also 
the  third  part  of  two  right  angles:  And  because  the 
straight  line  GC  makes  with  EB 
the  adjacent  (ingles  EGC,    CGB 

1.  equal*^  to    two  right  angles:    the  jr^ 
remaining  angle  CGB  is  the  third 
part  of  two  right  angles :    there- 
fore the  angles  EGD,  DGC,  CGB 
are  equal  to  one  another:  And  to 

1. these  are  equal  ^  the  vertical  oppo- 
site angles  EGA,  AGF,  FGE: 
Therefore  the  six  angles  EGD, 
DGC,  CGB,  BGA,  AGF,  FGE, 
are  equal   to  one   another:    But 

3.  equal  angles  stand   upon    equal  ^ 
circumferences;   therefore  the  six 
circumferences  AB,  BC,  CD,  DE,  EF,  FA  are  equal 
to    one   another:    And  equal    circumferences  are  sub- 

3. tended  by  equaH  straight  lines;  therefore  the  six  straight 
lines  are  equal  to  one  another,  and  the  hexagon  ABCDEF 
is  equilateral.    It  is  also  equiangular;  for,  since  the  cir- 
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cumference  AF  is  equal  to  ED,  to  each  of  these  add  the  Book  IV. 
circumference  ABCD;  therefore  the  whole  circumterence 
FABCD  shall  be  equal  to  the  whole  EDCBA :  And  the 
angle  FED  stands  upon  the  circumference  FABCD,  and 
the  aogle  AF£  upon  EDCBA  ;  therefore  the  angle  APE  is 
equal  to  FED :  In  the  same  manner  it  may  be  demonstrated 
timt  the  other  angles  of  jthe  hexa<^on  ABCDEF  are  each  of 
them  equal  to  the  angle  AFE  or  FED :  Therefore  the  hexa- 
gon is  equianffular ;  and  it  is  equilateral,  as  was  shown ; 
and  it  is  insqnbed  ia  the  given  circle  ABCDEF.  Which 
was  to  be  done. 

Cor.  From,  this  it  is  manifest,  that  the  side  of  the  hex* 
agon  is  equal  to  the  straight  line  from  the  centre,  that  i% 
to  the  semidiamcter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,  E,  F  there  be  drawn 
straight  lines  touching  the  circle,  an  equilateral  and  equi- 
angular hexagon  shall  be  described  about  it,  which  may  be 
demonstrated  from  what  has  been  said  of  the  pentagon ;  and 
likewise  a  circle  may  be  inscribed  in  a  given  equilateral  and 
equiangular  hexagon,  and  circumscribed  about  it,  by  a  me- 
thod like  to  that  used  for  the  pentagon. 
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PROP.  XVI.    PROB. 

To  inscribe  an  equilateral  and  equiangular  quin-seeN. 
decagon  in  a  given  circle.^ 

Let  ABCD  be  the  given  circle  5  it  is  required  to  inscribe 
an  equilateral  and  equiangular  quindecagon  in  the  circle. 
ABCD. 

Let  AC  be  the  side  of  an  equilateral  triangle  inscribed*  •«.  4. 
in  the  circle,  and  AB  the  side  of  an  equilateral  and  equian- 
gular pentagon  inscribed^  in  the  same ;  therefore,  of  such  ^  ii-4- 
equal  parts  as  the  whole  circumference  ABCDF  contains 
fifteen,  the  circumference  ABC, 
being  the  third  part  of  the  whole, 
contains  five ;  and  the  circumfer- 
ence AB,  which  is  the  fifth  part  of 
the  whole,  contains  three ;  there- 
fore BC  their  difference  contains  j^ 
two  of  the  same  parts:  Bisect*^  BC 
in  E;  tlwjrefore  BE,  EC  are,  each 
of  them,  the  fifteenth  part  of  the 
whole    circumference    ABCD : 
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23»i  Tterafores  if  the  stfaight  lines  BE,  EC  he  drawja,  aj 
^14.  ^^^9^^  )iv^^  equal  to  them  be  placed  round  4.iD  the  whc 
oircle,  an  equilateral  and  equiangular  quindec^gon  sbalL 
inscribed;  in.  it»     Which  wa&  to  be  done. 

Andy  in  the  same  manner  as  was  done  in  the  peoti^o 
if,  through  the  points  of  division  made  by  tnscdbing'  t 
quindecagon,  straight  lines  be  drawn  touching  the  circ 
aa  equilateral  and  equiangular  quindecagon  shall  be  d 
Spribed  about  it :  And,  Ukewise,  as  in  the  pentagon,  a  circ 
may  be  inscribed  in  a  given  equilateral  and  equiangul 
quindecagon,  and  circumscribed  about  it» 
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BOOK  V. 

DEFINITIONS. 
L 


A  LESS  magnitude  is  said  to  be  a  part  of  a  greater  magni-  Boot  V. 
tude,  when  the  less  measures  tlie  greater;  that  b,  *  when  ^-nr^^ 
'  the  ]ess  is  contained  a  certain  number  of  times  exactly 

*  in  the  greater.' 

II. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less^  when 
the  greater  is  measured  by  the  less ;  that  is,  *  when  the 
'greater  contains  the  lesa  a  certain  number  of  times 

*  exactly/ 

III. 

'  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  same  See  N. 
'  kind  to  one  another,  in  respect  of  quantity/ 

IV. 

Magnitudes  arc  said  to  have  a  ratio  to  one  another,  when 
die  less  can  be  multiplied  so  as  to  exceed  the  other. 

V. 

The  first  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second,  which  the  third  has  to  the  fourth,  when 
any  equimultiples  whatsoever  of  the  first  and  third  being 
taken,  and  any  equimultiples  whatsoever  of  the  second 
and  fourth  ;  if  the  multiple  of  the  first  be  less  than  that 
of  the  second,  the  multiple  of  the  third  is  also  less  than 
that  of  the  fourth ;  or,  if  the  multiple  of  the  first  be  equal 
to  that  of  the  second,  the  multiple  of  the  third  is  also 
^ual  to  that  of  the  fourth ;  or,  if  the  multiple  of  the  first 
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Book  V.        be  greater  than  that  of  the  second,  the  multiple  of  the 
^•^^v^*^        third  is  also  giieater  than  that  of  the  fourth. 

VI. 

Magnitudes  which  have  the  same  i^tia  are  called  propor- 
^  tionals.     '  N.  B.  When  four  magnitudes  are  proportion* 

'  als,  it  is  usually  expressed  by  saying,  the  first  ii  to  the 
•  second,  as  the  third  to  the  fourth/ 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  io 
'  the  fifth  definition),  the  multiple  of  the  first  is  greater 
than  that  of  the  second,  but  the  multiple  of  the  third  is 
not  greater  than  the  multiple  of  the  fourth  \  then  the 
first  is  said  to  have  to  the  second  a  greater  ratio  than  the 
third  magnitude  has  to  tlie  fourth ;  and,  on  the  contrary, 
the  third  is  said  to  have  to  the  fourth  a  less  ratio  than 
the  first  has  to  the  second. 

VIU. 

Analogy,  or  proportion,  is  the  similitude  of  ratios. 

,     IX. 

Proportion  consists  in  three  terms  at  least 

X. 

Wlien  three  magnitudes  are  proportionals,  the  first  is  said 
to  have  to  the  third  the  duplicate  ratio  of  that  which  it 
has  to  the  second. 

XT. 

See  N.  When  four  magnitudes  are  continual  proportionals,  the  first 
is  said  to  have  to  the  fourth  the  triplicate  ratio  of  that 
which  it  has  to  the  second,  and  so  on,  quadruplicate,  &c. 
increasing  the  denomination  still  by  unity,  in  any  num- 
ber of  proportionals. 

Definition  A,^to  wit,  of  compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  dame 
kind,  the  first  is  said  to  have  to  the  last  of  them  the 
ratio  compounded  of  the  ratio  which  the  first  has  to  the 
second,  and  of  the  ratio  which  the  second  has  to  the 
third,  and  of  the  ratio  which  the  third  has  to  the  fourth, 
and  saon  unto  the  last  magnitude.  ' 

For  example,  if  A,  B,  C,  D,  be  four  magnitudes  of  the  same 
kind,  the  first  A  is  said  to  have  to  the  last  D  the  ratio 
compounded  of  the  ratio  of  Ato  B,  and  the  ratio  of  B 
to  C,  and  of  the  ratio  C  to  D,  or,  the  ratio  of  A  to  D  is 
said  to  be  compounded  of  the  ratios  of  A  to  B,  B  tg  C, 
and  C  to  D : 
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A.nd  if  A  has  to3  tbesflme  ratio  which  Ehat  to  F;  and   Bom  V; 
£  to  C,  the  same  ratio  tiiat  G  has  to  H ;  and  C  to  D,*the 
same  that  K  has  to  L ;  then,  by  this  definition,  A  is  said 
to  have  to  D  the  ratio  compounded  of  ratios  which  are 
the  same  with  the  ratlosof  E  to  F,  G  to  H|  aad  K  to  L : 
And  the  same  thing  is  to  be  understood  when  it  is  more 
briefly  expressed  by  saying,  A  lias  to  D  the  ratio  com- 
pounded of  the  ratios  of  £  to  F,  G  to  H,  and  K  to  L. 
In  like  manner,  the  same  things  being  supposed,  if  M  has 
to  N  the  same  ratio  which  A  has  to  D;  then,  for  short- 
ness sake,  M  is  said  to  have  to  N,  the  ratio  compounded 
of  the  ratios  of  E  to  F,  G  to  H,  and  K  to'L. 

XU. 

Id  proportionals,  the  antecedent  terms  are  called  homologoui 

to  (Hie  another,  as  also  tlie  consequents  to  one  another. 
*  Geometers  make  use  of  the  following  technical  words  to 

*  signify  certain  ways  of  changing  either  the  order  or 

*  magnitude  of  proportionals^  so  as  tliat  they  continue 
^  still  to  be  proportionals/ 

XIU. 

Peraiutando,  or  altemando,  by  permutation,  or  alternately. 
This  word  is  used  when  there  are  four  proportionals,  and  See  N. 
it  is  inferred,  that  the  first  has  the  same  ratio  to  the 
third,  which  the  second  has  to  the  fourth ;  or  that  the 
first  is  to  tlie  third,  as  the  second  to  tlie  fourth  :  As  is 
shown  in  the  16th  prop,  of  this  6th  book. 

XIV. 

Inrertendo,  by  inversion ;  when  there  are  four  proportion- 
als, and  it  is  inferred,  that  the  second  is  to  the  first,  as 
the  fourth  to  the  third.     Prop.  B.  Book  5. 

Cpmponehdo,  by  composition ;  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  first,  together  with  the 
second,  is  to  the  second,  as  the  third,  together  with  the 
fourth,  is  to  the  fourth.     iSth  Prop.  Book  5. 

XVI. 

Dividendo,  by  division ;  when  there  are  four  proportionals ; 
and  it  is  inferred,  that  the  excess  of  the  first  above  the 
second,  is  to  the  second,  as  the  excess  of  the  third  above 
the  fourth,  is  to  the  fourtli.     17th  Prop.  Book  5. 

XVII. 

Convertendo,  by  conversion ;  when  there  are  four  propor- 
tionals, and  it  is  inferred,  that  the  first  is  to  its  excess 
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Bm<  V*       above  the  second,  as  the  third  to  its  excess  above  the 
fourths    Pfop*  E.  Book  5. 

xvni. 

Ex  SDquali  (sc.  distantia),  or,  ex  fiequo,  from  equality  of  di- 
stance ;  when  there  is  any  number  of  magnitudes  more 
than  two,  and  as  many  others,  so  that  they  are  propor* 
tipnitk  when  taken  two  and  two  of  each  rank,  and  it  it 
infefted,  that  the  first  is  to  the  last  of  the  first  rank  of 
tnHgnitiideSf  as  the  first  is  to  the  last  of  the  others  :  ^  Of 

<  this  there  ate  the  two  following  kinds,  which  arise  £ir6m 

<  the  difierent  order  in  which  the  magnitudes  are  taken, 
*  two  and  two/ 

XIX. 

Bx  fieqoali,  from  equality.  This  term  is  used  simply  by  it* 
^If,  when  ^  first  magnitude  is  to  the  second  of  the  first 
ratik,  as  the  ^rst  to  the  second  of  the  other  rank ;  anditf 
the  second  is  fo  the  third  of  the  first  rank,  so  is  the  se- 
Gotod  to  the  third  <if  the  others  and  so  on  in  order,  and 
the  inference  is  as  mentioned  in  the  preceding  definition; 
whence  this  is  called  ordinate  proportion.  It  is  demon- 
fldAtcd  So  22d  Prop.  Book  6. 

XX. 

Elc  tBtfoM  in  f^vopotlione  perturibata  sen  inordinata,  from 
equality  in  pelt«rbate  or  diSo^dcriy  proportion.*  Ttu* 
tem^  is  ifised  when  the  first  magnitude  is  to  the  second  of 
the  first  rank,  as  the  last  but  one  is  to  the  last  of  the  se- 
cond rank ;  and  as.  the  second  is  to  the  third  of  the  first 
rank,  so  is  the  last  but  two  to  the  last  but  one  of  the  se*^ 
cond  raric ;  md  as  the  third  is  to  the  fourth  of  the  first 
rank,  so  is  the  thiid  ffX)xn  the  last  to  the  last  bitt  twoof 
the  second  rank,  and  so  on  in  a  cross  order :  And  the 
inference  is  as  in  the  18th  definition*  It  is  dempnstra* 
ted  in  the  23d  Prop,  of  Book  5. 

AXIOMS. 

t 
I.     . 

Equimultiples  of  the  same^  or  of  equal  magnitudes^  are 
equal  to  one  another. 

*4f  Prop.  lib.  f .  ArcJufnedii  de  fphmrs  et  cjlMr^ 
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H. 

Those  magnitudes  of  which  the  same,  or  equal  magnitudes, 
are  equimultiples,  are  equal  to  one  another. 

III. 
A  multiple  of  a  greater  magnitude  is  greater  than  the  same 
multiple*  of  a  less. 

IV. 
That  mttnitude  of  which  a  multiple  is  greater  than  the  same 
aiohiple  of  another,  is  gneater  than  that  other  magnitude. 
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PBOP.  i.    THEOR. 

It  any  number  of  magnitudes  be  equimultiples  of 
as  manj,  each  of  each ;  what  multiple  soever  any 
one  of  them  is  of  its  part,  the  same  multiple  shall 
lall  the  first  magnitudes  be  of  all  the  other. 

Let  any  number  of  magnitudes  AB,  CD  he  equimulti- 
ples of  as  many  others  E,  F,  each  of  each ;  whatsoever 
multiple  AB  is  of  E,  the  same  multiple  shall  AB  and  CD 
together  be  of  E  and  F  together. 

Because  AB  is  the  same  multiple  of  E  that  CD  is  of  F, 
as  many  magnitudes  as  are  in  AS  equal  to  £,  so  many  are 
there  m  CD  equal  to  F.    Divide  AB  into  mag- 
aklidet  equsd  to  E,  viz.  AG,  GB ;  and  CD  into 
CH,  HD  eqwd  each  of  them  toF:  The  num- 
ber tktrefbre  of  the  magnitudes  CH,  HD,  shall 
be  aqua!  to  tbe  number  of  the  others  AG,  GB : 
koA  beeaute  AG  is  equal  to  E,  and  CH  to  F,  •qI 
tbercfore  AG  and  CH  togedier  are  equal  to*  £ 
and  F  together :  For  the  same  reason,  because 
GBb equal  to E,  and  HDtoF;  GB  and  HD  C 
together  are  equal  to  E  and  F  together.  Where- 
fore as  many  magnitudes  as  are  in  AB  equal  to 
E,  so  many  are  there  in  AB,  CD  together  equal  H" 
to  E  and  F  together.    Therefore,  whatsoever 
multiple  AB  is  of  £,  the  same  multiple  is  AB  ^ 
and  CD  together  of  E  and  F  together.  ^ 

Therefore,  if  any  magnitudes,  how  many  soever,  be 
^uimultiples  of  as  many,  each  of  each,  whatsoever  multi- 
ple any  one  of  them  is  of  its  part,  the  same  multiple  shall 
all  &e  first  magnitudes  be  of  all  tbe  other :  ^  For  the  same 
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Boem  y.  <  demonstration  holds  in  any  number  of  magnitudes,  which 
*   *  was  here  applied  to  two/    Q.  RD. 


PROP.  II.    THEOR. 
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E 


H 


If  the  first  magnitude  be  the  same  multiple  of  ttie 
second  that  the  third  is  of  the  fourth,  and  the  fiffll 
the  same  multiple  of  the  second  that  the  sixth  is  of 
the  fourth ;  then  shall  the  first  together  with  the 
fifth  be  the  same  multiple  of  the  second,  that  the 
third  together  with  the  sixth  is  of  the  fourth. 

Let  AB  the  first,  be  the  same  multiple  cS  C  the  second» 
that  D  E  tlie  tliird  is  of  F  the  fourth ;  j^ 

and  BG  the  fifth,  the  same  multiple  A 
of  C  the  second,  that  EH  the  sixth 
is  of  F  the  fourth :  Then  is  AG,  the 
first,  together  with  the fifth,,the  same  r^. 
multiple  pf.C  the  second,  thajt  )>H 
the  third,  together  with  the  sixth,  is 
of  F  the  fourth. 

Because  AB  is  the  same  multiple  ^ 
of  C,  that  DE  'is  of  F ;  there  are  as  ^^ 
many  magnitudes  in  AB  equal  to  C,  as  there  are  in  D& 
equal  to  F :  In  like  manner,  as  many  as  there  are  in  BG 
equal  to  C,  so  many  are  there  in  EH  equal  to  F :  As  maQy, 
then,  as  are  in  the  whole  AG  equal  to  C,  so  many  are  thee* 
in  the  whoI»  DH  equal  to  F ;  therefore  AG  is  the  same 
multiple  of  C,  that  DH  is  of  F;  that  is, 
AG  the  first  and  fifth  together,  is  the 
same  multiple  of  the  second  C,  thatDH  J^ 
the  third  and  sixth  together  is  of  the 
fourth  F.  If,  therefore,  the  first  he  the  15. 
same  multiple,  &c.    Q.  E.  D. 

Cor.  *From  this  it  is.  plain,  that,  if  any 
^  numberofmagnitudesAB,BG,GH,be  .p, 
^  multiples  of  another  C;  and  as  many    " 
J*  I>fil,  EK,  KL  be  the  same  multiples  of 

*  F,  each  of  each ;  the  whole  of  the  first, 
^  viz.  AH,  is  the  same  multiple  of  C,  that 

*  the  whole  of  the  last,  viz.  DL,  is  of  F/  H 
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PROP.  III.    THEOR. 

If  the  first  be  the  same  multiple  of  the  second, 
which  the  third  is  of  the  fourth  ;  and  if  of  the  first 
and  third  there  be  taken  equimultiples,  these  shall 
be  equimultiples,  the  one  of  the  second,  and  the 
Other  of  the  ifourth. 

Let  A  the  first,  be  the  same  multiple  of  B  the  second, 
that  C  the  third  is  of  D  the  fourth ;  and  of  A,  C,  let  the 
eqaimukiples  £P,  GU  be  taken :  'flien  £F  is  the  same 
multiple  of  B,  that  GH  is  of  D. 

Because  £F  is  the  same  multiple  of  A,  that  GH  is  of  C, 
there  are  as  many  magnitudes  in  £F  equal  to  A,  as  are  in 
GH  equal  to  C:  Let  r^ 


KF  be  divided  into  the 

magnitudes    £K,  KF5 

each  equal  to  A,  and 

GH  into  GL,LH,  each 

equal  to  C :  The  number 

therefore  of  the  magni-  K* 

tudes  £K,  KF,  shall  be 

equal  to  the  number  of 

tbe  others  GL,   LH: 

And  because  A  is  the 

same  multiple  of  B,  tliat 

C  is  of  D,  and  that  EK   £ 

is  equal  to  A,  and  GL 

to  C;  therefore  EK  is  the  same  multiple  of  B,  that  GL  is 

of  D  2  For  the  same  reason,  KF  is  the  same  multiple  of  B, 

that  LH  is  of  D ;  and  so,  if  there  be  more  parts  in  £F, 

GH,  equal  to  A,  C:  Because,  therefore,  the  urst  EK  is 

the  same  multiple  of  the  second  B,  which  the  third' GL  is 

of  the  fourth  D,  and  that  the  fifth  KF  is  the  same  multiple 

of  the  second  B,  which  the  sUth  LH  is  of  the  fourth  D ; 

EF  the  first  together  with  the  fifth,  is  the  same  multiple  •  •  1. 5. 

of  the  second  B,  which  GH  the  third  together  with  the 

«xth,  is  of  the  fourtli  D.    If,  therefore,  the  first,  &c. 
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PROP.  IV.    THEOR. 

$eeN.  If  the  first  of  four  magnitudes  has  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth ; 
then' any  equimultiples  whatever  of  th&  first  and 
third  shall  have  the  same  ratio  to  any  equiitlulti- 
plea  of  the  second  and  fourth,  viz.  ^  the  equiimuM^ 
'  of  the  first  shall  have  the  same  ratio  to  that  o# 
'  the  second,  which  the  equimultiple  of  the  third 

'  has  to  that  of  the  fourth.' 

♦ 

Let  A  the  first,  have  to  B.the  second,  the  same  ratk^ 
which  the  third  C  has  to  the  fouvthD;  andof  Ai&d& 
let  there  be  taken  any  equiimd- 
tiples  whatever  E^  F ;  and  of  B 
and  D  any  equtmuhiples  what-  | 
ever  G,  H :  Then  E  has  the  same 
ratio  to  G,  which  F  has  to  H. 

Take  of  E  and  F  any  equi- 
multiples whatever  K,  L,  and  of 
G,  H,  any  equimultiples  what- 
ever M,  N :  Then,  because  E  is 
the  same  multiple  of  A,  that  F 
is  of  C ;  and  of  E  and  F  have 
been  taken  equimultiples  K,  L ; 
therefore  K  is  the  same  multiple  ]^  £ 
•3.5.of  A,  that  Lisof  C*:  Forthe 
same  reason,  M  is  the  same 
multiple  of  B,  that  N  is  of  D : 
And  because,  as  A  is  to  B,  so  is 
'  Hypoth.  C  to  D  ^^  and  of  A  aod  C  have 
been  taken  certain  equkmilti* 
ples  K,  L :  and  of  B  and  D  have 
been  taken  certain  equimulti- 
ples M,  N ;  if  therefore  K  be 
greater  than  M,  L  is  gi^ter 
than  N :  and  if  equal,  equal; 
<'5]>e£5.if  less,lesd<^.  And  K,  L  are  any 
eqaimultipies  whatever  of  % 
F ;  and  M,  N  any  whatever  of 
G,  H :  As  therefore  E  is  to  G,  so  is^  F  to  H.  TberellM^ 
if  the  first,  &c.  Q.E.D. 
SbeN.  C)oa.  Likewise,  if  the  first  has  th^  same  ratio  to  the  se- 
cond,  which  the  third  has  to  the  fourth^  then  ako  any  equi« 
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multiples  whatever  of  the  first  and  third  have  the  same  rat-  Book  V. 
do  to  the  second  and  fourth ;  And  in  like  manner,  the  first   **^'V^ 
and  the  third  have  the  same  ratio  to  any  equimultiples 
whatever  of  the  second  and  fourth. 

Let  A  the  first,  have  to  B  the  second}  the  same  ratio  which 
the  third  C  has  to  the  fourth  D,  and  of  A  and  C  let  E  and  F 
be  any  equimultiples  whatever ;  then  £  is  to  B,  as  F  to  D. 

TaKe  of  £,  F  any  equimultiples  whatever  K,  L^  and  of 
By  D  any  equimultiples  whatever  G,  H ;  then  it  may  be 
demonstrated,  as  before,  that  K  is  the  same  multiple  of  A, 
that  L  is  of  C :  And  because  A  is  to  B,  as  C  is  to  D,  and  of 
A  and  C  certain  equimultiples  have  been  taken,  viz.  K  and 
L;  and  of  B  and  D  certain  equimultiples  G,  H ;  therefore, 
if  K  be  greater  than  G,  L.  is  greater  tnan  H  j  and  if  equal,  ^ 
equal;  if  less,  less*^ :  And  K,  L  are  any  equimultiples  ot  ^^'^^ 
E,  F,  and  G,  H  any  whatever  of  B,  D ;  as  therefore  E  is 
toB,  so  is  F  to  D :  And  in  the  same  way  the  other  case  is 
demonstrated. 


PROP.  V.    THEOR. 

If  one  magnitude  be  the  same  multiple  of  another,  SeeN. 
which  a  magnitude  taken  from  the  first  is  of  a  mag- 
nitude taken  from  the  other ;  the  remainder  shall 
be  the  same  multiple  of  the  remainder,  that  the 
whole  is  of  the  whole. 

Let  the  magnitude  AB  he  the  same  multi^e  Q 
of  CD,  that  AE  taken  from  the  first,  is  of  CF 
taken  from  the  other;  the  remainder EB  shall 
be  the  same  multiple  of  the  remainder  FD,  JL 
that  the  whole  AB  is  oftlie  whole  CD. 

Take  AG  the  same  multiple  of  FD,  that 
A£  is  of  CF:  therefore  AE  is^  the  same  mul- 
tiple of  CF,  that  EG  is  of  CD :  But  AE,  by 
the  hypothesis,  is  the  same  multiple  of  CF,  that  ^ 
AB  is  of  CD :  Therefore  EG  is  the  same  mul- 
tiple of  CD  that  AB  is  of  CD ;  wherefore  EG 
is  equal  to  AB  ^. .  Take  from  them  the  common 
inagnitude  AE ;  the  remainder  AG  is  equal  to    X 
the  remainder  EB,    Wherefore,  since  AE  is    ^ 
the  same  nuiltiple  of  CF,  that  AG  is  of  FD,  and  that  AO 
it  equal  to  EB ;  therefore  AE  is  the  same  multiple  of  GP, 
that  EB  is  of  FD;  But  AE  is  the  same  m^tipU  of  CF  that 
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W  V.   AB  IS  of  CD;  therefore  EB  is  the  same  multiple  of  FD,  that 
AB  is  of  CD.     Therefore,  if  any  magnitude,  &c.    Q.E.D. 


K 


H 


PROP.  VI.    THEOfl, 

SecN.  If  two  magnitudes  be  equimultiples  of  two  others, 
and  if  equimultiples  of  these  be  taken  from  the 
.  first  two,  the  remainders  are  either  equal  to  these 
others,  or  equimultiples  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  the 
tvyro  E,  F,  and  AG,  CH  taken  from  the  first  two  be  equi- 
multiples of  the  same  E,  F;  the  remainders  GB^  HD  arc 
either  equal  to  E,  F,  or  equimultiples  of  thenrt. 

First,  let  GB  he  equal  to  E ;  HI)  is 
equal  to  F  :  Make  CK  equal  to  F;  and    ^ 
because  AG  is. the  same  multiple  of  E, 
that  CH  is  of  F,  and  that  GB  is  equal  to 
E,  and  CK  to  F ;  therefore  AB  is  the 
same  multiple  of  E,  that  KH  is  of  F. 
But  AB,  hy  the  hypothesis,, is  the  same  G' 
multiple  of  E  that  CD  is  of  F ;  therefore 
KH  is  the  same  multiple  of  F,  that  CD    jy 
•  1  Ax.  5.  is  of  F ;  wherefore  KH  is  equal  to  CD  * :    ^ 

^  Take  away  ^he  common  magnitude  CH,  then  the  remain- 
der KC  is  equal  to  the  remainder  HD :  But  KC  is  equal  to 
F ;  HD  therefore  is  equal  to  F. 

But  let  GB  be  a  multiple  of  E ;  then 
HD  is  the  same  multiple  of  F ;  Make 
CK  the  same  multiple  of  F,  that  GB  is     ^ 
of  E :  And  because  AG  is'  the  same  mul-    * 
tiple  of  E,  that  CH  is  of  F;  andGB  the 
*  same  multiple  of  E,  that  CK  is  of  F ; 
therefore  AB  is  the  same  multiple  of  E, 
"  2. 5.  that  KH  is  of  Fb :  But  AB  is  the  same  G 
multiple  of  E,  that  CD  is  of  F;  there- 
fore KH  is  tlve  same  multiple  ot  F,  that 
CD  is  of  it ;  Wherefore  KH  is  equal  to 
CD^rTakeaM^ayCH  from  both;  there-    B      D    E     "F 
fore  the  remtiinder  KC  is  equal  to  the 
remainder  HD :  And  because  GB  is  the  same  multiple  o^f 
%  that  KC  is  of  F,  and  that  KC  is  equal  to  H  D ;  there- 
fore HD  is  the  same  multiple  of  F,  that  GB  is  of  E,     If 
therefore  two  magnitudes,  &c.    Q.  E.D. 
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Book  V, 


PROP.  A.    THEOR. 


If  the  first  of  four  magnitudes  has  to  the  second  See  N. 
the  same  ratio  which  the  third  has  to  the  fourth  ; 
then,  if  the  first  be  greater  than  the  second,  the 
third  is  also  greater  than  the  fourth ;  and  if  equal, 
eijaal ;  if  less,  less. 

Take  any  equioiultiples  of  each  of  them,  as  the  doubles 
of  dach ;  then,  by  def.  5th  of  this  book,  if  the  double  of  the 
first  be  greater  than  the  double  of  the  second,  the  double  of 
the  third  is  greater  than  the  double  of  the  fourth :  but,  if 
the  first  be  greater  than  the  second,  the  double  of  the  first 
is  greater  than  the  double  of  the  second ;  wherefore  also 
the  double  of  the  third  is  greater  than  the  double  of  the 
fourth ;  therefore  the  third  is  greater  than  the  fourth  :  In 
like  manner,  if  the  first  be  equal  to  the  second,  or  less  than 
it,  the  third  can  be  proved  to  be  equal  to  the  fourth,  or  less 
than  it.    Therefore,  if  the  first,  &c.     Q.E.D. 


PROP.  B.    THEOR. 

If  four  magnitudes  are  proportionals,  they  are  pro-  s«eN. 
portionals  also  when  taken  inversely. 

If  the  magnitude  A  be  to  B,  as  C  is  to  D,  then  also  in<» 
versely  B  is  to  A,  as  D  to  C. 

Take  of  B  ai>d  D  any  equimultiples 

^latever  £  and  F;  and  of  A  and  C  any 

^^uimultiples  whatever  G  and  H.  First  let 

fi  be  greater  than  G,  then  G  is  less  tlian 

£ ;  and  because  A  is  to  B,  as  C  is  to  D, 

^d  of  A  and  C,  the  first  and  third,  G  and 

^  are  equimultiples ;  and  of  B  and  D,  the 

^cond  and  fourth,  E  and  F  are  equimul-  r^     A     1^     fr 

^ples;  and  that  G  is  less  than  E,  H  is     -   *;    "^     ^^ 

^^30*  less  than  F;  that  is,  F  is  greater  I^    C     U    F  i  5  Def.  5. 

^an  H ;  if  therefore  E  be  greater  than 

Oj  F  is  greater  than  H  :  In  like  manner, 

^^  E  be  emial  to  G,  F  may  be  shown  to  be 

^qaal  to  H ;  and  if  less,  less ;  and  E,  F, 

arc  any  equimultiples  whatever  of  B  and 

D,  aud  G,  H  any  whatever  of  A  and  C  : 
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Boot  V.   therefore,  as  B  is  to  A,  so  is  D  to  C.    If  then  four  magni- 
^*'v-^  tudea,&c.     Q.E.  D. 


i 


PROP.  C.    THEOR. 

seeN.  If  the  first  be  the  same  multiple  of  the  sec<»id,  or 
the  same  part  of  it,  that  the  third  is  of  the  fourth ; 
the  first  is  to  the  second,  as  the  third  ia  to  the 
fourth. 

Let  the  first  A  be  the  s&me  multiple  of 
B  the  secood,  that  C  the  third  is  of  the 
fourth  D:  A  is  to  Baa  C  is  to  D. 

Take  of  A  and  C  any  equimultiples  what- 
cter  £and  F;  and  of  B  and  D  any  equi- 
multiples whatever  G  and  H  :  Then,  be- 
cause A  b  the  same  multiple  of  B  that  C   ,     i*   r" 
is  of  D ;  and  that  E  is  the  same  multiple  A    d  C 
of  A,  that  F  is  of  C :  E  is  the  same  multi-  F   G   F  H 
•3.S.pJe  of  B,thatF  is  of  D»;  therefore  Eand   ^   V    ■•       , 
F  are  the  same  multiples  of  B  and  D :  But 
G  and  H  are  equimultiples  of  B  and  D  : 
therefore,  if  E  be  a  greater  multiple  of  B 
than  G  is,  F  is  a  greater  multiple  of  D 
than  H  is  of  D ;  that  is,  if  E  he  greater 
than  G,  F  is  greater  than  H :  In  like  man- 
ner, if  £  be  equal  to  G,  or  less,  F  is  equal 
to  H,  or  less  than  it.    But  E,  F  are  equi- 
multiples, any  whatever,  of  A,  V,  and  G, 
H,  any  equimultiples  whatever  of  B,  D. 
*  a  De£  5.  Therefore  A  is  to  B,  as  C  is  to  D**. 

Next,  Let  the  first  A  he  the  same  part 
of  the  second  B,  that  the  third  C  is  of 
the  fourth  D :  A  is  to  B,  as  C  is  to  D : 
PorBisthesamemultipleof  A,  thatD  i 
is  of  C :  wherefore,  by  the  preceding  I 
case,  B  is  to  A,  as  D  is  to  C ;  and  in-  I 
•B,j.  verselv"  A  is  to  B,asCistoD:  There-  I 
fore,  if  the  first  be  the  same  multiple,  A, 
4c.    Q.E.D. 
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mOP.  D.    THEOR. 


If  the  first  be  to  the  second  as  the  third  to  the  See  x. 
fourth,  and  if  the  first  be  a  multiple  or  part  of  the 
seeood  ;  the  third  is  the  same  multiple,  or  the  same 
part  of  the  fourth. 

Let  A  be  to  B,  as  C  is  to  D ;  and  first  let  A  be  a  multi- 
ple of  B  ;  C  is  the  same  multiple  of  D. 

Take  E  equal  to  A,  aod  whatever  mol- 
tiple  A  or  E  is  of  B,  make  F  the  same 
multiple  of  D :  Then,  because  A  is  to  B, 
as  C  is  to  D  ;  and  of  B  th«  second,  and 
D  the  fouTth,  equimultiples  have  been 
taken  £  and  F  ;  A  is  to  E,  as  C  to  F" : 
But  A  is  equal  to  E,  therefore  C  is  equal 
to  F  I" :  and  F  is  the  same  multiple  of  D,  .\ 
that  A  is  of  B.  Wherefore  C  is  the  same 
multiple  of  D,  that  A  is  of  B. 

Not,  Let  the  first  A  be  a  part  of  the  ae- 
cood  B ;  C  tbe  third  is  the  same  part  of 

Because  A  is  to  B,  as  C  is  to  D ;  thea 

inversely,  Bis'^  to  A,  as  D  to  C:  ButAis 

a  part  of  B,  therefore  B  is  a  multiple  of 

A;  and, by  the  preceding  case,  D  is  the 
L     nme  multiple  of  C  ;  that  is,  C  is  the  same  part  of  D,  that  A 
I     is  of  B:  Therefore,  if  tbe  first,  &c.     Q.E.D. 


Cor.  4.  S 


See  tbe  G- 
Enre  at  the 
root  of  the 
preccfliDS 
pige. 
•B.S. 


PROP.  Vn.    THEOR. 

EfiDAL  magnitudes  have  tbe  same  ratio  to  the 
>UDe  Diagnitude ;  and  the  same  has  the  same  ra- 
tioto  equal  magnitudes. 

l«t  A  aod  B  be  equal  magnitudes,  and  C  any  Mhei;.  A 
iiiB  have  each  of  them  tfie  same  ratio  to  C,  and  C  haa 
'^  same  ratio  to  each  of  tbe  maf^ttudes  A  and  B. 

'^ake  of  A  and  B  any  equimultiples  whatever  D  and  E, 
uAof  Cany  multiple  whatever  F  :  Then  because  D  is  the 
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Book  V.   same  multiple  of  A,^hat  E  is  of  B,  and 

^"■''Y^^   ^^^^*  ^  ^s  equal  to  B ;  D  is*  equal  to  E  : 

- 1  Ax.  5.  xherefbre,  if  D  be  greater  than  F,  E  is 

greater  than  F ;  and  if  equal,  equal  j  if 

less,  less :  Arid  D,  E  are  any  equimultiples 

of  A,  B,  and  F  is  any  multiple  of  C. 

» 5  Def.  5.  Therefore  ^  as  A  is  to  C,  so  is  B  to  C. 

Likewise  C  has  the  same  ratio  to  A, 


D  A 


that  it  hais  toB:  For,  having  made  the  p  n 
same  construction,  D  may  in  like  manner  j*  ^ 
be  shown  equal  to  E  :  Therefore,  if  F  be 
greater  than  D,  it  is  likewise  greater  than 
£ ;  and  if  equal,  equal ;  if  less,  less :  And 
F  is  any  multiple  whatever  of  C,  and  D,E, 
are  any  equimultiples  whatever  of  A,  B. 
Therefore,  C  is  to  A  as  C  is  to  B*».  There- 
fore, equal  magnitudes,  &c»    Q.  E.  P, 


C    F 


PROP.  VIII.    THEOR. 


See  N.  Of  unequal  magnitudes  the  greater  has  a  grteteif 
ratio  to  the  same  than  the  less  has ;  and  the  saooe 
magnitude  has  a  greater  ratio  to  the  less^  tbattil 
has  |:o  the  greater. 

Let  AB,  BC,  be  unequal  magnitudes,  of  which  AB  b  tbct 


grea^ter,  and  let  D  be  any  magnitude 
whatever :  AB  has  a  greater  ratio  to  D  y^ 
than  BC  to  D  :  And  D  has  a  greater 
ratio  to  BC  than  unto  AB. 

If  the  magnitude  which  is  not  the  jr. 
greater  of  the  two  AC,  CB,  be  not  less 
than  D,  take  EF,  FG,  the  doubles  of 
AC,  CB,  as  in  Fig.  1 .  But  if  that  which 
M  not  the  greater  of  the  two  AC,  CB, 
be  i^ss  than  D  (as  in  Fig*  2.  and  3.)  this  Q 
magnitude  can  be  multiplied,  so  as  to 
become  greater  than  D,  whether  it  be 
AC  or  CB.  Let  it  be  multiplied,  until 
it  become  greater  than  D,  and  let  the 
other  be  multiplied  as  often ;  and  letEF 
be  the  multiple  thus  taken  of  AC,  and 
FG  the  same  multiple  of  CB :  Tlicre- 


Fig.  1. 
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C 


B 


L     K  HI) 


OF  ED C LID. 


T2I 


fore  EF  and  FG  are  eacli  of  them  greater  than  D  :  and  in   Booi  V. 
every  one  of  the  cases,  take  H  the  double  of  D,  K  its  triple,  '"""^^"^ 
and  so  on,  till  the  multiple  of  D  be  that  which  fii^t  Ite- 
comes  greater  than  FG :  Let  L  be  that  multiple  of  1)  which 
is  &9l  greater  than  FG,  aitil  K  the  multiple  of  D  which  la 
Dat  less  than  L. 

Then,  because  L  is  the  multiple  of  D,  which  is  the  first 
that  becoDoes  greater  than  FG,  the  next  preceding  multi-, 
pie  K  is  not  greater  than  FG ;  that  is,  FG  b  not  less  than 
K :  And  since  EF  is  the  same  multiple  of  AC,  that  FC  is 
of  CB;  FG  is  the  same  multiple  of  CE,  that  EG  Js  of 
AB*j  wherefore  EG  and  FG  are  equimultiples  of  ABand' is. 
CB  :    And    ■■    ' 


Fig.  2. 


Fig.  3. 


c\ 


G 
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ihown,  that  FG  was 
not  less  than  K,  and,  c 
bf  the  construction, 
EF,isgreatcrthanD;  j,-, 
therefore  the  whole 
EG  is  greater  tliaoK 
aod  D  t(%ether :  But 
K,  leather  with  D, 
bequal  to-L;  there- 
fore  EG   is  greater 
thin  L;  but  FG  is  not 
Xmter  than  L  ;  and 
EG,  FG   are  equi-    t 
multiples  of  AB,BC, 
and  L  is  a  multiple 
ofD;  therefore''  AB 
has  to  D  a  greater  ra- 
tio than  BC  has  to  D. 
Also  D  has  to  BC 
a   greater  ratio  than 
It    has  to  AB:   For, 
faaving      made     the 
flame  construction,  it  may  be  shown,  in  like  manner,  tliat 
t,  is  greater  than  FG,  hut  that  it  is  not  greaterthanEG:  find 
Jj  is  a  multiple  of  D ;  and  FG,  EG  are  equimultiples  of  CB, 
AB  ;  therefore  D  has  to  CB  a  greater  ratio*)  than  It  has  to 
AB.     Wherefore,  of  unequal  magnitudes,  &c.     Q.  E.  D, 
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PROP.  IX.    THEOR. 

SecN.  Magnitudes  which  have  the  same  ratio  toihS 
same  magnitude  are  equal  to  one  another;  and 
those' to  ^hich  the  same  magnitude  has  the  same 
ratio  are  equal  to  one  another. 

liCt  A,  B  have  each  of  tliem  the  same  ratio  to  C ;  A  i| 
equal  to  B.  For,  if  they  are  not  eoual,  one  of  thepi  }$ 
greater  than  the  other:  Let  A  be  the  greater;  tliep,  lq| 
what  was  shown  in  the  preceding  proposition)  there  ai^ 
some  equimultiples  of  A  and  B,  and  some  multiple  of  C 
such,  that  the  multiple  of  A  is  greater  than  the  multiple^ 
C,  but  the  multiple  of  B  is  not  greater  than  that  of  ^ 
Let  such  multiples  be  taken^  and  let  D»  Et^be  the  e^juimi^ 
tiples  of  A,  B,  and  F  the  multiple  of  C,  so  that  D  m^y  ]^ 
greater  than  F,  and  E  not  greater  than  F :  But,  becmusjpA 
is  to  C  as  B  is  to  C,  and  of  A,  B,  are  taken 
equimultiples  D,  E,  and  of  C  is  taken  a 
multiple  F ;  and  that  D  is  greater  than 
•  5  Bef.  5.  P ;  E  shall  also  be  greater  than  F» ;  but 

E  is  not  greater  than  F ;  which  is  im-  A 
possible ;  A  therefore  and  B  are  not  un- 
equal ;  that  is,  they  are  equal. 

Next,  let  C  have  the  same  ratio  to  each 
of  the  magnitudes  A  and  B ;  A  is  equal 
to  B :  For,  if  they  are  not,  one  of  them  B 
is  greater  than  the  other;  let  A  be  the 
greater;  therefore,  as  was  shown  in  Prop. 
8th,  there  is  some  multiple  F  of  C,  and  some  equimulti- 
ples E  and  D,  of  B  and  A  such,  that  F  is  greater  than  E, 
and  not  greater  than  D ;  but  because  C  is  to  B,  as  C  is  to 
A,  and  that  F,  the  multiple  of  the  iSrst,  is  greater  than  E, 
the  multiple  of  the  second ;  T^  the  multiple  of  the  tbirdp  iir 
greater  than  D,  the  multiple  of  the  fourth* :  But  F  is  notj 
greater  tlian  D,  which  is  impossible.  Therefore  A  is.  equal ' 
to  B.    Wherefore^  magnitudes  which,  &c,    Q.  E.  D« 
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PROP.  X.    THEOIL 

That  magnitude  which  has  a  greater  ratio  than  See  n. 
another  has  unto  the  same  naagnitude,  is  the  greater 
of  the  two :  And  that  magnitude  to  which  the  same 
has  a  greater  ratio  than  it  has  unto  another  magni- 
tude, is  the  lesser  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C  ;  A  is 
greater  than  B  :  For,  because  A  has  a  greater  ratio  to  C, 
mn  B  has  to  C,  there  are^  some  equlmuhiples  of  A  and  *  rDef.  5* 
B^  and  some  fnultipk  of  C  such,  that  the  multiple  of  A  is 
jreater  dum  the  muhiple  of  C,  but  the  multiple  of  Bis  not 
grenter  than  it :  Let  tnem  be  taken,  and 
let  D,  E  he  equimultiples  of  A,  B,  and 
F  a  nndtiple  of  C  such,  that  D  is  great-  D 

er  than  f,  but  E  is  not  greater  than  F  : 
Therefore  D  is  greater  than  E ;  And,  A 
because  D  and  E  are  equimultiples  of 
A  and  B,  and  D  is  greater  than  E ;  there- 
fore A  is  **  greater  than  B. ,  C        .  ^  4  Ax.  5. 

Next,  let  C  {.ave  a  greater  ratio  to  B 
than  it  has  to  A ;  B  is  less  than  A :  For^ 
diere  is  some  multiple  F  of  C^  and  some 
equimnttiples  E  and  D  of  B  and  A  such, 
duit  F  is  greater  than  E,  but  is  not  great- 
er than  D :  E  therefore  is  less  than  D ;  and  becanse  B 
and  D  are  equimultiples  of  B  and  A,  therefore  B  is^  kss 
thm  h*    The  magnitude,  therefore,  &c.    Q.  £•  D« 


H 


PROP.  XI.    THEOR. 

Ratios  that  are  the  same  to  tiie  same  ratio,  are 
the  same  to  one  another. 

l,et  A  be  to  B  as  C  is  to  D ;  and  as  C  to  D,  so  let  E  be 
to  F;  A  is  to  B,  as  E  to  F. 

Ti^eof  A,  C,  E,  any  equimultiples  whatever  G,  H,  K ; 
and  of  B,  D,  F,  any  equimultiples  whatever  L,  M,  N, 
Tlierefore,  since  A  is  to  B,  as  C  to  D,  and  G,  H  are  taken 
^equiowJtiptai  of  A,  C,  and  L,  M,  of  B,D^  ffGbe  greater 
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Booi  V.    than  L,  H  is  grca^tcr  than  M  ;  and  if  equal,  equal ;  and  if 

.  ^'^'v-^   ]ess,  less*.     Again,  because  C  is  to  D,  as  E  is  to  F,  and  H, 

•5  De£  5.  jj.  ^^g  ^^^^  equimultiples  of  C,  E ;  and  M,  N,  of  D,  F ; 

if  H  be  greater  than  M,  K  is  greater  than  N ;  and  if  equal, 

equal ;  and  if  les^  less :  But  if  G  be  greater  than  L^  h  has 


G II ^—     K 

A—  C E 


B ^ F 
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been  shown  that  H  is  greater  than  M  i  and  if  equal,  equal; 
and  if  less,  less ;  therefore  if  G  be  greater  than  L,  K  is  greater 
than  N ;  and  if  equal,  equal ;  and  if  less,  less :  And  G,  K 
are  any  equimultiples  whatever  of  A,  E ;  and  L,  N  any 
whatever  of  B,  F :  Tlierefore,  as  A  is  to  B,  so  is  E  to  F*. 
Wherefore,  ratios  that,  &c.    Q.  E.  D. 


PROP.  XII.    THEOR. 

If  any  number  of  magnitudes  be  proportioDalSy  qs 
one  of  the  antecedents  is  to  its  consequent, 'ao 
shall  all  the  antecedents  taken  together  be  to  all 
the  consequents. 

Let  any  number  of  magnitudes  A,  B,  C,  D,  E,  F,  be  pia» 
portionals ;  that  is,  as  A  is  to  B,  so  C  to  D,  and  E  to  F :  At 
A  is  to  B,  so  shall  A,  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,  C,  E  any  equimultiples  whatever  G,  H,  fe; 


H K 

C E 
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and  of  B,  D,  F  any  equimuhiples  whatever  L,  M,  N :  TImIv 
bfcagye  A  U  to^,  «s  C  is  to  D,  and  asEto  F;  aind  tliittG,^ 
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K  are  equimultiples  of  A,  C,  E,  and  Ij,  M,  N,  equimul-    Book  v. 
.  tiples  of  B,  D,  F^  if  G  be  greater  than  L,  H  is  greater   ^-^^v^^ 
^iaoM^and  K  greater  than  N;  and  if  equal,  equal;  and  if 
less,  Icss».  Wherefore,  if  G  be  greater  than  Jjy  then  G,  H,  K  *  5  Det  5, 
^Glgfether  are  greater  than  L,  M,  N  together :  and  if  qqual, 
^ual;  and  if  less,  less.     And  G,  and  G,  H,  K,  together 
are  any  equimultiples  of  A,  and  A,  C,  E  together;  because 
if  there  be  any  number  of  magnitudes  equimultiples  of  as 
JiJany,  each  of  each,  whatever  niuhiple  one  of  them  is  of 
its  part,  the  same  multiple  is  the  whole  of  the  whole** :  For  *  i.  5. 
the  same  reason  L,  and  l^,  M,  N  are  any  equimultiples  of 
B,  and  B,  D,  F:  As  therefore  A  is  to  B,  so  are  A,  C,  E, 
tc^pether  to  B,  D,  F  together.     Wherefore  if  any  number, 
&c.    Q.  E.  D. 

PROP.  XIII.    THEOR. 

I F  the  first  has  to  the  second  the  saoie  ratio  which  See  N, 
the  third  has  to  the  fourth,  but  the  third  to  the 
fourth  a  greater  ratio  than  the  fifth  has  to  the  sixth; 
the  first  shall  also  have  to  the  second  a  greater  ra- 
tio than  the  fifth  has  to  the  sixth. 

Let  A  the  first,  have  the  same  ratio  to  B  the  second, 
Vrluch  C  the  third,  has  to  D  the  fourth,  but  C  the  third,  to 
3D  the  fourth,  a  greater  ratio  than  E  the  fifth,  to  F  the  sixth : 
Also  the  first  A  shall  have  to  the  second  B  a  greater  ratio 
than  the  fifth  E  to  the  sixth  F. 

Because  C  has  a  greater  ratio  to  D,  than  E  to  F,  there 
are  some  equimultiples  of  C  and  E,  and  some  of  D  and  F 
such,  that  the  multiple  of  C  is  greater  than  the  multiple  of 
D,  but  the  multiple  of  B  is  not  greater  than  the  multiple 


Ttf G H 

-A C E 

B D F 

K K L 


^f  F»:  Let  such  be  taken,  and  of  C,  E,  let  G,  H  be  equi-*  7  Det  S. 
Multiples,  and  K,  L  equimultiples  of  D,  F,  so  that  G  be 
{Rater  than  K,  but  H  not  greater  than  L;  and  whatever  * 

^iltiple  G  is  of  C,  take  M  the  same  multiple  of  A;  and 
whatever  multiple  K  b  of  D,  take  N  the  same  multiple  .of 

K 
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Book  V.    B :  Then,  because  A  is  to  B,  as  C  to  D,  and  of  A  and  C, 

'^^^v^*^   M  and  G  are  equimultiples :  And  of  B  and  D,  N  and  K  are 
equimultiples;  if  M  be  greater  than  N,  G  is  greater  than 

<>ft  Def.  5.  K;  and  if  equal,  equal;  and  if  less,  less^;  but  G  is  greater 

^      than  K;  therefore  M  is  greater  than  N:  But  H  is  not 

greater  than  L;  and  M,  H  are  equimultiples  of  A,  E;  and 

N,  L  equimultiples  of  B,  F:  Therefore  A  has  a  greater 

c  7  Def.5.  ratio  to  B,  than  E  has  to  F*^.    Wherefore,  if  the  first,  &a 
Q.  E.  D. 

CoR.  And  if  the  first  have  a  greater  ratio  to  the  second, 
than  the  third  has  to  the  fourth,  but  the  third  the  same 
ratio  to  the  fourth,  which  the  fifth  has  to  the  sixth;  it  may. 
be  demonstrated,  in  like  manner,  that  the  first  has  a  greater 
ratio  to  the  second,  than  the  .fifth  has  to  the  sixth. . 

PROP.  XIV.    THEOR. 

See  N.  If  the  first  has  to  the  second,  the  same  ratio 
which  the  third  has  to  the  fourth;  then,  if  the  first 
be  greater  than  the  third,  the  second  shall  be  greater 
than  the  fourth;  and  if  equal,  equal;  and  if  less,  less. 

Let  the  first  A  have  to  the  second  B,  the  same  ratio 
which  the  third  C,  has  to  tfie  fourth  D;  if  A  be  greater 
than  C,  B  is  greater  than  D. 

Because  A  is  greater  than  C,  and  B  is  any  other  mag- 

■  8. 5.  nitudcj  A  has  to  B  a  greater  ratio  than  C  to  B»:  But,  as  A 

is  to  B,  so  is  C  to  D ;  therefore  also  C  has  to  D  a  greater 


••13. 
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ratio  than  C  has  to  B\  But  of  two  magnitudes,  that  to 
which  the  same  has  the  greater  ratio  is  the  lesser  ^  Where- 
fore D  is  less  than  B;  that  is,  B  is  greater  than  D« 

Secondly,  if  A  be  equal  to  C,  B  is  equal  to  D  :  For  A  is    • 
to  B,  as  C,  that  is,  A  to  D  :  B  therefore  is  equal  to  Y>K 

Thirdly,  if  A  be  less  than  C.  B  shall  be  less  than  D :  = 
For  e  is  greater  than  A,  and  because  C  is  to  D,  as  A  is 
B,  D  is  greater  than  B,  by  tlic  first  ease;  wherefore  B  !« 
tess  than  D.    Therefore,  if , the  first,  &c.     Q.  E,  D. 
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PROP.  XV.    THEOR. 


G 


Magnitudes  have  the  same  ratio  to  one  another 
which  their  equimultiples  have. 

Let  AB  be  the  same  multiple  of  C,  that  D£  is  of  F;  0 

is  to  P,  as  AB  to  D£. 

Because  AB  ia  the  same  multiple  of  C,  that  DE  is  of  F; 

tiiere  are  as  many  magnitudes  in  AB  equal    j^ 

tb  C,  aa  there  are  in  DE  equal  to  F :  Let 

AB  be  divided    into  magnitudes,   each 

equal  to  Q  viz.  AG,  GH,  HB ;  and  DE 

into  magnitudes,  each  equal  to  F,  viz. 

DK,  KL>  LE:  Then  the  number  of  the 

first  AG,  GH,  HB,  shall  be  equal  to  the  ]^. 

number  of  the  last  DK,  KL,  LE:  And 

because  AG,  GH,  HB  are  all  equal,  and 

that  DK,  KL,  LE,  are  also  equal  to  one 

another;thereforeAGistoDKasGHto    B   C     E    F 

KL,  and  as  HB  to  LE*;  And  as  one  of  the  antecedents  to  "T.  5. 
\ta  consequent,  so  are  all  tfie  antecedents  together  to  all  the 
consequents  together*';  wherefore,  as  AG  is  to  DK,  so  is *•  it. 5- 
AB  to  DE :  But  AG  is  equal  to  C,  and  DK  to  F :  Therefore, 
8s  C  is  to  F,  so  is  AB  to  DE.    Therefore  magnitudes,  &c. 
Q.E.D. 


D 
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PROP.  XVI.    THEOR. 

*^  four  magnitudes  of  the  same  kind  be  propor- 
^ooals^  they  shall  also  be  proportionals  when  taken 
^Hernately. 

^  Iiet  the  fi)Uf  magnitudes  A,  B^  C,  ]>,  be  proportionalr, 
^^%as  A  to  B>  so  C  to  D:  They  idiaH  also  he  pffoportionid« 
^^^iian  lakon  alternately;  that  is,  A  is  to  C,  aa  B  to  IX 

Taioa  of  A  tnd  B  any  equimuUiplaa  whatefer  £  and  F; 
^tiA  of  C  and  D  uke  any  Muipiultiplea  whatavai  G  and  li : 

K2 
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B/v)k  V.    and  because  E  is  the  same  multiple  of  A,  tbat  F  is  of  R, 
and  that  magnitudes  have  the  same  ratio  to  one  another 
15.  5.  which  tlieir  equimultiples  have  »;  therefore  A  is  to  B,  as  E 
is  to  F;  But  as  A  ,,  /^  ______ 

IS  to  B,  so  IS  C  to 


D ;  Wherefore  as  ^^ (j 

Ml.  5.  C  is  to  D,  so^  is 

E  to  F:   Again,  B '  D— 

because  G,  H  are    ^ 

'  equimultiples   of  ^  ii 

C,  D^  as  C  is  to  D,  so  is  G  to  H» ;  but  as  C  is  to  D,  so  is 
E  to  F.  Wherefore,  as  E  is  to  F,  so  is  G  to  H^.  But 
when  four  magnitudes  are  propbr-tionals,  if  the  first  be 
greater  than  the  third,  the  second  shall  he  greater  than  the 
*  i4.  5.  fourth ;  and  if  equal,  equal;  if  less,  less*^.  Wherefore,  if 
E  be  greater  tkan  G,  F  likewise  is  greater  than  H:  and  if 
equal,  equal ;  if  less,  less :  And  E,  F  are  any  equimultiples 
whatever  of  A,  B ;  and  G,  H  ajiy  whatever  of  C,  D.  There- ' 
*  h  Def.  5.  fore  A  is  to  C  as  B  to  D^.  If  then  four  njagnitudes,  &c, 
Q.  E.  D. 


PROP.  XVIL    THEOR. 

$««N.  If  magnitudes,  taken  jointly,  be  proportionals, 
they  shall  also  be  proportionals  when  taken  sepa- 
rately; that  is,  if  two  magnitudes  together  have  to 
one  of  them  the  same  ratio  which  two  others  have 
to  one  of  these,  the  remaining  one  of  the  first  two 
shall  have  to  the  other  the  same  ratio  which  the 
remaining  one  of  tlie  last  two  has  to  the  other  of 
tliese. 

Let  AB,  BE,  CD,  DF  be  the  magnitudes  taken  jointly 
which  are  proportionals;  that  is,  as  AB  to  BE,  so  is  ClJ 
to  DF :  they  shall  also  he  )>ruportionals  taken  separately, 
viz.  as  AE  to  EB,  so  CF  to  FD. 

Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever 
GH,  HK,  LM,  MN :  and  a^rain,  of  EB,  FD  take  any  equi- 
multiples  whatever  KX,  NP:  And  because  GH  is  the  same 
multiple  of  AE,  that  HK  is  of  EB,  wherefore  GH  is  the 
"  1.  5.  same  multiple'  of  AE,  that  GK  is  of  AB:  But  GH  is  the 
MV9ve  multiple  ef  AE,  that  LM  ii  ef<;F;  wherefore  GK  k 
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"  :>  Def.  v>. 
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D 


F 
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the  same  multiple  of  AB,  that  LM  is  of  CF.     A^in,  be-    Book 
cause  LM  is  the  same  multiple. of  CF,  that  MN  is  of  ^""'^ 
FDj  therefore  LM  is  the  same  multiple^  of  CJF,  thatM.n. 
LN  is  of  CD :  But  LM  was  shown  to  be  the  same  multiple 
of  CF,  that  GK  is  of  AB;  GK  therefore  is  the  same  mul- 
tiple of  AB,  that  LN  is  of  CD;  that  is,  GK,  IjN  are  eqni- 
multiples  of  AB,  CD.  Next,  because  HK  is  the  same  mul- 
tiple of  EB,  that  MN  is  of  FD;  and  that  KK  is  also  the 
samemultiple  of  EB,  that  NP  is  of  FD ; 
therefore  HX  is  the  same  multiple^*  of 
EB,  that  MP  is  of  FD.     And  because 
ABis  to  BE,  as  CD  is  to  DF,  and  that 
of  AB  and  CD,  GK  and  LN  are  equi- 
multiples,  and  of  EB  and  FD,  HX  and 
MPareequimultiples ;  if  GK  be  greater 
than  HX,  then  LN  is  greater  than  MP; 
and  if  equal,  equal;  and  if  less,  less*^;  *j 
But  if  GH  be  greater  than  KX,  by  ^ 
adding  the  common  part  HK  to  both, 
GK  is  greater  than  HX;   wherefore 
also  LN  is  greater  than  MP;  and  by 
taking  away  MN  from  both,  LM  is 
greater  than  NP:  Therefore,  if  GH  be 
greater  than  KX,  LM  is  greater  than    G     A     C       L 
NP,    In  like  manner  it  may  be  demonstrated,  that  if  GH 
be  equal  to  KX,  LM  likewise  is  equal  to  NP;  and  if  less, 
^ess:  A'nd  GH,  LM  are  any  equimultiples  whatever  of  AE, 
CF,  and  KX,  NP  are  any  whatever  of  EB.  FD.    There- 
foreS  as  AE  is  to  EB,  so  is  CF  to  FD.    If  then  magni- 
tudes,  &c.     Q.  E.  D. 

PROP.  XVIII.    THEOR. 

If  magnitudes,  taken  separately,  be  proportionals^  Sec  N. 
they  shall  also  be  proportionals  vtrhen  taken  jointly, 
Aat  is,  if  the  first  be  to  the  second,  as  the  third  to 
the  fourth,  the  first  and  second  together  shall  be  to. 
^he  second,  as  the  third  and  fourth  together  to  the 
fourth. 

Let  AE,  EB,  CF,  FD  be  proportionals ;  that  is,  as  AE 
^^  £B,  so  is  CF  to  FD ;  they  shall  also  be  proportionals 
'^en  taken  jointly;  that  is,  as  AB  to  BE,  so  CD  to  DF. 

Take  of  AB,  BE,  CD,  DF  any  equimultiples  whatever 
GH,  HK,  LM,  MN :  and  again,  of  BE,  DF,  take  any 
^atever  equimultiples  KO,  NP :  And  because  KO,  NP^ 
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Book  V.  are  equimultiples  of  B%  DF;  and  that  KH,  NM  &re  equl- 
"-"v-^  multiples  likewise  of  BE,  DP,  if  KO,  the  multiple  of  BE, 
be  greater  than  KH,  which  is  a  multiple  of  the  same  BE; 
NP,  likewise  the  multiple  of  DF,  pj 
shall  be  greater  than  MN,  the  mul- 
tiple of  the  same  DF ;  and  if  KO  0 
be  equal  to  KH,  NP  shall  be  equal 
to  HM;  and  if  less,  less. 

First,  let  KO  not  be  greater  than 
KH,  therefore  NP  is  not  greater  K|- 
thaa  NM :  And  because  GH, 
HK,  are  equimultiples  of  AB, 
BE,  and  that  AB  is  greater  than 
•3  Ax.  5.  BE,  therefore  GH  is  greater « 
than  HK  5  but  KO  is  not  greater 
than  KH,  wherefore  GH  is  greater 
than  KO.  In  like  manner  it  may 
be  shown,  that  LM  is  greater  than  /^ 
NP.  Therefore,  if  KO  be  not  greater 
that  KH,  then  GH,  the  multiple  of  AB,  is  atR'Hys  greatM* 
than  KO,  the  multiple  of  CD ;  and  likewise  LM,  the  mttl- 
tiple  of  BE,  greater  than  NP,  the  mukiple  of  DF. 

Next,  Let  KO  be  greater  than  KH :  thercfiwrc,  ais  hi^ 
been  shown,  NP  is  greater  than  NM:   And  because  the 
whole  GH  is  the  same  multiple  of  the  whole  AB,  that  HK 
is.  of  BE,  the  remainder  GK  is  the  same  multiple  <Jf  the 
^5.  5.  remainderAEthatGHifiof  AB*>5    ^ 
which  is  the  same  that  LM  is  of  ^ 
CD.    In  like  manner,  because  LM  ^ 
is  the  same  multiple- of  CD,  that 
MN  is  of  DF,  the  remainder  LN 
is  the  .same  multiple  of  the  re- 
mainder CF,  that  the  whole  LM  |^ 
is  of  the  whole  CD**:  But  it  was 
shown  that  LM  is  the  same  mul- 
tiple of  CD,  that  GK  is  of  AE ; 
therefore  GK  is  the  same  multiple 
of  AE,  that  LN  is  of  CF;  that  is, 
GK,  LN  are  equimultiples  of  AE,  g 
CF:    And  because  KO,  NP  are* 
equimultiples  of  BE,  DF,  if  from  KO,  NP,  thei^  betaken 
KH,  NM,  which  are  likewise  equimultiples  of  BE,  DF, 
the  remainders  HO,  MP  are  eitlier  equal  to  BE,  DF,  or 
«6.  5.  equimultiples  of  them^     First,  let  HO,  MP  be  equal  to 
BE,  DF;  and  because  AE  is  WE8,  as  CF  to  FD,  and 
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that  GK,  LN  arc  equimultiples  of  AE,  CK  i  GK  shall  be   Boo»  v. 
toEB,  as  LN  to  FD*:  But  HO  is  equal  to  EB,  and  MP  ^  iT^TT 
to  ED ;  wherefore  GK  is  to  HO,  as  LN  to  MP.    If  theoe-  .     *  *^  ^• 
fore  GK  be  greater  than  HO,  LN  is  greater  than  MP;  and 
if  equal,  equal ;  and  if  less*,  less.  •  A.  5. 

But  let  HO,  MP  be  wuimultiples  of  EB,  FD ;  and  be- 
cause AE  is  to  EB,  as  CF  to  FD,  and  that  oi  AE,  CF  are 
taken  equimultiples  GK,  LN ;  and  of  EB,  FD,  the  eoui- 
multiples  HO,  MP ;  if  GK  be  greater  than  HO,  LN  is 
greater  than  MP ;  and  if  equal,  q 
equal;  and  if  less,  less^;  which  was 
likewise  shown  in  the  preceding 
case.  If  therefore  GH  be  greater 
than  KO,  taking  KH  from  both,  H 
GK  is  greater  tihan  HO ;  where- 


'5Dcf.  5. 
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fore  also  LN  is  greater  than  MP ; 

and  consequently  adding  NM  to 

both,  LM  is  greater  than  NP:  RJ- 

Therefore,  if  GH  be  greater  than  g 

KO,LM  is  greater  than  NP.     In 

like  manner  it  may  be  shown,  that  £ 

if  GH  be  equal  toiCO,  LM  is  eoual 

toNP;  and  if  less,  less.     And  in  ^, 

Ae  case  in  which  KO  is  not  great-  ^ 

erthan  KH,  it  has  been  shown  that  GH  is  always  greater 

than  KO,  and  likewise  LM  than  NP  :   But  GH,  LM  are 

any  equimultiples  of  AB,  CD,  and  KO,  NP  are  any  what- 

c'^er  of  BE,  DF ;  therefore  f,  as  AB  is  to  BE,  so  is  CD  to 

^.    if  then  magnitudes,  &c.    Q.  E.  D. 


PROP.  XIX.    THEOR. 

^^^  a  whole  magnitude  be  to  a  whole,  as  a  magni-  sceN. 
^^de  taken  from  the  first,  is  to  a  magnitude  taken 
from  the  other ;  the  remainder  shall  be  to  the  re- 
mainder, as  the  whole  to  the  whole. 

I^et  the  whole  AB,  be  to  the  whole  CD,  as  AE,  a  m^ni« 
^f)e  tiken  from  AB,  to  CF^  a  magnitude  taken  from  CD ; 
^^e  remainder  EB  shall  be  to  the  remainder  ED,  as  the 
^<4kole  AB  to  the  whole€D. 

Because  AB  is  to  CD,  as  AE  to  CF;  likewise  alterntte- 


,  / 
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BooiVj   lya^  BA  is  to  AE,  as  DC  is  to  CF;  and  because     ^ 
^^•^    if  magnitudes,  taken  joiutly,  be  proportionals, 

''17*  5!  *^^y  ^^^  ^^^^  proportionals^  when  taken  se^Mi- 
rately;  therefore,  as  BE  is  to  EA,  so  is  DF  to 
FC,  and  alternately,  as  BE  is  to  DF,  so  is  EA  to  .  E 
FC :  But,  as  AE  to  CF,  so  by  the  hypothesis,  is 
AB  to  CD:  therefore  also  BE,  the  remainder, 
shall  be  to  the  remainder  DF,  as  the  whole  AB 
to  the  whole  CD  :  Wherefore,  if  the  whole,  &c. 

Q.E.D.  D      n 

Cor.  If  the  whole  be  to  the  whole,  as  a  mag-      B      D 
nitude  taken  from  the  first,  is  to  a  magnitude  taken  from 
the  other  5  the  remainder  likewise  is  to  the  remainder ;  as 
the  magnitude  taken  from  the  first  to  that  taken  from  the 
other :  The  demonstration  is  contained  in  the  precediDg, 


PROP.  E.    THEOR. 


•17. 
*18. 


If  four  magnitudes  be  proportionals,  they  are  also 
proportionals  by  conversion  :  that  is,  the  iirst  is  to 
its  excess  above  the  second,  as  the  third  to  its  ex- 
cess above  the  fourth. 


Let  AB  be  to  BE,  as  CD  to  DF ;  then  BA 
is  to  AE,  as  DC  to  CF. 

Because  AB  is  to  BE,  as  CD  to  DF,  by  di- 

5  vision%  AE  is  to  EB,  as  CF  to  FD ;  and  by  in- 

5!  version  ^  BE  is  to  EA,  as  DF  to  FC.   Where- 

5-  fore,  by  composition*^,  BA  is  to  AE,  as  DC  is 

to  CF :  If,  therefore,  four,  &c.     Q.  E.  D. 


B     D 


PROP.  XX.     THEOR. 


See N.  If  there  be  three  magnitudes,  and  other  three* 
which,  taken  two  and  two,  have  the  same  ratio ; 
if  the  first  be  greater  than  the  third,  the  fourth 
shall  be  greater  than  the  sixth,  and  if  equal,  equal ; 
and  if  less,  less. 


!a  b   c 
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LctA,B,C,  be  three  mngnitudes,  anrl  D,  K,  Fotlier  three, 
whJcli,  btken  two  and  two,  have  the  same  ratio,  viz.  as  A  is 
tiilijSuisDioE;  andasBt(iC,soisE  toF.  i 
ll  A  be  greater  than  C,  Dshall  be  greater  tiian 
F ;  and  jf  equal,  equal ;  and  if  less,  less. 

Because  A  is  greater  tluui  C,  and  B  is  any 
utiier  magnitude, 'and  that  the  greater  !»«  to 
tb  same  magnitude  a  greater  rntio  than  the 
less  lias  to  it  =  i  therefoii;  A  has  to  B  a  greater 
ratio  tiian  C  lias  to  B  :  But  as  D  is  to  E,  so 
ii  A  to  B ;  therefore  ^  D  has  to  E  a  greater  '  ■ 
ratio  tliaa  C  to  B ;  and  because  B  is  to  C,  as  Q  p>  jc 
E  to  F,  by  inversion,  C  is  to  B,  as  F  is  to  E }  1  T  I 
aiid  D  was  slionn  to  ha\e  to  E  a  greater  ra-  I  I  I 
liolhanCtoB  ;  thereforeD  has  to  E  a  greater  I  |  I 
ralioihanF  toE=,  But  the  magnitude  which  '  ' 

ba$  a  greater  ratio  tliaji  another  to  the  same  magnitude,  is 
the  greater  of  the  two"";  D  is  therefore  greater  than  F.        * 

Secondly,  Let  A  be  equal  to  C ;  D  shall  be  equal  to  F : 
Because  A  and  C  arc  equal  to 
one  another,  A  is  to  B,  as  C  is  to 
B':  But  A  is  to  B,  as  D  toE; 
and  C  is  to  B,  as  F  to  E ; 
wherefore  D  is  to  E,  as  F  tc  E  f } 
and  therefore  D  is  equal  to  Fs.  ABC 

Next,  Let  A  be  less  than  C  ; 
D  shall  be  less  than  F :  For  C  is  1)     I'-     V 
greater    than '  A,   and,    as   v 
shown  in  the  first  case,  C  is  to 
B,  as  F  to  £,  and  in  like  man- 
ner, B  is  to  A,  as  E  to  D ;  there- 
fore F  is  greater  than  D,  by  the 
first  case ;  and  therefore  D  is  less  than  F.    'Ilierefore,  if 
there  he  three,  &c.     Q.  E.  D. 


E    I' 


PROP.  XXI.    THEOR. 

If  there  be  thfee  magnitudes,  and  other  three,  See«. 
which  have  the  same  ratio  taken  two  and  two,  but 
in  a  cross  order ;  if  the  first  magnitude  be  greater 
than  tbe.third,  the  fourth  shall  be  greater  than  the 
sixth ;  aad  if  equal>  equal ;  and  if  less,  less. 
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Boo«  V.  Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  olber 
^"^"^^"^  three,  which  have  the  same  ratio,  taken  two  and  two,  but  in 
a  cross  order,  viz.  as  A  is  to  B,  so  is  E  to  F, 
and  as  B  is  to  G,  so  is  D  to  E.  If  A  be  great- 
er than  C,  D  shall  be  greater  than  F;  and  if 
equal,  equal ;  and  if  less,  less* 

Because  A  is  greater  than  C,  and  B  is  any 

*  8. 5.  other  magnitude,  A  has  to  B  a  greater  ratio* 

than  C  has  to  B :  But  as  E  to  F,  so  is  A  to  B : 
^  13. 5.  tlicrefore*'  E  has  to  F  a  greater  ratio  than  C 

to  B  :  And  because  B  is  to  C,  as  D  to  E,  by  "• 
inversion,  C  is  to  B,  as  E  to  D :  And  E  was 
shown  to  have  to  F  a  greater  ratio  than  C  to  -  3 
B ;  therefore  E  has  to  F  a  greater  ratio  thaij 
*"  Coir.  13. 5.  E  toD^ ;  but  the  magnitude  to  which  the  same 
has  a  greater  ratio  than  it  has  to  another,  is 
«»  JO.  5.  the  lesser  of  the  two<*:  F  therefore  is  less 
than  D  5  that  is,  D  is  greater  than  F. 

Secondly,  Let  A  be  equal  to  C ;  D  shall  be  equal  to  F. 

*  7.  5.  Because  A  and  C  are  equal,  A  is®  to  B,  as  C  is  to  B :  But 

A  is  to  B,  as  E  to  F ;  and  C  is 

to  B,  as  E  to  D ;  wherefore  E 
'11. 5.  is  to  F,  as  E  to  Df;  and 
« 9.  5.  therefore  D  is  equal  to  F&. 

Next,  Let  A  be  less  than  C ; 

D  shall  be  less  than  F :  for  C 

is  greater  than  A,  and,  as  was 

shown,  C  is  to  B,  as  E  to  D, 

and  in  like  manner  B  is  to  A,  D 

as  F  to  E ;  therefore  F  is  great- 
er than  D,  by  case  first ;  and 

therefore,  D  is  less  than  F. 

Therefore,  if  there  be  three, 

&c.    Q.  E.  D. 


1      » 
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PROP.  XXII.    THEOR. 

Sec  N.  I F  there  be  any  number  of  magnitudes,  and  as  many 
other,  which,  taken  two  and  two  in  order,  have  the 
same  ratio ;  the  first  shjill  have  to  the  last  of  the 
first  magnitudes  the  same  ratio  which  the  first  of 
the  others  has  to  the  last.  N.  B.  This  is  usuaiiy 
cited  by  the  words  "  ex  dpyuati^*'  or  *'  er  styuo.^' 
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First,  Let  there  be  tbree  magnitodes  A,  B,  C,  and  as   Bom  V. 
many  ctfbers  D,  E,  F,  which,  taken  two  and  two,  have  the   ^'^'^'"^ 
same  ratio :  that  is,  tuch  that  A  is  to  B  ns  D  to  E ;  and  as 
B  is  to  C,  so  is  E  to  F ;  A  shall  be  to  C.  as  D  to  F. 

Take  of  A  and  D  any  equimultiple*  whatever  G  and  H  ; 
and  of  B  and  E  any  equimutii-     , 
pies  whatever  K  and  L;  and  of 
C  and  F  any  whatever  M  and 
N  ;  Tlien  becsnse  A  is  to  B,  as 


D  toB,  and  tfaat  G,  H  bk  raui-     I 
-        ■  K,  L  A 


MiitH{des  of  A,  i>,  and  K;  L  A     Jj    C        1>   £    F 
equimultiplet  <^B,  E;  as  G  is 

toK^so  U«  H  to  L:  For  tbe   <}    K   _M        H  J^    3 
ame  Feason,  K  is  to  M,  aa  L  to 
N ;  aodWcause  there  are  three 
magnitudes  G,  K,  M,  and  other 
Aree  H,  L,  N,  wfiich,  two-and 
twOyharethe  same  ratio ;  if  G 
he  gta/Ur  than  M,  H  is  greater 
than  N;  and  if  equal,  equal; 
■b4  if  less,  less)* ;  and  G,  H  aiv 
tny  equimultiples  whatever  of  A,  D,  and  M,  N  arc  any 
equimultiples  whatever  of  C,P:  Therefore',  as  A  is  to C,' 
■0  is  D  to  F. 
Next  let  there  be  four  magnitntles,  A,  B,  C,  D,  and  other 

fanr  E,  F,  G,  H,  which,  two  and  two,  have 

the  same  ratio,  viz.  asA  btoB,  soisE  tol  \  B.  C  D.  1 
.  F;  and  as  B  to  C,  so  F  to  G ;  andas  C  to   e!  F  G.  H. 

D,  so  G  to  H :  A  shall  be  to  D,  as  E  to  H. ■■ ' 

Because  A,  B,  C,  are  three  magnitudes,  and  E,  F,  G, 
etber  three,  whidi,  taken  two  and  two,  have  the  saine  rs- 
tio;  by  the  fore»>ing  casc^  AistoC,  asEtoG:  But  C  is 
B)  D,  as  G  is  to  H ;  wherefore  again,  by  the  first  case,  A  is 
10  D,  as  £  to  H;  and  so  on,  w^atfver  be  die  number  of 
magnitudes.  Therefore,  if  diere  be  any  number,  &c. 
Q.E.D. 


THE    ELEMENTS 


PROP.  XXIII.    THEOB. 


I.  If  there  be  any  number  of  magnitudes,  and 
many  others,  which,  taken  two  and  two,  in  a  cr< 
order,  have  the  same  ratio ;  the  6rst  shall  have 
the  last  of  the  first  magnitudes  the  same  ra 
which  the  first  of  tlie  others  has  to  the  last.  N. 
This  is  usually  cited  by  the  words  "  ex  aquaU 
proportioue  perturbata  ;"  OT  "  ex  aquo  pcrturbati 

First,  Let  there  be  three  magnitudes  A,  B,  C,  nnd  otl 
three,  D,  E,  F,  which,  taken  two  and  two,  in  a  cross  ore 
have  the  same  ratio,  tliat  is,  such  that  A  is  to  B,  as  E  to 
and  as  B  is  to  C,  so  is  D  to  E ;  A  is  to  C,  as  D  to  F. 

'I'ake  of  A,  B,  D  any  equimultiples  wliatever  G,  H, 
and  of  C,  E,  F  any  equimultiples  wiiatever  L,  M,  N  :  & 
because  G,  H  are  equimultiples 
of  A,  B,  and  that  magnitudes  . 
have  the  same  ratio  which  their  | 

s.  equimultiples  h!»ve*:  as  A  is  to 
B,  so  is  G  to  H ;  And  for  the 
same  renson,  as  E  is  to  F,  so  is  I      m     f\ 
MtoN:  «■—'  *  :— ■«  --^    ^    ^ 


^Gr  H   L 


K  M 


is  E  to  F  ;  as  therefore  G  is 
•11.5.  H,  so  isMtoN''.  And  because  '^ 

as  B  is  to  C,  so  is  U  to  %  and 

that  H,  K,  are  crjuimultiples 

ofB,D,andL,M  ofC,E;as 
i*.  5. His  to  L,  60  is'^KtoM:,  And 

it  has  been  shown  that  G  is  to 

H,  as  M  to  N :  Then  because 

there  are  three  magnitudes  G, 

H,  L,and  other threeK,M,N, 

which  havethe  same  ratio  taken 

two  and  two  in  a  cross  order ;  if  G  be  greater  than  Ij,  I 
* fl. 5. greater  than  N:  and  if  equal, equal;  and  if  less,  less^;£ 

G,  K  are  a^y  equimultiples  whatever  of  A,  D ;  and  L 

any  whatever  of  C,F;  as,  therefore,  AistoC,sois  D  tc 
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Next,  let  there  be  four  magnitudes,  A,  B,  C,  D,  arid    ^^  V. 
other  tour  E,  F,  G,  H,  which,  taken  two  and 


A.B.C.D. 
E.F.G.H. 


two,  in  a  cross  order,  have  the  same  ratio,  viz. 
A  to  B,  as  G  to  H  ;  B  to  C,  as  F  to  G  ;  and  C 
to  D,  as  E  to  P :  A  is  to  D,  as  E  to  H. 

Because  A,  B,  C,  are  three  magiiitudes,  and  F,  G,  H 
othcr'three,  which,  taken  two  and  two,  in  a  cross  order, 
have  the  same  ratio ;  by  the  first  case,  A  is  to  C,  as  E  to 
H;  but  C  is  to  D,  as  E  is  to  F  ;  wherefore  agnln,  by  the 
first  case,  A  is  to  D,  as  E  to  H  :  And  so  on,  whatever  be 
the  number  of  magnitudes.  Therefore,  if  there  be  any 
Dumber,  &c.    Q.  J^.  D. 


PROP.  XXIV.    THEOU. 

If  the  first  has  to  the  second  the  same  rtitiosee.\ 
which  the  third  has  to  the  fourth  ;  and  the  fifth  to 
the  second,  the  same  ratio  which  the  sixth  has  to 
the  fourth ;  the  first  and  fifth  together  shall  have 
to  the  second,  the  same  ratio  which  the  third  and 
sixth  together  have  to  the  fourtli. 

Let  AB  the  first,  have  to  C  the  second,  the  same  ratio 
which'  DE  the  third  has  to  F  the  fourth;  and  let  BG  the 
fifth  have  to  C  the  second,  the  same  ratio 
which  EH  the  sixth,  has  to  F  the  fourth ;  ^ 
AG,  the  first  and  fifth  together,  shall  H 

have  to  C  the  second,  the  same  ratio 
which  DH,  the  third  and  sixth  together,  d  ^ 
has  tQ  F  the  fourth. 

Because  BG  is  to  C,  as  EH  to  F ;  by 
inversion,  C  is  to  BG,  asFto  EH :  And 
because,  as  AB  is  to  C,  so  is  DE  to  F : 
and  as  C  to  BG,  so  F  to  EH ;  ex  eequa- 

liS  AB  is  to  BG,  as  DE  to  EH  :  And  •  t«.  5. 

because  these  magnitudes  are  proportion-    a 
als,  they  shall  likewise  be  proportionals 
I  when  taken  jointly  ^ ;  as  therefore  AG  is  to  GB,  so  is  DH  *  ig.  5. 
to  IJE  :  but  as  GB  to  C,  so  is  HE  to  F.     Therefore  ex 
»jiali»,  as  AG  is  to  C,  so  is  DH  to  F.    Wherefore,  if  the 
first,  &c.    Q.E.D. 

Cor.  I.  If  the  same  liypothesis  be  made  as  in  the  propo- 
iition,  the  excess  of  the  nrst  si^nd  fifth  shall  be  to  the  second, 


C    D    F 
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Boo»  V.  as  the  excels  of  the  third  and  sixth  to  the  fourth  ;  Tl»e  c 
nionstration  of  this  is  the  same  with  that  of  the  t)ropositu 
if  division  be  used  instead  of  compositioD, 

Cor.  2.  The  proportion  hold9  trao  of  two  nwiks  of  in< 
nitudes,  whatever  be  their  number,  of  which  each  o^  t 
first  rank  has  to  the  second  magnitude  the  same  mti^  tfi 
the  corresponding  one  of  the  second  rank  has  to  a  fpuli 
magnitude ;  as  is  manifest 


PROP.  XXV.    THEOR, 

If  four  magnitudes  of  the  same  kind  are  propoi 
tionals,  the  greatest  and  least  of  them  together  ar 
gieater  than  the  other  tn-o  together. 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportiot 
afc,  viz.  AB  to  CD,  as  E  to  F;  and  let  AB  be  the  greate 

,A.  &  14.5.  of  them,  and  consequently  F  the  least*   AB,  together  wit 
F,  are  greater  than  CD,  to^et\\et  with  E, 

Take  AG  equa^to  E,  and  CH  equal  to  F :  Then  becai* 
as  AB  is  to  CD,  so  is  E  to  F,  and  that  AG  is  equal  tQ  1 
and  CH  equal  to  F,  AB  is  to  CD,  as  AG 
to  CH.  And  because  AB  the  whole,  is 
to-  the  whole  CD,  as  AG  is  to  CH,  like- 
wise the.  remainder  GB  shall  be  to  the 
remainder  HD,  as  the  whole  AB  is  to  the 
••19.  5.  whole *>  CD  :  But  AB  is  greater  tlian 
« A.  5.  CD,  therefore  ^  GB  is  greater  than  HD : 
And  because  AG  is  equal  to  E,  and  CH 
to  F  ;  AG  and  F  together  are  equal  to 
CH  and  E  together.    If  therefore  to  the 

♦  unequal  magnitudes  GB,  HD,  of  which 

GB  is  the  greater,  there  be  added  equal  magnitudes)  ^ 
to  GB  the  two  AG  and  F,  and  CH  and  E  to  HD ,-  AB  • 
F  together  are  greater  than  CD  and  E.  Tbereforajiif  ft 
magnitudes,  &c.     Q.  E.  D. 


B 


D 

H 
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SeeN.  Ratios  which  are  compounded  of  the  same 
tios^  are  the  same  with  one  another. 
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LetAbetoBjasDtoEj  and  B  toC,  as  EtoF:  The   Book  v. 
"alio  which  is  compounded  of  tiie  ratios  of 


A.  B.   C. 
D.  E.  F. 


A  to  B9  and  B  to  C,  which  by  the  de6ni- 

don  of  compound  ratio,  is  the  ratio  of  A  to 

C)  is  the  same  with  the  ratio  of  D  to  F, 

which  by  the  same  definition  is  compounded  of  the  ratios 

ofD  toE,andEtoF. 

Because  there  are  three  magnitudes^  A,  B^  C,  and  three 

otheh  D,  E,  F,  which,  taken  two  and  two,. in  order,  have 

the  same  ratio :  ex  fiequali  A  is  to  C,  as  D  to  F^. 
Next,  let  A  be  to  B,  as  E  to  F,  and  B  to  C,  as  D  to  E ; 

therefore,  ex  wquali  in  proportione  perturhata^,  A  is  to  C,  ^  23. 5. 

as  D  to  F ;  that  is,  the  ratio  of  A  to  C,  which 


X2. 


A.  B.  C. 
D.  E.  F. 


is  compounded  of  the  ratios  of  A  to  B,  and  B 
to  C,  is  the  same  with  the  ratio  of  D  to  F, 
wfaiph  is  compounded  of  the  ratios  of  D  to  E, 
and  E  to  F :  And  in  like  nmnner  the  proposition  may  be  de- 
monstrated, whatever  be  the  number  of  ratios  in  either  case. 


PROP.  G.    THEOR. 

If  several  ratios  be  the^  same  with  several  ratios,  See  n 
each  to  each;  the  ratio  which  is  compounded  oif 
ratios  which  are  the  same  with  the  first  ratios,  each 
to  each,  is  the  same  with  the  ratio  compounded  of 
ratios  which  are  the  same  with  the  other  ratios, 
each  to  each. 

Let  A  be  to  B,as  E  to  F;  andCtoD,as  G  toil :  Ami 
let  A  be  to  B,  as  K  to  L ;  and  C  to  D,  as  L  to  M  ;  Then 
the  ratio  of  K  to  M,  by  tlie  de- 
fioi^n  of  compound  ratio,  is 
compounded  of  the  raiios  of  Kto 
'  L^  and  L  to  M,  which  are  the 


A.B.c.D.  k.l;m. 

E.  F.  G.  H.     N,  O.  P. 


ime  with  the  ratios  of  A  to  B,  and  C  to  D :  And  as  E  to 
F,  so  let  N  be  to  O ;  and  as  G  to  H,  so  let  O  be  to  P ; 
tkn  the  ratio  of  N  to  P,  is  compounded  of  the  ratios  of  N 
to  0,  and  O  to  P,  which  are  the  same  with  the  ratios  of  E 
toF,  and  G  to  H  :  And  it  is  to  be  shown  that  the  ratio  of 
K  to  M,  is  the  same  with  tlie  ratio  of  N  to  P,  or  that  K  is 
to  M,  as  N  to  P. 

Because  K  is  to  L,  as  (A  to  B,  that  is,  as  E  to  F,  that  is, 
^N  to  O;  and -as  L  to  M)  so  b  (C  to  D,  and  so  is  G  to 
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Book  V.    H,  and  so  is  O  to  P :)  Ex  aequali*  K  is  to  M,  as  N  to  I 
^'^'^^^'^   Therefore,  if  several  ratios,  &c.     Q.  E.  D. 


PROP.  H.    TKEOR. 

seeN.  If  a  ratio  compounded  of  several  ratios  be  the  same 
with  a  ratio  compounded  of  any  other  ratios,  and  ii 
one  of  the  first  ratios,  or  a  ratio  compounded  of  any 
of  the  first,  be  the  same  with  one  of  the  last  ratios, 
or  with  the  ratio  compounded  of  any  of  the  last; 
then  the  ratio  compounded  of  the  remaining  ratios 
of  the  first,  or  the  remaining  ratio  of  the  first,  ii 
but  one  remain,  is  the  same  with  the  ratio  com- 
pounded of  those  remaining  of  the  last,  or  with  the 
remaining  ratio  of  the  last. 

Let  the  first  ratios  be  those  of  A  to  B,  B  to  C,  C  to  D, 
D  to  E,  and  E  to  F ;  and  let  the  other  ratios  be  those  of  G 
to  H,  H  to  K,  K  to  L,  and  L  to  M ;  also,  let  the  ratio  of 

•  Definition  A  to  F,  which  is  compounded  of  ^ 

of  com-       the  first  ratios,  be  the  same  with  the 

pounded      ra^JQ  qJ-  q  tQ   ]y|    ^hich  is  com- 

I*ftLlO 

pounded  of  the  other  ratios ;  And 
besides^  let  the  ratio  of  A  to  D, 
which  is  compounded  of  the  ratios  of  A  to  B,  B  to  C,  C  to 
D,  be  the  same  with  the  ratio  af  G  to  K,  which  is  com- 
pounded of  the  ratios  of  G  to  H,  and  H  to  K :  Then  the 
ratio  compounded  of  the  remaining  first  ratios,  to  wit,  ol 
the  ratios  of  D  to  E,  and  E  to  F,  which  compounded  ratio 
is^  the  ratio  of  D  to  F,  is  the  same  with  the  ratio  of  K  to  M, 
which  is  compounded  of  the  remaining  ratios  of  K  to  L. 
and  L  to  M  of  the  other  ratios. 

Because,  by  the  hypothesis,  A  is  to  D,  as  G  to  K,  by  in- 
«•  B.  5.  version*^,  D  is  to  A,  as  K  to  G ;  and  as  A  is  to  F,  so  is  G  tc 
'-  22. 5.  M ;  therefore*^,  ex  aequali,  D  is  to  F,  as  K  to  M.     If  there- 
fore a  ratio  which  is,  &c.     Q.  E.  D, 


A.  B.  C.  D.  E.  F. 
G.  H.  K.  L.  M. 
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PROP.  K.    THEOR. 

If  there  be  any  number  of  ratios,  and  any  num-  Se«N, 
bar  of  other  ratios  such,  that  the  ratio  compound- 
ed of  ratios  which  are  the  same  with  the  first 
ratios,  each  to  each,  is  the  same  with  the  ratio 
compounded  of  ratios  which  are  the  same,  each  to 
each,  with  the  last  ratios  y  and  if  one  of  the  first 
ratios,  or  the  ratio  which  k  compounded  of  ratios  ^ 
which  are  the  same  with  several  of  the  first  ratios, 
each  to  each,. be  the  same  with  one  of  the  last  ra- 
tios, or  with  the  ratio  compounded  of  ratios  which 
*  are  the  same,  each  to  each,  with  several  of  the  last 
ratW :  Then  tlie  ratio  compounded  of  ratios  which 
are  the  same  with  the  remainmg  ratios  of  the  first, 
each  to  each,  or  the  remaining  ratio  of  the  first,  if 
but  one' remain  ;  is  the  same  with  the  ratio  com* 
pounded  of  ratios  which  are  the  same  with  those 
remsdning  of  the  last,  each  to  each,  or  with  the  re- 
maining ratio  of  the  last. 

Let  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  be  the  first  ra- 
tios :  and  the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P, 
Q  to  R,  be  the  other  ratios ;  And  let  A  be  to  B,  as  S  to  T ; 
mnd  C  to  D,  as  T  to  V,  and  E  to  F,  as  V  to  X :  Therefore, 
ly  the  definition  of  compound  ratio,  the  ratio  of  S  to  X  is 

-     llHI  ■         ■   ■    I  ■    I       ■    ■■■i»ii     I.  .  II      —— Jb— , 

h,  k,  1. 
A,B;C,D;E,F.  S,T,V,X. 

G,H;K,L;M,N;0,P;Q,R.  Y,Z,a,b,c,d. 

e,  f,  g.  m,  n,  o,  p.  . 

compounded  of  the  ratios  of  S  to  T,  T  to  V,  and  V  to  X, 
^hich  are  the  same  with  the  ratios  of  A  to  B,  C  to  D,  E  to 
F, each  to  each:  Also,  as  G  to  H,  so  let  Y  be  to  Z ;  and 
K  to  L,  as  Z  to  a,  M  to  N,  as  a  to  b,  O  to  P,  as  b  to  c ;  and 
Qto  R,  as  c  to  dt  Therefore  by  the  same  definition,  the 
ratio  of  Y  to  d  is  compounded  of  the  ratios  of  Y  toZ,  Z  to 
*5a  to  b,  b  to  c,  and  c  to  d,  which  are  the  same,  each  to 

h 
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«  V,  each,  with  the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P, 
''•^  and  Q  to  R :  Therefore,  by  the  hypothesis,  S  is  to  X,  as  V 
to  d  :  Also,  let  the  ratio  of  A  to  B,  that  is,  the  ratio  of  S  to 
T,  which  is  one  of  the  first  ratios,  be  the  same  with  the  ra- 
tio of  e  to  g,  which  is  compounded  of  the  ratios  of  e  to  f, 
and  f  to  g,  which,  by  the  hypothesis,  are  the  same  with  the 
ratios  of  G  to  H  and  K  to  L,  two  of  the  other  ratios ;  and 
let  the  ratio  of  h  to  1  be  that  which  is  compounded  of  the 
ratios  of  h  to  Ii,  and  k  to  1,  which  are  the  same  with  the  re- 
maining first  ratios,  viz.  of  C  to  D,  and  E  to  F;  also,  let 
the  ratio  of  m  to  p,  be  tliat  which  is  compounded  of  tlie 
ratios  of  ni  to  n,  n  to  o,  and  o  to  p,  which  are  the  same, 
each  to  each,  with  the  remaining  other  ratios,  viz.  of  M  to 
N,  O  to  P,  and  Q  to  R :  Then  the  ratio  of  h  to  1  is  the 
same  with  the  ratio  of  m  to  p,  or  h  is  to  1,  as  m  to  p. 


h,k,l. 

A,B!C,D;E,F. 

S,T,V,X- 

G,  HiK,L;  M,NiO,P;Q,K. 

Y,Z,.,b,c,i 

e,  f,  g.                ni,  n,  o,  p. 

Because  e  is  to  f,  as  (G  to  H,  that  is,  as)  Y  to  Z ;  aud  f  ia 
to  g,  as  (K  to  h,  that  is,  as)  Z  to  a ;  tlicrefore,  eji  sequalt,  e 
is  to  g,  as  Y  to  a :  And  by  the  liyjiotiiesis,  A  is  to  B,  that 
is,  S  to  T,  as  e  to  g ;  wherefore,  S  is  to  T,  as  Y  to  a ;  and, 
by  invei^ion,  T  is  to  S,  as  a  to  Y ;  and  S  is  to  X,  as  Y  to  d ; 
therefore,  ex  tequali,  'I'  is  to  X,  as  a  to  d  :  Aho,  because  h 
is  tokBs(C  toD,  thatis,as}Tto  V;  and  k  is  to  I,  as  (E  U> 
F,  that  is,  as]  V  to  X ;  therefore,  ex  ssquali,  h  is  to  I,  as  T 
to  X ;  In  like  manner,  it  may  Im:  demonstrated,  that  m  is  to 
p,  as  a  to  d :  And  it  has  been  shown,  that  T  is  to  X,  as  a  to 
'U.5.d;  therefore  "his  to  1,  asm  top.     Q.E.D. 

The  propositions  G  and  K  arc  usually,  for  the  sake  oF 
brevity,  expressed  in  the  same  terms  with  propositions  F aud 
H  :  And  therefore  it  was  proper  to  show  the  true  meaniag 
of  them  wlien  they  are  so  expressed ;  especialljr  tiiicc  thn3 
are  very  frequently  made  use  of  by  geometers. 
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BOOK  VI. 


DEFINTnONS. 


Similar  rectilineal  figures  >\  ?^^ 

arc  those  which  have  their  >^    I  ^. 

several  angles  equal,  each       y^^  \  y^\ 

to  each,  and  the  sides  about      ^ *  -^^ * 

the  equal  angles  proportionals. 

II. 

**  Reciprocal  figures,  viz.  triangles  and  parallelogreins,  are  8eeK« 
^  such  as  have  their  sides  about  two  of  their  angles  pro- 
^  Bortionals  in  such  manner,  that  a  side  of  the  first  figure 
'^  18  to  a  side  of  the  other,  as  the  remaining  side  of  this 
^  other  is  to  the  remaining  side  of  the  first.'\ 

m. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ratio, 
when  the  whole  is  to  the  greater  segment,  as  the  greater 
segment  is  to  the  less. 

IV. 

Tl^e  altitude  of  any  figure  is  the  straight 
Jine  drawn  from  its  vertex  perpendi- 
<?«lar  to  the  base. 

L2 
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PROP.  I.    THEOR. 


S'c  «■  Triangles  and  paralleiograms  of  the  same  al 
tude  are  one  to  another  as  their  bases. 

Let  the  triangles  ABC,  ACD,  and  the  parallelogra 
EC,  CF,  hare  the  same  altitude,  viz.  the  perpendicu 
drawn  from  the  point  A  to  BD ;  Then,  as  the  base  BC,  u 
the  base  CD,  so  is  (he  triangle  ABC  to  the  triangle  AC 
and  the 'parallelogram  EC  to  the  paralleloj^ram  CF. 

Produce  BD  hotii  ways  to  the  points  H,  L,  and  take  a 
■  .number  of  straight  lines  BG,  GH,  each  equal  lo'the  h; 
BC ;  and  DK,  KL,  any  number  of  them,  each  equal  to  t 
base  CD;  and  join  AG,  AH,  AK,  AL:  Tlien,  becai 
CB,  BG,  GH  are  all  equal,  the  triangles  AHG,  AG 
'^■^"ABC,  are  all  equal^:  Theiifofe,  whatever  multiple  t 
base  HC  is  of  the  base  BC,  t^e  same  multiple  is  tlie  t 
.angle  AHC  of  the  triangle  ABC  :  For  the  same  reaa 
wliatever  multiple  the  base  LC  is  of  the  base  CD,  the  sai 
multiple  is  the  trian-  y     . 

gle  ALC  of  the  tri-  ,=^>— 

angle  ADC:  And  if 
the  base  HC  be  equal 
to  the  base  CL,  the 
triangle  AHC  is  also  ' 
equal  to  the  triangle 

ALC";    and    if   the  ^.^-~- ., —  . m • 

-base   HC  be  greater  H  (i     b   C  D         K 

than  the  base  CL,  likewise  the  triangle  AHC  is  greai 
than  the  triangle  ALC :  and  if  less,  less :  Therefore,  sin 
there  are  four  magnitudes,  viz.  the  two  bases  BC,  CD,  a 
the  two  triangles  ABC,  ACD ;  and  of  the  base  BC,  a 
the  triangle  ABC,  the  first  and  third,  any  equimultip 
whatever  have  been  taken,  vi>;.  the  base  HC  and  triaa| 
AHC ;  and  of  the  base  CD  and  triangle  ACD,  the  seco 
and  fourth,  have  been  taken  any  equimultiples  whatev 
viz.  the  bc^  CL  and  triangle  ALC;  and  that  it  has  be 
ihown,  that,  if  the  base  HC  be  greater  than  the  base  CL,  t 
triaiigleAHC  is  greaterthan  the  triangle  ALC;  and  if  equ 
iU*/.  S.  equal;  and  if  less,  leas:  Therefore'',  as  the  base  BC  is 
tlie  base  CD,  so  is  the  triangle  ABC  to  the  triangle  AC 

And  because  the  parallelogram  CE  is  double  of  th«  t 
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tingle  ABO,  and  the  paralleldgram  CP  double  of  the  tri-  Book  vi. 
angle  ACD,  and  that  magnitudes  have  the  same  ratio  ^  ^J^*'"'^*^ 
which  their  equimultiples  have** ;  as  the  triangle  ABC  is  a  j^*  5* 
to  the  triangle  ACD,  so  is  the  pamllelogram  EC  to  the 
parallelogram  CF :  And  because  it  has  been  shown,  that, 
as  the  base  BC  is  to  the  base  CD,  so  is  the  triangle  ABC 
to  the  triangle  ACD ;  and  as  the  triangle  ABC  is  to  the 
triangle  ACD,  so  is  the  parallelogram  EC  to  the  parallelo-  « 
gram  CF;  therefore,  as  the  base  BC  is  to  the  base  CD, so 
is  «  the  parallelogram  EC  to  the  pauillelogram  CF.  Where-  •  ^i«  *• 
fore,  triangles,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  plain,  that  triangles  and  parallelograms 
that  have  equal  altitudes  are  one  to  another  as  their  bases." 
Let  their  figures  be  placed  so  as  to  have  their  bases  in 
the  same  straight  line ;  and  having  drawn  perpendiculan 
from  the  vertices  of  the  triangles  to  the  bases,  the  straight 
line  which  joilis  the  vertices  is  parallel  to  that  in  which  their 
bases  are  ^,  because  the  perpendiculars  are  both  equal  and '33.  i- 
parallel  to  one  another.  Then,  if  the  same  construction  be 
naade  as  in  the  proposition,  the  demonstration  will  be  the 
»ai2)e. 


PROP.  II.    tHEOR. 

B"  a  straight  line  be  drawn  parallel  to  one  of  the  See  n, 

^ides  of  a  triangle,  it  shall  cut  the  other  sides,  or 

^^ese  produced,,  proportionally  :  And  if  the  sides, 

^*"  the  sides  produced,  be  cut  proportionally,  the 

^'•^itught  line  which  joins  the  points  of  section  shall  . 

parallel  to  the  remaining  side  of  the  triangle. 


Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of  the 
^^^langle  ABC :  BD  is  to  DA,  as  CE  to  EA. 

Jom  BE,  CD  ;  then  the  triangle  BDE  is  equal  to  the 
^iangle  CDE*,  because  they  are  on  the  same  base  DE,  ■  37. 1. 


IS  the  triangle  CDE  to  the  triangle  ADE,  but  as  the  tri- 

^-■^gle  BDE  to  the  triangle  ADE,  so  is^  BD  to  DA,  be- « i.  6. 

^^^Qse  having  the  same  altitude,  viz.  the  perpendicular 

^«awn  from  the  point  E  to  AB,  they  are  to  Qpe  another  as 

^teir  bases ;  and  fox  the  same  reason,  as  the  triangle  CDE 


uo 
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Booi  VI.  to  tlie  triangle  ADE,  so  is  CE  to  EA :  Therefore,  as  BD 
**7'^ — '  to  DA,  so  is  CE  to  EA'i. 

^'•^-     Nest,  Let  the  sides  AB,  AC,  of  the  triangle  ABC 

^  A  K         Pi' 


D  KB 

tliese  produced,  be  cut  proportionally  in  the  points  D,  E> 
that  is,  so  that  BD  be  to  DA  as  CE  to  EA,  and  job  DE  j 
DE  is  parallel  to  BC. 

Tlie  same  construction  bein;;  made.  Because  as  BD  to 
DA,  so  is  CE  to  EA ;  and  as  BD  to  DA,  so  is  the  triangle 

•1.6.  BDE  to  the  triangle  ADE*;  and  as  CE  to  EA,  so  is  the 
triangle  CDE  to  the  triangle  ADE ;  therefore  the  triangle 
BDE  is  to  the  triangle  AI)E,  as  the  triangle  CDE  to  the 
triangle  ADE ;  tliat  is,  the  triangles  BDE,  CDE  hare  the 

'9.  s,  same  ratio  to  the  triangle  ADE;  and  therefore*  the  triangle 

BDE  is  equal  to  the  triangle  CDE;  and  they  are  on  the 

same  base  DE  :  but  equal  triangles  on  the  same  base  are 

1 39. 1.  between  the  same  parallelss ;  therefore  DE  is  parallel  to  BC, 

Wherefore)  if  a  straight  line,  &c.   Q.  E.  D. 


PROP.  III.    THEOR. 

:e  N.  If  Ihe  angle  of  a  triangle  be  divided  into  two  equal 
angles,  by  a  straight  line  whicb  also  cuts  the  base, 
the  segments  of  the  base  shall  have  the  same  ratio 
whicli  the  other  sides  of  the  triangle  have  to  one 
another  ;  And  if  the  segments  of  the  base  have  the 
same  ratio  which  the  other  sides  of  the  triangle 
have  to  one  another,  the  straight  line  drawn  from 
the  vertex  to  the  point  of  section,  divides  the  ver- 
tical angle  into  two  equal  angles. 

Let  the  angle  BAG  of  any  triangle  ABC  be  divided  into 
two  equal  angles  by  the  straight  line  AD:  BD  is  to  DC,  as 
BAtoAC. 


OF  EUCLID.  151 

Through  the  point  C  draw  CE  parallel''  to  DA,  and  let  Book  VI. 
BA  produced  meet  CE  in  £•  Because  the  straight  line  AC   ^J^^ 
meets  the  parallels  AD,  EC  the  angle  ACE  is  equal  to  the '  ^**  ^' 
alternate  angle  CAD*>:  But  CAD,  by  the  hypothesis,  is^t9.i. 
equal  to  the  angle  BAD ;  wherefore  BAD  is  equal  to  the 
angle  ACE.    Again,  be-  p 

cause  the    straight    line  ' 

BAE  meets  the  parallels 
AD,  EC,  the  outward  an- 
gle BAD  is  equal  to  the 
ioward  and  opposite  angle 
A£C:  but  the  angle  ACE 
has  been  proved  equal  to  „ 
Ac  angle  BAD ;  therefore     B 

dso  ACE  is  equal  to  the  angle  AEC,  and  consequently  the 
sideAE  is  equal  to  the  side^AC:  And  because  AD  is  *  ^  ^ 
drawn  parallel  to  one  of  the  sides  of  the  triangle  BCE,  vis. 
to  EC,  BD  is  to  DC,  as  BA  to  AE<i,  but  AE  b  equal  to't.  6. 
AC;  dierefore,  as  BD  to  DC,  so  is  BA  to  AC^  •  7. 5. 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD;  the 
aqgle  B AC  is  divided  into  two  equal  angles  by  the  straight 
fine  AD. 

The  same  construction  being  made ;  because,  as  BD  to 
DC,  so  is  B A  to  AC ;  and  as  BD  to  DC,  so  is  BA  to  AE<>, 
because  AD  is  parallel  to  EC ;  therefore  BA  is  to  AC,  as  f ..  ^ 
BAto  AE^;  Consequently  AC  is  equal  to  AE?,  and  the,"'^* 
angle  AEC  is  therefore  equal  to  the  angle  ACE^:  But  the  ^  5.  i. 
angle  AEC  is  equal  to  the  outward  and  opposite  angle 
Bad  ;  and  the  angle  ACE  is  equal  to  the  alternate  angle 
CAD^  :  Wherefore  also  the  angle  BAD  is  eaual  to  the  an- 
gle CAD  ;  Therefore  the  angle  BAC  is  cut  into  two  equal 
•ngles  by  the  straight  line  AD.    Therefore,  if  the  angle, 
*c.   Q,E.D. 
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PROP.  A.    THEOR. 

If  the  outward  angle  of  a  triangle  made  by  pro* 
ducing  one  of  its  sides,  be  divided  into  two  equal 
angles,  by  a  straight  line  which  also  cuts  the  base 
produced  :  the  segments  between  the  dividing  line 
V  and  the  extremities  of  the  base  have  the  same  ratio 
which  the  other  sides  of  the  triangle  have  to  one 
another :  And  if  the  segments  of  the  base  produced, 
have  the  same  ratio  whicli  the  other  sides  of  the 
triangle  have,  the  straight  line  drawn  from  the  ver- 
tex to  the  point  of  section  divides  the  outward  an* 
gle  of  the  triangle  into  two  equal  angles. 

Let  the  outward  angle  CAE  of  any  triangle  ABC  be  di- 
vided into  tw6  equal  angles  by  the  straight  line  AD  which 
meets  the  base  produceJin  D  :  BD  is  to  DC,  as  BA  to  AC. 

» 31. 1.  Through  C  draw  CF  parallel  to^AD^;  aad  because  the 
straight  line  AC  mieets  the  parallels  AD,  FC,  the  angle 

*29. 1.  ACF  is  equal  to  the  alternate  angle  CAD*^;  But  CAD  is 

•  Hyp.  equal  to  the  angle  DAE«^;  therefore  also  DAE  is  equal  to" 

the  angle  ACF.  Again,  because  the  straight  line  FAE 
meets  the  joarallels  AD,  FC,  the  outward  angle  DAE  ig 
equal  to  the  inward  and 
opposite  angle  CFA :  Biit 
the  angle  ACF  has  been 

E roved  equal  to  the  angle 
>AE ;  therefore  also  the 
angle  ACF  is  equal  to  the 
angle  CFA,  and  conse- 
quently the  side  AF  is  e-  ^ 
•"  6. 1.  qual  to  the  side  AC^ :  And  ^ 

because  AD  is  parallel  to  FC,  a  side  of  the  triangle  BCF> 

•  ?.  6.  BD  is  to  DC,  as  BA  to  AF%  but  AF  is  equal  to  AC ;  as 

therefore  BD  is  to  DC,  so  is  BA  to  AC. 

Let  now  BD  be  to  DC,  as  B  A  to  AC,  and  join  AD ;  the 
angle  CAD  is  equal  to  the  angle  DAE. 

The  same  construction  being  made,  because  BD  is  to  DC, 

as  BA  to  AC;  and  that  BD  is  also  to  DC,  as  BA  to  AF«; 

'^  11. 5.  therefore  BA  is  to  AC,  as  BA  to  AF^;  wherefore  AC  is 

b  ?•  f  equal  to  AF^,  and  the  angle  AFC  equal  *»  to  the  angleACF: 

But  the  angle  AFC  b  equal  to  the  outward  angle  EAD, 
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and  the  anj^le  ACF  to  the  alternate  angle  CAD  ;  theVefore  ^*J^^' 
also  EAD  is  equal  to  the  angle  CAD.     Wherefore,  if  the 
uutward,  &c.     Q.  E.  D. 


PROP.  IV.  ^THEOR. 

The  sides  about  the  equal  angles  of  equiangulaf 
triaoglesare  proportionals;  apd  those  which  are  op- 
posite to  the  equal  angles  are  homologous  sides,  that 
is,  are  the  antecedents  or  consequents  of  the  ratios. 

Let  ABC,  DCE  be  equianjorular  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  anrf  the  angle  ACB  to  the 
angle  DEC ;  and  consequently^  the  angle  BAG  equal  to  the  •  52. 1. 
angle  ODE.  The  sides  about  the  equal  angles  of  tlie  tri- 
angles ABC,  DCE  are  proportionals ;  and  those  are  the 
Iiomologous  sides  which  are  opposite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed,  so  that  its  side  CE  may 
be  contiguous  to  BC,  and  in  the  same  straight  line  with  it : 
And  because  the  angles  ABC,  ACB  are  together  less  than 
two  right  angles**,    ABC,    and  z^-.       '  *  17  1 

Dec,  which  is  equal  to  ACB,  ^  ^ 
are  also  less  than  two  right  an- 
gles; wherefore  BA,   ED  pro-  Al 

duced  shall  meet*^;  let  them  be      jN^        \vD  •  12  Ax.  1. 

produced  and  meet  in  the  point 
F)  and  because  the  angle  ABC 
is  equal  to  the  angl^  DCE,  BF  is    Bl 

parallel^  to  CD.    Again,  because  CJ         jE  '  *8. 1. 

the  angle  ACB  is  equal  to  the  angle  DEC,  AC  is  parallel 
toFE^*:  Therefore  FACD  is  a  parallelogram,  aftd  conse- 
quently AF  is  equal  to  CD,  and  AC  to  FD  «  :  And  because « 34. 1. 
AC  is  parallel  to  FE,  one  of  the  sides  of  the  triangle  FBE, 
BA  is  to  AF,  as  BC  to  CE  ^ :  But  AF  is  equal  to  CD ;  f  2. 6. 
therefore g,  as  BA  to  CD,  so  is  BC  to  CE  ;  and  alternately,  %  7.  6. 
as  AB  to  BC,  so  is  DC  to  CE :  Again,  because  CD  is  pa- 
wilel  to  BF,  as  BC  to  CE,  so  is  FD  to  DE*;  but  FD  is 
€qual  to  AC ;  therefore,  as  BC  to  CE,  so  is  AC  to  DE  : 
And  alternately,  as  BC  to  CA,  so  CE  to  DE  :  Therefore, 
l>ecause  it  has  been  proved  that  AB  is  to  BC,  as  DC  to  CE, 
and  as  BC  to  CA,  so  CE  to  ED,  ex  aequali^  BA  is  to  AC,  •»  25.  d. 
^s  CD  to  DE.     Therefore  the  sides,  &c.    Q.  E.  D. 
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PROP.  V.    THIlOR. 
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If  the  sides  of  two  triangles,  about  each  of  their 
angles,  be  proportionals,  the  triangles  shall  be 
equiangular,  and  have  their  equal  angles  opposite 
to  the  homologous  sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  propor- 
tionals, so  that  AB  is  to  BC,  as  DE  lo  EF :  and  BC  to  CA, 
as  EF  to  FIJ  ;  and  coiisequenily,  ex  squali,  BA  to  AC,  u 
ED  to  DF ;  the  triangle  ABC  is  eyuiani^ular  to  the  tri- 
angle DEF,  and  their  equal  angles  are  opposite  to  the  ho- 
mologous  sides,  viz.  the  angle  ABC  equal  fo  the  ang'ic 
DEF,  sod  BCA  to  EFD,  and  also  BAG  to  EDF. 

1-  At  the  points  E,  F,  in  the  stiaiglit  line  EF,  make"  the 
wigle  PEG  equal  to  the  angle  ABC,  and  the  angle  EPG 
equal  to  BCA  ;  wlierefure  the 
remaininganglcBAC  is  equal 

1.  to  the  remainiog  angle  EGF'', 
and  the  triangle  ABC  is  there- 
foreequiangularto  the  triangle 
GEF;  and  consequently  they  jjj" 
have  their  sides  op[K)site  to  the 

6.  equal  angles  proporlionalB  '■. 
Wherefore,  bs  A  B  fo  BC,  so  is 
GE  to  EF ;  i)ut  as  AB  to  BC,  so  is  DE  to  EF ;  thCTefore 

5.  as  DE  to  EF,  so  ■>  GE  to  EF  :  Therelore  DE  and  GE  hart 

5.  the  same  ratio  to  EF,  and  consequently  are  equal  "^s  Fot 
the  same  reason  DF  is  equal  to  FG  :  And  because,  in  the 
triangles  DEF,  GEF,  DE  is  equal  to  EG.aiid  EF  common, 
the  two  sides  DE,  EF,  are  equal  to  the  two  GE,  EF,  and 
the  base  DF  is  equal  lo  the  base  GF ;  therefore  the  angle 

i-DEF  isequaKto  the  angle  GEF,  and  the  other  angles  to 

l>  the  other  angles  which  are  subtended  by  ilie  equal  sidetf. 
Wherefore  the  angle  DFE  is  equal  to  tiie  angle  GFE,  and 
EDF  to  EGF  :  And  because  the  angle  DEF  is  equal  to 
the  angle  GEF,  and  GliF  to  the  angle  ABC;  therefore 
the  angle  ABC  is  equal  to  the  angle  DEF :  For  the  same 
reason,  the  angle  ACB  is  equal  to  the  angle  DFE,  and  the 
ap^le  at  A,  to  the  angle  at  D.  nierefore  the  triangle 
ABC  is  e'luinngnlar  to  the  triangle  DEF.  Wherefore,  1/ 
the  jides,  «te.     Q.  E.  D. 
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PROP.  VL    THEOR. 

If  two  triangles  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  and  the  sides  about  the 
equal  angles  proportionals,  the  triangles  shall  be 
equiangular,  and  shall  have  those  angles  equal 
wh^  are  opposite  to  the  homologous  sides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the 
one  equal  to  the  angle  EDF  in  the  other,  and  the  sides 
about  those  angles  proporttonab ;  that  is,  B  A  to  AC|  asED 
to  0P;  the  triangles  ABC,  DEF  are  equiangular,  and  have 
the  angle  ABC  equal  to  the  angle  DEF,  and  ACB  to  DF£» 

At  &e  points  D,  F,  in  the  straight  line  DF,  make*  the  ^itxu 
angle  FD6  equal  to  either  of  the  angles  BAC,  EDF;  and 
the  ai^le  DFG  equal  to     ^ 
the  angle  ACB  :  Where-    -^ 
fore  the  remaining  angle 
at  B  is  equal  to  the  re- 
maining one  at  G  *»,  and    /        \  /   \  /  *  3*»  ^• 
consequently  the  triangle 
ABC  is  equiangular  to 

the  triangle  DGF;  and  

therefore  as  BA  to  AC,  B  C       E  F 

90  is*  GD  to  DF ;  but  by  the  hypothesis,  as  B A  to  AC,  so « 4. «» 
16 ED  to  DF ;  as  therefore  ED  to  DF,  so  is^  GD  to  DF ;  a  n.  5. 
irtierefore  ED  is  equal  ^  to  DG ;  and  DF  is  common  to  the  •  9. 5. 
two  triangles  EDF,  GDF :  Therefore  the  tviro  sides  ED, 
DF,  are  equal  to  the  two  sides  GD,  DF ;  and  the  angle 
EDF  is  equal  to  the  angle  GDF;  wherefore  the  base  EF 
is  equal  to  the  base  FG^,  and  the  triangle  EDF  to  the  tri- '  4. 1. 
angle  GDF,  and  the  remaining  angles  to  the  remaining 
angles,  each  to  each,  which  are  subtended  by  the  equal 
sides ;  Therefore  the  angle  DFG  is  equal  to  the  angle 
DFE,  and  the  angle  at  G  to  the  angle  at  E :  But  the  angle 
DFTt  h  equal  to  the  angle  ACB ;  therefore  the  anijrle  ACB 
is  equal  to  the  angle  DFE :  And  the  angle  BAC  is  equal 
to  the  angle  EDFS;  wherefore  also  the  remaining  angle  at »  H^rp. 
Bis  equal  to  the  remaining  nngleat  E.    Therefore  the 
triangle  ABC  is  equiangular  to  the  triangle  DEF.  Wliere- 
fore,  if  two  triangles,  &c.     Q.  E.  D, 
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PROP.  VII.    THEOR. 

SefcN.  If  two  triangles  have  one  angle  of  the  one  equal  to 
one  angle  of  the  other,  and  the  sides  about  two  other 
an]gles  proportionals,  then,  if  each  of  the  remaining 
angles  be  either  less,  or  not  less,  than  a  right  angle; 
or  if  one  of  them  be  a  right  angle :  The  triangles 
sha'U  be  equiangular,  and  have  those  angles  equal 
about  which  the  sides  are  proportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the 
one  equal  to  one  apgle  in  the  other,  \iz.  the  angle  BAC  to 
the  angle  EDF^  and  the  sides  about  two  other  angles  ABC. 
DEF  proportionals,  so  that  AB  is  to  BC,>as  DE  to  EF: 
and,  in  the  first  case,  let  each  oP  the  remaining  angles  v 
C,  F  be  less  than  a  right  angle.  The  triangle  ABC  k. 
equiangular  to  the  triangle  DEF,  viz.  the  angle  ABC  u 
equal  to  the  angle  DEF,  and  the  remaining  angle  at  C  te: 
the  remaining  angle  at  F. 

For  if  the  angles  ABC,  DEF  be  not  equal,  one  of  theH 
is  greater  than  the  other :  Let 
ABC  be  the  greater,  and  at 
the  point  B,  in  tlie  straight 
line    AB,  make  the   angle 

» 9S.  1.  ABG  equal    to    the   angle* 
DEF :  And  because  the  an- 
gle at  A  is  equal  to  the  angle  3 
at  D,  and  the  angle  ABG  to 

••  S2. 1.  the  angle  DEF ;  the  remaining  angle  AGB  is  equal^ 
the  remaining  angle  DFE  :  Therefore  the  triangle 
•4.  6.  equiangular  to  the  triangle  DEF ;  wherefore  <^  as  AB  isb- 
BG,  so  is  DE  to  EF ;  but  as  DE  to  EF,  so,  by  hypothec 

Ml.  ^.  is  AB  to  BC ;  therefore  as  AB  to  BC,  so  is  AB  taJBG- 
and  because  AB  has' the  same  ratio  to  each  of  the  lines 

«  9. 5.  BG  ;  BC  is  equal « to  BG,  and  therefore  the  angle 

^  5. 1.  equal  to  the  angle  BCG^ :  But  the  angle  BCG  is,  by  1^^ 
pothesis,* less  than  a  right  angle;  therefore  also  the  an^ 
BGC  is  less  than  a  right  angle,  and  the  adjacent  an^J 

» IS.  1.  AGB  must  be  greater  than  a  right  angles.     But  it  wr^ 
proved  that  the  angle  AGB  is  equal  to  the  angle  at  'F 
therefore  the  angle  at  F  is  greater  than  a  right  angle :  But' 
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oy  tlie  hypothesis,  it  is  less  than  a  right  angle ;  which  Is  ^^  J^* 
absxird.     Therefore  th/e  angles  ABC,  DEF  are  not  unequal,         ^ 
t\iat  is,  they  are  equal :  And  the  angle  at  A  is  equal  to  the 
angle  at  D ;  wherefore  the  remaining  aiuile  at  C  is  equal  to 
t\ie  remaining  angle  at  F  :  Tliercfore  the  triangle  ABC  ii 
equiangular  to  the  triangle  DEF. 
Next,  Let  each  of  the  angles  at  C,  F  be  not  less  than  a 

right  angle  :  The  triangle  ABC  is  also  in  this  case  equian- 
gular to  the  triangle  DEF. 
The  same  construe-  A 

tkn    being    made,    it  ^y^  1) 

Joay  be  proved  in  like 
manner  that  BC  is  e-p 

qual  to  BG,  and  the  tj, 

angle  at  C  equal  to  the  C        E  .         F 

Angle  BGC :  But  the  angle  at  C  is  not  less  than  a  right 
aiigle ;  therefore  the  angle  BGC  is  not  less  than  a  right 
angle :  Wherefore  two  angles  of  the  triangle  BGC,  are 
together  not  less  than  two  right  angles,  -which  is  impos- 
sibly*" )  and  therefore  the  triangle  ABC  may  be  proved  to  ^  i^-  ^• 
be  equiangular  to  the  triangle  DEF,  as  in  the  first  case. 

Lastlv,  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C, 
be  a  rignt  angle ;  In  this  case  likewise  the  triangle  ABC  is 
equiangular  to  the  triangle  DEF.  0 

For  if  they  be  not  equi- 
angular, make,  at  the  point 
B  of  the  straight  line  AB, 

the  angle  ABG  equal  to 

the  angle  DEF ;  then  it  y. 

may  be  proved,  as  ij;^  the  ^ 

first  case,  that  BG  is  equal 

to  BC  I  But   the  angle 

BCG  is   a  right   angle, 

therefore  >  the  angle  BGC 

is  tiso    a    right    angle; 

''^h^oe  two  of  the  angles 

of  the  triangle  BGC  are  R 

^cge^r  not  less  than  two 

J*ight  angles,  w^hich  is  impossible  ^ :  Therefore  the  triangle 

ABC  is  equiangular  to  the  triangle  DEF.     Wherefore,  if 

the  two  triangles,  &c.    Q,  E.  D. 
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PROP.  Vlir.    THEOR. 

Sec  N.  In  a  right  angled  triangle,  if  a  perpendicular  be 
drawn  from  the  right  angle  to  the  base ;  the  trian^ 
gles  on  each  sidie  of  it  are  similar  to  the  whole  tri- 
angle, and  to  one  another. 

Let  ABC  be  a  right  angled  triangle,  having  the  right 
angle  BAG;  and  from  the  point  A  let  AD  be  difawn  per- 
pendicular to  the  base  BC :  The  triangles  ABD,  ADC  are 
similar  to  the  whole  triangle  ABC,  and  to  one  anoAen 

Because  the  angle  BAC  is  equal  to  the  angle  ADB| 
each  of  them  being  a  right  angle,  and  that  the  angle  at  B 
is  common  to  the  two  trian-  a 

gles  ABC,  ABD:  the   re- 
maining angle  ACB  is  equal 
to    ^e    remaining     angle 
•S«.  J.  BAD*:  Therefore   the   tri- 
angle ABC  is  equiangular  to 
the  triangle  ABD,  and  the 
^  4. 6.  sides  about  their  equal  angles  are  propordonals^ ;  wheie- 
«1  Def.  6.  fore  the  triangles  are  similar « :  In  the  like  manner  it  may 
be  demonstrated,  that  the  triangle  ADC  is  equiangular  and 
similar  to  the  triangfe  ABC:  And  the  triangles  ABD, 
ACD,  being  both  equiangular  and  similar  to  ABC,  are 
equiangular  and  similar  to  each  other.    Therefore^  in  a 
right  angled,  &c.    Q,  E.  D. 

Cor.  From  this  it  is  manifest  that  the  perpendicalar 
drawn  from  the  right  angle  of  a  right  angled  triangle  to  die 
base,  is  a  mean  proportional  between  the  segments  of  the 
base :  And  also,  that  each  of  the  sides  is  a  mean  propor- 
tional between  the  base,  and  its  segment  adjacent  to  tbal 
side :  Because  In  the  triangles  BDA,  ADC,  BD  is  to  DA^ 
as  DA  to  DC  ^ ;  and  in  the  triangles  ABC,  DBA,  BC  is  to 
B A,  as  BA  to  BD  ^ ;  and  in  the  triangles  ABC,  ACD.  BC 
is  to  CA,  as  CA  to  CD»>. 
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PROP.  IX.    PROB. 

Fbom  a  g^ven  straight  line  to  cut  off  any  part  re-  See  v. 
quired. 

Let  AB  be  the  giireD  straight  line ;  it  is  required  to  cut 
off  any  part  from  it.' 

From  the  point  A  draw  a  straight  line  AC,  making 
aoy  angle  with  AB ;  and  in  AC  take  any  point  D,  and  take 
AU  the  same  multiple  of  AD,  that  AB  b       A 
of  ibe  part  which  is  to  be  cut  off  from  it : 
join  BC,  and  draw  DE  parallel  to  it:  Then' 
AE  is  the  part  required  to  be  cut  off. 

Because  ED  is  parallel  to  one  of  the 
sides  of  the  triangle  ABC,  viz.  to  BC,  as 
CD  is  to  DA,  so  is«  BE  to  EA;  and  l^y     /  \      t^*  ^ 

composition  »>,  CA  is  to  AD,  as  B A  to  AE :    /  \      ^®-  •'^• 

But  CA  is  a  multiple  of  AD ;  therefore  ^   [ X  •^  Drf.  5, 

BA  is  the  same  multiple  of  AE :    What-   H  C 

ever  part  therefore  AD  is  of  AC,  AE  is  the  same  part  of 
AB :  Wherefore,  from  the  straight  line  AB  the  part  re- 
quired is  cut  off.    Which  was  to  be  done. 


PROP.  X.    PROB. 

To  divide  a  given  straight  line  similarly  to  a  given 
divided  straight  line,  that  is,  into  parts  that  shall 
have  the  same  ratios  to  one  another  which  the 
parts  of  the  divided  given  straight  line  have. 

Xet  AB  be  the  straight  line  given  to  be  divided,  and 
AC  the  divided  line :  it  is  required  to  divide  AB  siniiluriy 
to  AC. 

Let  AC  be  divided  in  the  points  D,  E;  and  let  AB,  AC 
be  placed  so  as  tq  contain  any  angle,  and  join  BC,  and 
through  the  points  D,  E,  draw*  DF,  EG  parallels  to  it;»3i.  K 
and  through  D  draw  DHK  parallel  to  AB:  Therefore 
each  of  the  figures  FH,  HB,  is  a  parallelogram:  wherefore 
PH  is  equal  »>  to  FG,  and  HK  to  QB:  And  because  HE''^- 1- 


/■ 
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Book  VI.  is  parallel  to  KC,  one  of  the  sides 
'"'■^^^  of  the  triangle  DKC,  as  CE  to  ED, 
M.6.SO  is^  KH  to  HD:  But  KH  is 
equal  to  BG,  and  HD  to  GF: 
therefore,  as  CE  to  ED,  so  is  B(i 
to  GF :  Again,  because  FD  is  pa-  Gi 
rallel  to  EG,  one  of  the  sides  of     / 

the  triangle  -AGE,  as  ED  to  DA,  11^ :j^ 

so  is  GF  to  FA :  But  it  has  been  -^^ 

proved  that  CE  is  to  ED,  as  BG  to  GF;  and  as  EE»  to 
DA,  so  GF  to  FA :  Therefore  the  given  straight  line  ^B 
•  is  divided  similarly  to'AC.     Which  was  to  be  done. 


PROP.  XL    PROB. 

To  find  a  third^proportional  to  two  given  straight 
lines. 

Let  AB,  AC  be  the  two  given  straight  lines^  and  1^ 
them  be  placed  so  as  to  contain  any  angle ;    j^ 
it  is  required  to  find  a  third  proportional  ^ 
toAB,AC. 

Produce  AB,  AC,  to  the  points  D,  E ;  p I      XC 
and  make  BD  equaLAo  AC ;  and  having     '        ^ 
joined  BC,  through  D,  draw  DE  parallel 
•31.  i.to  it  a. 

Because  BC  is  parallel  to  DE,  a  side  of 
^  2. 6.  the  triangle  ADE,  AB  is  ^  to  BD,  as  AC 

to  CE  2  But  BD  is  equal  to  AC ;  as  therdfoye  AB  to  AC, 
so  is  AC  to  CE.  Wherefore,  to  the  two  given  strai^^^ 
lioes  AB,  AC,  a  third  proportional  CE  is  found.  Wlucli 
was  to  be  done. 


:?ROP.  XII.    PROB. 

To  find  a  fourth  proportional  to  three  given  strai^"^ 
lines. 

Let  A,  B,  C  be  the  three  given  straight  lines;  it  is       ^^' 
quired  to  find  a  fourth  proportional  to  A,  B,  C. 
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Take  two  straight  lines  DE,  DF,  fcontaining  any  angle  Booi  VI. 

EDF;    and   upon  these             r\  ^^nr^ 

make  DG  equal  to  A,  GE  ^^  A 

equal  to  B,  and  DH  equal            /  \  tj 

to  C;  and  having  joined           /      \  — 

GH,  draw  EF  parallel*         /         \  C •^^•*- 

to  it  thtough  the  point  £ : 
AndlyBcauseGHtsparal-  (Gry 
U  to  £F,  one  of  the  sides 


9f  the  triangle  DEF,  DG    U 
istoGE,asDHtoHF«^;   i^ 


*«. «. 


but  D<5  is  equal  to  A,  GE  to  B,  and  DH  to  C ;  therefore, 
as  A  is  to  B,  so  is  C  to  HF.  Wherefore  to  the  three  given 
straight  lines  A^  B,  C,  a  fourth  proportional  HF  is  found. 
"Which  was  to  be  done. 


PROP.  XIU.    PROB. 

To  find  a  mean  proportional  between  two  given 
dtmight  lines. 

Let  AB,  BC  be  the  two  given  straight  lines :  it  is  re- 
quired to  find  a  mean  proportional  between  them. 

Pbce  AB,  BC  in  a  straight  lin^and  upon  AC  describe 
the  semicircle   ADC,    and         If^ 

from  the  point  B  draw^  BD  ^ — -  '  '"Htf  *  11.  k 

St  right  angles  to  AC^  and 
join  AD,  DC. 

Because  the  angle  AlXJ 
fe  a  semicircle'  is  a  right  an- 

gje^^and  because  in  the  right    t n  "'"*  A  »*si.  3. 

«8g!cd  triangle  ADC,  BD  is  A  «>         ^ 

**wn  ham  the  right  angle  perpendicular  to  the  base,  DB 
^  a  mean  proportional  between  AB,  BC  the  segments  of 
fte  base*' :   Therefore  between  the  two  given  straight  lines  e  cqt 
AB,  BC,  a  mean  proportipnal  DB  is  found.    Which  was 
^o  be  done. 


.8.6. 
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fecioit  VI. 

PROP.  XIV.    THEOR. 

• 

Equal  parallelograms,  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  other,  have  their 
sides  about  the  equal  angles  reciprocally  propor- 
tional :  And  parallelograms  that  have  one  angle  or 
the  one  equal  to  one  angle  of  the  other,  and  their 
sides  about  the  equal  angles  reciprocally  propor- 
tional, are  equal  to  one  another. 

Let  AB,  BC  be  equal  parallelograms,  which  have  thf 
angles  at  B  equal,  and  let  the  sides  DB,  BE  be  placed  in 
the  same  stn^ight  line ;  wherefore  also  FB,  BG  are  in  one 
.  14.  I.  straiglit  line  *.  The  sides  of  the  parallelograms  AB,  BC 
about  the  equal  angles,  are  reciprocally  proportional ;  that 
is,  DB  is  to  BE,  as  GB  to  BF. 

Complete  the  parallelogram  FE ;  and  because  the  pa- 
rallelogram AB  is  equal  to  A.    Y 

BC,  and  that  FE  is  another   ^  " 

parallelogram,  AB  is  to  FE, 
b  ^-  ^  as  BC  to  PEb :  But  as  AR 


to  FE,  so  is  the  base  I|B  to 

=  1.  6.  BE<^ :  and  as  BC  to  ¥E,  so 
is  the  base  of  GB  to  BF; 

tlierefore,  as  DB  to  BE,  so  is  -         ^ 

-ii.  5.  GB  to  BF**.  Wherefore,  the  sides  of  the  parallelograms 
AB,  Be  about  their  equal  angles  are  reciprocally  pro- 
portional. 

But,  let  the  sides  about  the  equal  angles  be  reciprocal^ 
proportional,  viz.  as  DB  to  BE,  so  GB  to  BF ;  the  paral- 
lelogram AB  is  equal  to  the  parallelogram  BC. 

Because,  as  DB  to  BE,  so  is  GB  to  BF :  and  as  DB  to 
BE,  so  is  the  parallelogram  AB  to  the  parallelogram  FJE  5 
and  as  CB  to  BF,  so  is  the  parellelogram  BC  to  the  miai- 
lelogram  FE;   therefore  as  AB  to  FE,  so  BC  to  FE^: 

'  9. 5.  Wherefore  the  parallelogram  AB  is  equal*  to  the  paraUe* 
logram BC  Therefore  equalparallelogramsj &c,  Q.  £.D. 
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PROP.  XV.  THEOR. 

£qual  triangles  which  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  sides 
about  the  equal  angles  reciprocally  proportional : 
And  triangles  which  have  one  angle  in  the  one 
equal  to  one  angle  in  the  other,  and  their  sides 
about  the  equal  angles  reciprocally  proportional, 
are  equal  to  one  another. 

ft 

Let  ABC,  ADE  be  equal  triangles,  which  have  the  angle 
£AC  equal  to  the  angle  DAE;  the  sides  about  the  equal 
^^oDgtes  of  the  triangles  are  reciprocally  proportional;  that 
1.S,  CA  it  to  AD,  as  £A  to  AB. 

Let  the  triangles  be:  placed  so,  that  their  sides,  CA,  AD 
in  one  straight  line;  wherefore  also  EA  and  AB  are  in 
straight  line^;  and  join  BD.     Because  the  triangle  •  14.  i. 
is  equal  to  the  triangle 
^^D£,  and  that  ABD  is  another 
^^xiaqgle:   therefore  as  the  tri- 
ngle  CAB,  is  to  the  triangle 

^AD,  so  is  triangle  AED   to  

wiangle   DAB*>:    But  as   tri-    /     y^  ^*S^     \    *r.  5. 

Lngle  CAB  to  triangle  BAD,  so 
\  the  base  CA  to  AD<^ ;  and  as  if  ^  •  1. 6. 

^»wigle  EAD  to  triangle  DAB,  ^  ^ 

is  the  base  EA  to  AlB^:  as  therefore  CA  to  AD,  so  b 
to  AB^;  wherefore  the  sides  of  the  triangles  ABC, 'ii«& 
.ADE  about  the  equal  angles  are  reciprocally  proportional. 
Bat  let  the  sides  of  the  triangles  ABC,  ADE  about  the 
^^quil  Imgles  he  reciprocally  proportional,  viz.  CA  to  AD, 
s^  EA  to  AB ;  the  triangle  ABC  b  equal  to  the  triangle 

Htfiog  joined  BD  as  before ;  because,  as  CA  to  AD, 
sc>]sl£A  to  AB;  and  as  CA  to  AD,  so  is  triangle  ABC  to 
^3iu)g|e  BAD"";  and  as  EA  to  AB,  so  is  triangle  EAD  to 
^*iangle  BAD<^;  therefore  ^  as  triangle  BAC  to  triangle 
^AD,  so  is  triangle  EAD  to  triangle  BAD;  that  is,  the 
^iaugles  BAC,  EAD  have  the  same  ratio  to  the  triangle 
BAD:  Wherefore  the  triangle  ABC  is  equal *^  to  the  tri-  'p.  5. 
**»gle  ADE.    Therefore  equal  triangles,  &c.    Q,  E.  D. 

M2 
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PROP.  XVI.    THEOR. 


If  four  straight  lines  be  proportionals,  the  rec- 
tangle contained  by  the  extremes  is  equal  to  the, 
rectangle  contained  by  the  means :  And  if  the  rec-' 
tangle  contained  'by  the  extremes  be  equal  to  the 
rectangle  contained  by  the  means,  the  four  straight 
lines  are  proportionals. 


-  iiu 


''ii.  I. 


LjBt  the  four  straighfcypes  AB,  CD,  E,  F,  be  propor* 
tionals,  viz.  as  AB  to  CD,  so  E  to  F ;  the  rectangle  con- 
tained by  AB,  F  IS  equal  to  the  rectangle  containeid  by 
CD,E.  ' 

From  the  points  A,  C  draw^^  AG,  CH  at  right  angles  to» 
AB,  CD ;  and  n^ke  AG  equal  to  F,  and  CH  equal  to  £^ 
and  complete  the  parallelograms  BG,  DH:  Because^.as 
AB  to  CD,  so  is  £  to  F;  and  that  E  is  equal  to  CH^  and 
"7.  5.  F  to  AG;  AB  is«>  to  CD  as  CH  to  AG.  Therefore  the 
skies  of  the  parallelograms  BG,  DH  about  the  equal  auglei 
are  reciprocally  proportional;  but  parallelograms  wbkh 
have  their  sides  about  equal  angles  reciprocally  prc^por- 
tional,  are  equal  to  one  another*^;  therefore  the  parallel*^ 
ograni  BG  is  equal  to  the  parallelogram  DH :  And  the- 
par^Uelograjn  BG  is  cod-  g. 


14.  6. 


■tained  by  the  straight  lines 
AB^  F;  because  AG  is 
equal  to  F;  and  the  pa- 
rallelogram DH  is  con- 
tained by  CD  and  E;  be- 
cauae  CH  is  equal  to  E: 
Therefore  the  rectangle 
contained  by  the  straight 
lities  AB,  F  is  equal  to 


H 

r 


c: 


l> 


that  which  is  contained  by  CD  and  E. 

*And  if  tl\e  rectangle  contained  by  the  straight  lines,  AB, 
Fbe  equal  to  that  which,  is  contain^  by  CD,  E;  these 
four  linSes  are  proportional,  viz.  AB  is  to  CD,  as  E  .to  F. 

The^ame  construction  being  made,  because  the  rectangle 
contained  by  the  ftraight  Hiies  AB,  F  is  equal  to  that  which 
is  contained  ]>y  CD,  E,  and  that  tlie  rectangle  BG  is  Kxm^ 
tained  by  AB,  F,  because  AG  is  equal  to  F;  artd.thie  rec- 
toogle  DH  by  CD,  E,  fcecctuse  CH  is  equal  to  E;  tUr^ 
fore  tiie  parallelogra^n  BG  is  equal  to  «he  parilWoghinjt 


1/ 
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DH ;  and  they  are  equiangaJar :  But  the  sides  ahout  the  ^^^^ 
equal  angles  of  equal  parallelograms* are  reciprocally  pro*  ^"^^^^^^ 
portional^:  Wherefore,  as  AB  to  CD,  so  is  CH  to  AG;*^  14.6. 
and  CH  is  equal  to  E,  and  AG  to  F:  as  therefore  AB  is 
to  CD,  so  18  E  to  F,     Wherefore,  if  four,  &c.     Q.  E.  D. 


PROP.  XVir.    THEOB. 

If  three  straight  lines  be  proportionals,  the  rec- 
tangle contained  by  the  extremes  is  equal  to  the 
square  of  the  mean ;  and  if  the  rectangle  contained 
by  the  extremes  be  equal  to  the  square  of  the  mean, 
the  three  straight  lines  are  proportionals. 

Let  the  three  straight  lines  A,  B,  C  he  proportionals,  vie, 
«AtoB,soBtoC;  the  rectangle  contained  hy  A,  C  is 
9foiA  to  the  square  of  B. 

Take  D  equal  to  B  5  and  because  as  A  to  B,  so  B  to  C, 
wd  that  B  is  equal  to  D:  A  is*  to  B,  as  D  to  C :  But  if.  7. 5. 

four  straight    lines  ^ 

beproportionals,  the 

Mctangle  cotitained  B" r — 

by  the  extremes  is  D-^ 

equal  to  that  which  (^ 
^  contained  by  the 
*«Jeans*>:  Therefore 
*«  rectangle  con- 
Wned  hy  A,  C  is 


O^td.6. 


*^ual  to  that  con-  A  n 

^J^ied  by  B,  D :  But  the  rectangle  contained  hy  B,  D  is 

^  square  of  B ;  because  B  is  equal  to  D :    Therefore 

^^  rectangle  contained  by  A,  C  is  equal  to  the  square  of  B. 

And  if  the  rectangle  contained  by  A,  C  be  equal  to  the 

^^<^«  of  B;  A  is  to  B,  as  B  to  C. 

^  llie  same  constmction  being  made,  because  the  rectan- 

8fe  contained  by  A,  C  is  equal  to  the  square  of  B,  and  the 

^maie  of  B  is  equal  to  the  rectangle  contained  by  B,  D, 

^^tsuiae  B  is  equal  to  D;  therefore  the  rectangle  contained 

^  A9  C  is  equal  to  that  contained  by  B,  D ;  but  if  the 

^^ptingle  contained  by  the  extremes  be  equal  to  that  con- 

^^<xed  by  the  meaos,  the  foiir  straight  lines  are  ppopor* 

tiot^akb;  Thei^tore  A  is  to  B^  aaDtoC;  butBiscqual 
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I  Book  VI.    to  D !  wherefore,  as  A  to  B,  so  B  to  C:  Therefore  if  ibree 
I  "— v*^    straight  lines,  &c.     Q.  E.  D. 


PROP.  XVIII.     PROB. 

1 

!.  Upon  a  given  straight  line  to  describe  a  rectilineal    ,^ 
figure  similar,  and  similarly  situated,  to  a  given  rec- 
tilineal figure. 


the  give«r^^fl{ 


Let  AB  be  the  given  straight  line,  and  CDEF  the  „ 
irectilinealfigure.of  four  sides;  it  is  required  upon  the  gi« 

'  Straight  line  AB  to  describe  a  reclijinea)  figure  similar,  lot^M  ^ 
similarly  situated,  to  CDEF. 

Join  DF,  and  al  the  points  A,  B  in  the  straight  line  A^H^ 

I.  make^  the  angle  BAG  equal  to  ihe  angle  at  C,  and  tIim  __i^ 
angle  ABG  equal  to  the  angle  CDF;  therefore  the  r^^-^^ 
maining  angle  CFD  is  equal  to  the   remaining   aog"— ^jj 

i.AGB''.  Where- 
fore the  triangle 
FCD  is  equiiin- 
gular  to  the  trian- 
gle GAB:  Again, 
at  the  points  G,  B 

inthestraightline 

GB,inake»tliean- A  i3  C  D 

gle  BGH  equal  to  the  angle  DFE,  and  the  angle  r.p^^H 
equal  to  FDE;  therefore  the  remaining  angle  FEI>^^  " 
«qual  to  the  remaining  angle  GHB,  and  the  triangle  FI^H)E 
equiangular  to  the  triangle  GBH :  llien,  because  the  an^^^gle 
AGB  is  equal  to  the  angle  CFD,  and  BGH  to  DFE,  il« 

whole  angle  AGH  is  equal  to  the  whole  CFE :  For  ^^ 

same  reason,  the  angle  ABH  is  equal  io  the  angle  CD^*^- 
also  tlic  angle  at  A  is  equal  to  the  angle  at  C,  and  the  ^^W- 
gle  GHB  lo  FED :  Therefore  the  rectilineal  figure  AB^^*' 
is  equiangular  to  CDEF :  But  likewise  these  figures  h.^*''* 
their  sides  about  the  equal  angles  proportionals ;  beca  '^^ 

6.  the  triangles  GAB,  FCD  being  equiangular,  BA  is*  to  fl^-"> 
as  DC  to  CF ;  and  because  AG  is  to  GB,  as  OF  to  F,-^  ' 
and  as  GB  to  GH,  so,  by  reason  of  the  equiangular  t^^7 

5.  angles  BGH,  DFE,  is  FD  to  FE;  therefore,  ex  Kqua»  "  ■ 
AG  is  to  GH,  as  CF  to  FE  :  In  the  same  manner  it  ir-^'*^ 
be  proved  that  AB  is  to  BH,  as  CD  to  DE :  and  GH  is      *** 
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HB,  as  F£  to  ED« .    Wberefor^  because  the  rectilineal  Bo««  VL 
figures  ABHG,  CDEF  are  equiangular,  and  have  their  ^  "^^^^^^^^ 
sides  about  the  equal  angles  proportionals,  tliey  are  similar     ' 
to  one  another  ^  '  •  i  P«f.  6. 

Next,  let  it  be  required  to  describe  upon  a  given  straight 
line  AB,  a  rectilineal  figure  similar,  and  similarly  situated, . 
to  the  rectiUneal  figure  CDKEF. 

Join  DE,  and  upon  the  given  straight  line  AB  describe  . 
tlie  rectilineal  figure  ABHG  similar,  and  similarly  situated, 
to  the  quadrilateral  figure  CDEF,  by  the  former  case ;  and 
at  the  points  B,  H,  in  the  straight  line  BH,  make  the  an- 
^le  HBL  equal  to  the  angle  EDK,  and  the  angle  BHL 
equal  tbtheapgleDEK;  therefore  the  remaining  angle  at  K 
is  equal  to  the  remaining  angle  atL:  And  because  the  figures 
ABHG,  CDEF  are  similar,  the  angle  GHB  is  equal  to 
the  angle  FED,  and  BHL  is  equal  to  DEK ;  wherefore 
the  whole  angle  GHL  it  equal  to  the  whole  angle  FEK : 
War  the  same  reason  the  angle  ABL  is  equal  to  the  angle 
CDK:  Therefore  the  five-sided  figures  AGHLB,  CFEKD 
Are  equiangular;  and  because  the  figures  AGHB,  CFED 
are  similar,  GH  is  to  HB,  as  FE  to  ED;  and  as  HB  to.^^ 
HLi,  so  is  ED  to  EK^';  therefore,  ex  iBquali<>,  GH  is  to ^  ft. '5. 
HLi,  as  FE  to  EK :  For  the  same  reason,  AB  is  to  BL  as 
CD  to  DK:  And  BL  is  to  LH,  as^"  DK  to  KE,  because   . 
the  triangles  BLH,  DKE  are  equiangular :  Therefore  be- 
cause the  five-sided  figures  AGHLB,  CFEKD  are  equi- 
angular, and  have  their  sides  about  the  equal  angles  pro* ' 
portionals,  they  are  similar  to  one  another;  and  in  the 
same  manner  a  rectilineal  figure  of  six  or  mjsre  sides  may 
be  described  upon  a  given  straight  line  similar  to  one  given, 
and  so  on.    Which  was  to  be  done. 


PROP.  XIX.    THEOR. 

Similar  triangles  are  to  one  another  in  the  du- 
pliqate  ratio  of  their  homologous  sides. 

Let  ABC,  DEF  be  similar  triangles,  having  the  angle  B 
^ual  to  the  angle  E,  and  let  AB  be  to  BC,  as  DE  to  £F, 
^<»  that  the  side  BC  is  homologous  to  EF^:  the  triangle  •  12  De£  5* 
ABC  has  to  the  triangle  DEF,  the  duplicate  ratio  of  that 
^hich  BC  has  to  EF. 

Take  BG  a  third  propcMrtional  to  BC,  EF^  so  that  BC  k  11. 6. 
is  to  EF,  as  EF  to  BG,  and  join  GA :  Then,  because,  as 
-AB  to  BC,  so  DE  to  EF;  alternately^  AB  is  to  DE,  as  *  i6. 5. 
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BooE  VI.  BC  to  EF :  But  as  BC  to  EF,  so  is  EF  to  BG;  thercfoi^4 
"■"^v-*^   as  AB  to  DE,  so  is  EF  to  BG.  Wherefore  tine ^des  of  tM 
***'*' triangles  ABG,  DEP,  which  are  about  the  equal  angled^^ 
are  reciprocally  proportional :  But  triangles  which  have  tba 
sides    about    two  * 

equal  angles  reci-  " 

procally     propor- 
tional   are    equal 
e  15. 6.  to  one  another  <^: 
Therefore  the  tri- 
angle   AB  G    is 
equal  to  the  tri- 
angle DEF:  And 
Iwcause  as  BC  is  to  £F,  so  EF  to  BG ;  and  that  if  three 
Mo  Def.  5  straight  line$  be  proportional,  the  fir$t  is  said^  to  Iwive  tq 
the  third  the  duplicate  ratio  of  ^hat  which  it  has  to  the 
second;  BC  therefore  has  to  BG  the  duplicate  ratio  of  that 
r  ].  6.  which  BC  has  to  EF:  But  as  BC  to  BG^  so  is s  the  trian* 
gle  ABC  to  the  triangle  ABG.    Therefore  the  triangle 
ABC  has  to  the  triangle  ABG  the  duplicate  ratio  of  that 
^    which  BC  has  to  EF :  But  the  triangle  ABG  is  equal  to 
the  triangle  DEF:  Wherefore  also  the  triangle  ABC  has 
to  the  triangle  DEF  the  duplicate  ratio  of  that  which  BC 
has  to  EF.     Therefore  similar  triangles,  &c.  '  Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  if  three  straight  line« 
be  proportionals,  as  the  first  is  to  the  third,  so  is  any  trian- 
gle upon  the  first  to  a  similar  and  similarly  described  tri-^ 
angle  upon  the.  second. 


PROP.  XX.    THEOR. 

Similar  polygons  may  be  divided  into  the  sanne 
number  of  similar  triangles,  having  the  same  ratio, 
to  one  another  that  thepolygons  have;  and  the 
polygons  have  to  one  another  the  duplicate  ratio 
of  that  which  their  homologous  sides  have. 

Let  ABCDE,  FGHKL  be  similar  polygons,  and  let  AB 
be  the  homologous  side  to  FG:  The  polygons  ABCDE, 
FGHKL  may  be  divided  into  the  same  number  of  similar 
triangles,  whereof  each  to  each  has  the  same  ratio  which 
thepolygons  have;  and  the  polygon  ABCDE  has  to  the 
polygon  FGHKL  the  duplicate  ratio  of  that  which  the  side 
AB  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LH:  And  because  the  polygon 
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ABCDE  19  similar  to  the  polygon  FGHKL,  the  ansk  Booi  VI. 
BAEis^qual  to  the  angle  GFL%  and  BA  is  to  AE,  as   '"^TJ^ 
GFto  FL» :  Wherefore,  l>eoause  the  triangles  ABE,  FGL  ' '  ^""^  ^' 
hman  angle  in  one  equal  to  an  angle  in  the  other,  sind 
theirsides  about  these  equal  angles  projX)rtionals,  the  trianglfe 
ABE  is  equiangular^,  and  therefore  similar,  to  the  triangle  b  e.  6. 
FGL*^ ;  wherefore  the  angle  ABE  is  equal  to  the  angle  c  4,  g 
FGL :  And,  because  the  polygons  are  similar,  the  whole 
angle  ABC  is  equal"  to  the  vvhole  angle  FGH ;  therefore 
the  remaining  angle  EBC  is  equal  to  the  remaining  angle 
LGH;  And  because  the  triangles  ABE,  FGl^  are  similaiji 
EBistoBA,  as  LG  to  GF*^;  and  also,  because  the  poly- 
gons are  similar,  AB  is  to  BC,  as  FG  to  GH»;  therefore, 
ex  sequali^,  EB  is  to  BC,  as  LG  to  GH  :  that  is,  the  sides  «» 22. 5. 
about  the  equal  angles  EBC,  LG  H  are  proportionals ;  there- 
fore* thetriangle  EBC  is  equiangular  to  the  triangle  LGH, 


K     H 

*nd  similar  to  it*^.  For  the  same  reason,  the  triangle  ECD 
likewise  is  similar  to  the  trianirTle  LHK:  therefore  the  simi- 
le polygons  ABCDE,  FGHKL  are  divided  into  the  same 
onmber  of  similar  triangles. 

Also  these  triangles  have,  each  to  each,  the  same  ratio 
which  the  polygons  have  to  one  another,  the  antecedents 
teing  ABE,  EBC,  ECD,  and  the  consequents  FGL, 
IfiH,  LHK  :  And  the  polygon  ABCDE  has  to  the  pf^ly^ 
gOD  PGHKL  the  duplicate  ratio  of  that  which  the  side  AB 
has  to  the  homologous  side  FG. 

3ecause  the  triangle  ABE  is  similar  to  the  triangle  FGL, 
ABE  has  to  FGL,  the  duplicate  ratio *^  of  that  which  the  *  19. 6. 
tide  BE  has  to  the  side  GL :  For  the*  same  reason,  the  tri- 
angle BEC  has  to  GLH  the  duplicate  ratio  of  that  which 
BE  has  to  GL :  Therefore,  as  the  triangle  ABE  to  the  tri- 
angle FGL,  soHs  the  triangle  fiEC  to'the  triangle  GLH.  '11. 5. 
Again,  because  the  triangle  EBC  is  similar  to  the  triangle 
^-GH,  EBC  has  to  LGH,  the  duplicate  ratio  of  that  which 
the  si(^c  EC  has  to  the  side  LH :  For  the  same  r^ison,  the 
triangle  ECD  has  to  the  triangle  LHK,  the  duplicate  ratio 


170  THE   ELEJMLEJfTS 

30OWVU  of^hat  \thich  EC  has  to  LH :  As  therefore  the  triangl: 
'         '    EBC  to  the  triangle  LGH,  so  is^  the  triangle  ECD  to  th 
triangle  LIlK :  But  it  h^s  heeu  prpved,  that  the  triangl 
EBC  is  likewise  to  the  triangle  LGH,  as  the  triangle  A& 
lo  the  triangle  FGL.    Therefore,  as  the  triangle  ABE   ^ 


«I1.5. 


the  triangle  FGL,  so  is  triangle  EBC  to  triangle  l/GHf 
and  triangle  ECD  to  triangle  LHK  :  And  therefore^asooe 
of  the  antecedents  to  one,  of  the  consequents,  so  are  all  the 
« 12.  5.  antecedents  to  bU  the  consequents^.  Wherefore,  as  the  tri- 
angle ABE  to  ihe  triangle  FGL,  so  is  the  polygon  ABCDE 
to  the  polygon  FGHKL :  But  the  triangle  ABE  hastoAe 
triangle  FGL,  the  duplicate  ratio  of  that  which  the  side 
AB  has  to  the  homologous  side  FG.  Therefore  also  the 
polygon  ABCDE  has  to  the  polygon  FGHKL  the  duj|li- 
cate  ratio  of  that  which  AB  has  to  the  homologous  side 
FG.    Wherefore  similar  polygons,  &c.     Q.  E.  D. 

CoR,  1 .  In  like  manner;  it  may  be  proved,  that  similtf 
four-sided  figures,  or  of  any  number  of  sides,  are  one  to  an- 
other in  the  duplicate  ratio  of  their  homologous  sides,  aol 
it  has  already  been  proved  in  triangles.  Therefore,  itoi- 
versally,  similar  rectilineal  figures  are  to  one  another  in  tk 
duplicate  ratio  of  their  homologous  sides. 

Coa.  2.  And  if  to  AB,  FG,  two  of  the  homologous  aide^ 

'»iOD«f.5.a  third  proportional  M  be  taken,  AB*»  has  to  M  the  du- 
plicate ratio  of  that  which  AB  has  to  FG ;  but  the  foB^ 
sided  figure  or  polygon  upon  AB,  has  to  the  four-sid^ 
figure  or  polygon  upon  FG  likewise  the  duplicate  ratio  rf 
that  which  AB  has  to  FG :  Therefore,  as  AB  is  to  M9  ^ 
is  the  figure  upon  AB  to  the  figure  upon  FG,  which  ^ 

>  Cor.  19. 6.  also  proved  in  triangles  V    Therefore,  universally,  it  b  iB^ 
nifest,  that  if  three  straight  lines  be  proportiooaJs,  as  the 
first  is  to; the  third,  so  is  any  rectilineal  figure  upontb^ 
first,  to  a  similar  and  similarly  described  rectilineal  flgul^ 
upon  the  second. 
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PROP.  XXI.    THEOR. 

# 

Hectilinea  l  figures  which  are  similar  to  the  same 
rectilineal  figure,  are  also  similar  to  one  another. 

Let  each  of  the  rectilineal  figures  A,  B  be  similar  to  the 
TectiliDeal  figure  C  :  The  figure  A  is  similar  to  the  figure  B. 

Because'A  is  similar  to  C,  they  are  equiangular,  and  also 
ia?e  their  sides  about  the  equal  angles propoitiODal  »•  Again,  *  i  Det  6. 
because  Bis  simi- 
lar to  Cf  they  are 
equiangular,  and 

have  their   sides      /      i^       x  /    i> 

about  the  equal    /  ,     \  /     " 

angles      propor- 

ticHQab^    Therefore  the  figures  A,  B,  are  each  of  them 
equisQgular  to  C,  and  have  the  sides  about  the  equaljaogles 
of  eaeh  of  them  and  of  B  proportionals.    Wherefore  the 
rectiliiieal  figures  A  and  C  are  equiangular  ^,  and  have  their  ^  i  Ax.  i. 
tides  about  the  equal  angles  proportionals  <^*    Therefore  A  « ii.  5. 
Ji»iular*toB.    Q.E.D. 


,  PROP.  XXII.    THEOR. 

If  four  straight  lines  be  proportionals,  the  similar 
^tilioeal  figures  similarly  described  upon  them 
dutllalso  be  proportionals ;  and  if  the  similar  re^ti- 
Ibeal  figures  similarly  described  upon  four  straight 
lines  be  proportionals,  those  straight  lines  shall  be 
proportionals. 

Letthe  four  straight  lines  AB,  CD,  EF,  GH  be  propor- 
tionah,  viz.  AB  to  CD,  as  EF  to  GH,  and  upon  A B,  CD 
JiKt  the  similar  rectilineal  figures  K AB,  LCD  be  similarly 
^esmbed ;  and  upon  EF,  GH  the  similar  rectilineal  figures 
MF,  NH,  in  like  manner:  The  rectilineal  figure  KAB  is 
toLCD,asMFtoNH. 

"  To  AB,  CD  take  a  third  proportional*  X ;  and  to  EF,  •  ii.  d. 
^H  a  third  proportional  O :  And  because  AB  is  to  CD  as 
EF  to  GH,  and  that  CD  is  ^  to  X  as  GH  to  O ;  wherefore, «»  u.  5. 
c^squaliSas  ABtoX,  so£F  to  O:  But  as  AB  to  X«  so '22. 5. 
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f 

Booit  VI.  is  the  rectilineal  KAB  to  the  rectilineal  LCD,  and  a»E 
^*P^   to  O,  so  is^  the  rectilineal  MF  to  the  rectilineal  Nfi 

^20  6'  Therefore,  as  KAB  to  LCI>,  so^  is  MF  to  NH. 

>»  n.*  5,  And  if  the  rectilineal  KAB  be  to  LCD,  as  MF  to  NH 
the  straight  line  AB  is  to  CD,  as  EF  to  GH. 

•  12.  .6.     Make «  as  AB  to  CD,  so  EF  tq  PR,  and  upon  PR  di 

f  18.  6.  scribe^  the  rectilineal  figure  SR  similar  and  similarly  sit 


atcd  to  either  of  the  figures  MF,  NH  :  Then,  be<»M« 
AB  to  CD,  so  is  EF  to  PR,  and  that  upon  AB,  CD  «« 
described  the  similar  and  similarly  sitaated  rectilitBili 
KAB,  LCD,  and  upon  EF,  PR,  in  lifce  manner,  the  siiiia« 
rectilineals  MF,  SR ;  KAB  is  to  LCD,  as  MF,  to  SR;  bol 
by  the  hypothesis  KAB  is  to  LCD,  as  MF  to  NH ;  and 
therefore  the  rectilineal  MF  having  the  same  ratio  to  ead 
f  9. 5.  of  the  two  NH,  SR,  these  are  equal  &  to  one  another:  Thq 
are  also  similar,  and  similarly  situated  ^  therefore  GH  V 
equaVto  PR :  And  because  as  AB  to  CD,  so  is  EF  to  PR 
and  that  PR  is  equal  to  GH ;  AB  is  to  CD,  as  EF  toGft 
If  therefore  four  straight  lines,  &c*    Q,  E,D. 


PROP.  XXIH.    THEOR. 

SeeN. .Equiangular  parallelograms  have  to  one  tM 
ther  the  ratio  which  is  compounded  of  the  ratios  o 
their  sides. 

Let  AC,  CF  be  equiangular  parallelograms,  bavii^tb 
angle  BCD  equal  to  the  angle  ECG  :  The  ratio  of  the  pi 
rallelogram  AC  to  the  parallelogram  CF,  is  the  same  wit 
the  ratio  which  is  compounded  of  the  ratios  of  dieir  side 
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•  11.  5. 


Let  BC,  CG  be  placed  in  a  straight  line :  therefore  DC  Bote  VL 
Old  CE  arc  aUo:in  a  straight  line*;  and  complete  the  pa-   ^T^^^^^ 
ra\kIogram  DG;  and  taking  any  straight  line  K,  make**'  j^  J; 
as  BC  to  CGySoK  to  L;  and  as  DC  toC£,  so  make^  L  to 
M:  Tlierefore,  the  ratios  of  K  to  L,  and  L  to  M,  are  the 
same  with  the  ratios  of  the  sides^  viz.  of  BC  to  CO,  and  DC 
teCE.     But  the  ratio  of  K  to  M  is  that  which  is  said  to 

be  compounded*^  of  the  ratios  of  K  to  L,'  and  L  to  M  : «  A.  I>e£  5. 

Wterefore  also  K  has  to  M  the  ratio  compounded  of  the 

ratios  of  the  sides :  And  because  as  BC  to  CQ,  so  is  the 

pimllelogram  AC  to  the  paral-    .  Tfc      tl 

lelogfam  CH  «* ;  but  as  BC  to  A  1/ — ti-  *i.6. 

CG,  so  is  K  to  L ;  therefore  K    \ 

is*to  L,  as  the  parallelogram  AC     \ 

to  the  parallelogram  CH :  Again, 

because  as  DC  to  C£,  so  is  the 

pemllelcfTam  CH  to  the  paraU 

lebgfamCF ;  but  as  DC  to  CE, 

80  is  LtoM;  wherefore  L  is« 

to  M,  ai  the  parallelogram  CH 

totbepirallck)gramCF:  There-     v   t  \r 

fere  fincc  h  has  been  proved,     *^  *"' 

teasK  to  L,  so  is  the  parallelogram  AC  to  the  parallel- 

cgram  CH  ;  and  as  L  to  M,  so  the  paralleloirram  CH  to 

the  parallelogram  CF:  ex  ajquali',  K  is  to  Ai,  as  the  pa-  '««•  5- 

lallelogram  AC  to  the  parallelogram  CF :  But  K  has  to  M 

the  ratio  which  is  compounded  of  the  ratios  of  the  sides ; 

therefore  also  the  parallelogram  AC  has  to  the  parallelogram 

(Xthe  ratio  which  is  compounded  of  the  ratios  of  the  sides. 

Wherefore  equiangular  parallelograms,  &c.     Q.  £.  D. 


PROP.  XXIV.    THEOR. 

The  parallelograms  ^bout  the  diameter  of  any  See  n. 
ptiraHelogram,  aic  similar  to  the  whole,  and  to  one 

another. 

'  Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is 
AC;  and  EG,  HK  the  parallelfograms  about  the  diameter: 
Theparttlldo^mwis  EG,  HK  are  similar  both  to  the  wliole 
J^mltefc^ram  ABCD,  and  to  one  another. 
•Becau^  DC,  GF  are  parallels,  the  angle  ADC  is  equal*  *  w.  i. 
^tbi  a«gki  AGF :  For  the  same  reason,  because  BC^  £F 


D      K 
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BoofK  .VI.  are  parallels,  the  angle  ABC  is  equal  to  the  mogle  AEF: 
^■^^v^^  and  each  of  the  angles  BCD,  EFG  fa  equal  to  the  opixsdtt 
^34. 1.  angle  DAB*>,  and  therefore  are  equal  to  one  anraier^ 
wherefore  |he  parallelograms  ABCD»  AEFG,  are  equian- 
gular :  And  because  the  angle  ABC  is  equal  to  die  angh 
A£F,  and  the  angle  BAC  common  to  the  two  triangles  BAG 
'  4. 6.  EAF,  they  are  equiangular  to  one  another^  therefore  as  AE 
to  BC,  so  fa  AE  to  EF :  And 
because  the  opposite  sides  of 
parallelograms  are  equal  to  one 
^7.^  another^,  AB^  is  to  AD,  as  AE 
to  AG ;  and  DC  to  CB,  as  GF 
to  FE ;  and  afao  CD  to  DA,  as 
FG  to  GA ;  Therefore  the  sides 
of  the  parallelograms  ABCD, 
AEFG  about  the  equal  angles 
are  proportionals ;  and  they  are  therefore  similar  to  ooe^ 
*i  Dcf.  6.  another*^ :  For  the  same  reason  the  parallelogram  ABCD 
is  similar  to  the  parallelogram  FHCK.    Wherefore  ock 
of  the  parallelograms  GE,  KH  fe  similar  to  DB :  But  mfr 
tilineal  figures  which  are  similar  to  the  sao^  rectilioed 
<^2i.  6.  figure  are  also  similar  to  one  ianother^;  therefore  the  paid- 
lelogram  GE  is  similar  to  KH.    Wherefore  the  paralido* 
grams,  &c.     Q.  E.  D. 


PROP.  XXV.    PROB. 

SceN.  To  describe  a  rectilirfeal  figure  which  shall  bcsi- 
tnilar  to  one,  and  equal  to  another,  given  rectilineal 
figure. 

Let  ABC  he  the  given  rectilineal  figure  to  which  the 
figure  to  be  described  is  required  to  be  similar,  and  D  that 
to  which  it  must  be  equal.     It  fa  required  to  describes 
rectilineal  figure  similar  to  ABC,  and  equal  to  D. 
•Cor. 45.1.      Upon  the  straight  line  BC  describe*  the  parallelogiUf;. 
BE  equal  to  the  figure  ABC ;  also  upon  CE  describe*  dfe' 
parallelogram  CM  equal  to  D,  and  having  the  angle  FCB' 
equal  to  the  angle  CBL :  Therefore  BC  and  CF  are  iftt 
Ok j  39. 1.  straight  line  ^,  as  also  LE  and  EM :  Between  BC  and  C^ 
c  J4. 1.  fiujjc  a  mean  proportional  GH,and  upon  GH  describe^  thr 
4  ]g  ^  rectilineal  figure  JKGH  similar  and  similarly  situated  todlft' 
figure  ABC :  And  because  BC  is  to  GH  as  GH  to  CF ;  and 
if  three  straiglit  lines  be  proportionafa,  as  the  fiist  is  lo  ^ 
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thifs^  so  k*  the  Bgwre  upoD  the  first  to  the  limilar  and  si-  Boob  Vl, 
niliirly  dttoribed  figure  upon  the  second ;  therefore,  as  IfC  ^iT^^"^*^ 
to  CP,80  is  the  lectilineal  figure  ABC  to  KGH :  But  as  EC  *^^^' 
to  CF}  to  18^  the  paraHelogmm  BE  to  the  narallelogtam  r  i.  g! 
EF^  Therefore  as  the  rectilineal  figure  ABC  is  to  KGH, 
$ok  the  parellelogram  BE  to  the  parallelogram  EFf :  And  c  ii.  5. 

A 


tbe  rectilineal  figure  ABC  is  equal  to  the  parallelogram 
BE)  therefore  the  rectilineal  figure  KGH  is  equal  ^  to  the  ^  14. 5.  ^ 
pandldpgram  EF :  But  EF  is  equal  to  the  figure  D ; 
wherefore  also  KGH  is  eaual  to  D;  and  it  is  similar  to 
ABC  Therefore  the  rectilineal  figure  KGH  has  been  de- 
scribed similar' to  (he  figure  ABC,  and  equal  to  D.  Which 
was  to  be  done. 


PROP.  XXVI.    THEOR. 

If  two  similar  parallelograms  have  a  common  an- 
gle, and  be  similarly  situated ;  they  are  about  the 
same  diameter. 

Let  the  parallelograms  ABCD,  AEFG  be  similar  and 

similarly  atuated,  and  have  the  angle  DAB  common : 

ABCD  and  AEFG  are  about  the  same  diameter.  " 
For,  if  not,  let,  if  possible,  the       a  #n  t\ 

pralkk^m  BD  have  its  diame-     A Q  ^ _^    D 

terAHC  in  a  diflPerent  str^ght 

^  ftoBi  AF,  the  diameter  of  the   Kj 

|)nnilfelaffram  EG,  and  let  GF 

gett  AHC  in  H ;  and  through 
Jt  draw  HK  parallel  to  AD  or 
^:  Tlierefore   the    parallelo-ii 
fttew    ABCD,   AKHG   being 


^oat  the  same  diameter,  they  are  simi 
^t)«refare  as  DA  to  AB»  to  is  >>  G A  u 


milar  to  one  another* :  •  *♦. 6. 
to  AK :  But  because  ^  1  DeC  6. 
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BotK  VI.  ABCD  ^nd  AEPG  are  similar  paraUelograms,  as  DA  is  to 
^"^^^^  AB,  so  is  GA  to  A£;  therefore «  as  GA  to  AE;,  so  GA  to 
« !!•  5.  ^jj  ^  wherefore  GA  has  the  same  ratio  to  ea^h  of  the 
^  9. 5.  straight  lines  AE,  AK ;  and  consequently  AK  is  equal  ^  to 
AE9  the  less  to  the  greater,  which  is  impossible :  Theie* 
fore  ABCD  and  AI^IG  ar^  not  about  the  same  dianieter : 
wherefore  ABCD  and  AEFG  must  be  about  the  same  di- 
ameter,    llierefore,  if  two  similar,  &c.     Q.  E.  D. 

*  To  understand  the  three  following  propositions  more 

*  easily,  it  is  to  be  observed, 

M .  That  a  parallelogram  is  said  to  be  applied  to  a  straight 

*  line,  when  it  is  described  upon  it  as  one  of  its  sides.  Ex. 

*  gr.  the  parallelogram  AC  is  said  to  be  applied  to  the 

*  straight  line  AB. 

*  2.  But  a  parallelogram  AE  is  said  to  be  applied  to  a 

*  straight  line  AB,  deficient  by  a  parallelograiii,  wtien  AD 

*  the  base  of  AE  is  less  than 
'  AB,  and  therefore  AE  is 

*  less  than  the  parallelogram 
'  AC  described  upon  AB  in 

*  the  same  angle,  and  be- 
Vtween  the  same  parallels, 

*  by  the  parallelogram  DC;  and  DC  is  therefore  caBed 
^  the  defect  of  AE. 

*  3,  And  a  parallelogram  AG  is  said  to  be  applied  toa 
'  straight  line  AB,  exceeding  by  a  parallelogram,  when  AF 

^  *  the  base  of  AG  is  greater  than  AB,  and  therefore  AGex- 

*  ceeds  AC  the  parallelogram  described  upon  AB  in  At 
^  same  angle,  and  between  the  same  parallels,  by  the  pant 
f  lelogram  BG.' 


PROP.  XXVII.    THEOR. 

s^cN.  Of  all  parallelogranfis  applied  to  the  same  strai^t 
line,  and  deficient  by  parallelograms,  similar  and 
similarly  situated  to  that  which  is  described  upol^ 
the  half  of  the  line;  that  which  is  applied  totb^ 
half,  and  is  similar  to  its  defect,  is  the  greatest 

Let  AB  be  a  straight  line  divided  into  two  equal  psuT^ 
in  C,  and  let  the  parallelogram  AD  be  applied  to  the  hsV 
AC,  which  is  therefore  deficient  from  the  parallelograi^ 
upon  the  whole  Line  AB  by  the  parallelogram  C£  upo^ 


OF   EDCIID. 

the  other  faslf  CB :  of  alt  the  parallelc^Tains  applied  to  aoy  ' 
other  puts  of  AK,  and  deficient  by  parallelograms  that  are 
umilar  and  similarly  situated  to  CE,  AD  is  the  greatest. 

Jjet  AF  be  any  paratlelogtam  B]>plied  to  AK,  any  other 
put  of  AB  than  the  half,  eu  as  to  be  deficient  from  the  pa- 
rallek^Taoi  upon  ihe  whole  liae  AB  by  the  pmallelogram 
KH  similar  and  similarly  situated  to  CE :  AD  is  greater 
thao  AF. 
Pint,  let  AK  the  base  of  AF  be  greater  than  AC  the 

half  of  AB ;  and  because  CE  l»  rf-       T)L_  K 

nilar  to  the  parallelogram  KH,       '~''        "  '' 

they  are  about  the  same  diametei*: 

Draw  their  diameter  DB,  and  com-  f^l  1  W 

plete  the  scheme  :  Because  tbepa- 

nllelogram  CF  is  equal  ^  to  FE,  add 

KH  to  both,  therefore  the  wbole 

CH  U  equal  to  the  whole  KE:  But  -  ^ 

CH  u  equal  Mo  CG,  because  the  A         C  KTB 

bue  AC  is  equal  to  the  base  CB; 

tbeicfcre  CG  is  equal  to  KB :  To  each  of  these  atkl  CF ; 

then  the  whole  AF  is  equal  to  the  gnomon  CHL:  There. 

hre  C^  ei  the  parallelogram  AD,  u  greater  tbui  the  pa- 

nUelogram  AF. 
Next,  Let  AK  the  base  of  AF, 

be  less  than  AC,  and,  the  same 

construction  being  made,  the  pa- 

ullelogram  DH  is  equal  to  DG ', 

fiiHM  is  equal  to  MG'l,  because 

BC  is  equal  to  C A ;  wherefore  DH 

B  greater  than  LG :  But  DH  is 

t(|UBl<>  to  DK;  therefore  DK  is 

greater  than  LG;  To  each   of 

4e»e  add  AL;  then  the  whole 

AB  ia  greater  than  the  whole  AF.    r— 

IWtnv,  of  all   parallelograms 

iFFK&c.    Q.E.D. 
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PROP.  XXVIII.    PROB. 


^ 


To  a  gircn  straight  line  to  apply  a  parallelogram 
equal  to  a  given  rectilineal  figure,  and  deficient  by 
a  parallelogram  sinjilar  to  a.  given  pHrallelogram  : 
But  the  given  rectilineal  figure  to  which  the  paral- 
lelogram to  be  applied  is  to  be  equal,  must  not  ' 
greater  than  tlie  parallelogram  applied  to  h»lt 
the  given  line,  having  its  defect  similar  to  the  de- 
fisct  of  that  which  is  to  be  applied  :  that  is,  to  th< 
given  parallelogram. 

Let  AB  be  the  given  straight  line,  and  C  the  givea 
tilineal  figure,  to  which  the  pamllelogram  to  be  applied 
required  to  be  equal,  which  figure  must  not  be  greater  thi 
the  parallelogram  applied  to  the  half  of  the  line,  having  it 
defeet  from  that  upon  (he  whole  line  similar  to  the  defect 
of  that  which  rs  to  be  applied ;  and  let  D  be  the  paralleto- 
gnm  to  which  this  defect  it>  required  to  be  similar.     It  tf 

required    to    apply    a       tj G__0 

parallelogram  to  the 
straight  line  AB,  which 
shall  be  equal  to  the 
figure  C,  and  be  defi- 
cient from  the  parallel- 
ogram upon  the  whole 
line  by  a  parallelogram 
similar  toD, 

Divide  AB  into  iwo 

1-  e(]ual  parts"  in  the  point 
£,  and  npoD  EB  de- 
scribe the  parallelogram 

e-  EBFG  timilar''  and  similarly  situated  to  D,  and  complete 
the  parallelogram  AG,  which  must  either  be  equal  to  C,  or 
greater  than  it,  by  the  determination ;  And  if  AG  be  equal 
to  C,  tl)en  what  was  required  is  already  clone :  For,  upOQ 
the  straight  line  AB,  the  parallelogram  AG  is  applied  egna] 
to  the  figure  C,  and  deficient  by  the  parallelogram  EF  a- 
milar  to  D :  But,  if  AG  be  not  equal  to  C,  it  is  greater  than 
it;  and  EF  is  equal  to  AG ;  therelbre  EF  also  is  greater 3 

E.  than  C.  Make^  the  parallelogram  KLMN  equal  to  the 
excess  of  £F  above  C,  and  similar  and  aimilarl' 


Ujft. 
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D  ;  Irat  D  is  similar  to  EF,  therefore  <>  also  KM  is  rimaar  BoottL 
to  £F:  Let  KL  be  the  homologous  side  to  EG,  and  LM ^^jp^"^ 
to GF;  and  because  EF  is  mpial  to  C  and  KM  together,  '^^ 
£F  is  greater  than  KM;  therefore  the  straight  lipe  EG  is 
Msaler  than  KL,  and  GF  than  LM :  Main  GX  equal  to 
IKj  mad  GO  equal  to  LM,  and  complete  the  pandMognon 
XGOP:  Therefore  XO  is  equal  and  simiiar  to  KM  ^  but 
KM  is  similar  to  EF;  wherefore  also  XOpsimSar  to  EF, 
and  Aerefore  XO  and  EF  are  about  the  samediameter^:  Let  *^  <> 
GPB  be  their  diameter,  and  complete  the  scheme ;  Thctt, 
because  EF  is  equal  to  C  and  KM  tq^edier,  tndXOapatt 
of  the  one  is  equal  to  KM  a  part  Of  mexitfaer^  the  icmaiB- 
der,  nz.  the  gnomon  ERO  is  equal  to  the  Pemainder  C: 
and  because  OH  is  equal'  to  XS,  by  adding  SR  to  eacli^  the  r  S4 1. 
whole  OB  is  equal  to  tlse  whole  XB :  But  XB  is  eqnals'to  t  se.  i. 
TE^  because  the  base  A£  is  equal  to  the  base  EB)  whero* 
ibfeabo  TE  bequaltoOB;  AddXBtoeaoh,  then  the 
ivfaoleTS  is  equal  to  the  whole,  viz.  to  die  gnomon  EBOi 
Bat  it  has  been  proved  that  Ae  gnomon  ERO  k  eooal  to  C^ 
iuid'tiMSitfore  also  TS  is  equal  to  C.    Wherefore  fbepandk 
MB  TS,  equal  to  die  given  rectilineal  fignre  C,  k  ep» 
to  die^ven  straight  line  AB  deficient  by  the  panA- 
SR  simihr  to  the  givwi  one  D,  becattse  8R  k  si. 
.3iBartoEFK    Which  was  to  be  done*  -^ue. 


PROP,  XXDL    PROB. 

^0  a  given  straight  line  to  apply  «  pikfiffl^cgram  Se^N. 
^uai  to  a  given  rectilineal  £^ure^  exceeding  by  a 
jNindlelogram  similar  to  another  given. 

Let  AB  be  i^e  given  stnught  Hne,  and  C  the  given  recti* 
Vneai  feiire  to  which  the  ^umllelogram  to  be  api>lied  k 
lequired  to  be  equal,  and  D  theparallelogram  to  wliich  the 
txoess  of  die  one  to  be  amfied  above  that  upon  the  given 
Me  k  vei|U!i«d  to  be  simiuur.  It  k  required  to  apply  a  paral-  ( 
feloffram  to  the  given  stndght  line  AB  which  shall  be  equal 
to  tne  Hmre  C,  exceeding  by  a  parallelogram  similar  to  D. 

'KvMfe  AB  into  two  equal  parts  in  the  point  E,  and  upon  '   « 
EB  d^ciibe*  the  patallelogram  EL  similar  land  similairiy   is  ^^ 

N2 
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39K  Vi*  situated  to  D :  And  make^  the  parallelogram  GH  equal  to 
^^^^   EL  and  C  together,  and  similar  and  similarly  titwited  to 

•  SI.  6.  I> ;  wherefore  GH  is  similar  to  EL^ :  Let  KH  be  the  side 
'  homologovis  to  FL,  and  KG  to  FE :  And  because  tlie  pa- 
rallelograim  GH  is  greater  than  EL,  therefbre  the  side  KH 
is  greater  than  FL,  and  KG  than  FE:  Produce  FL 
FEi&Ad  make  FLM  equal  to  KH,  and  FEN  to  KG,  anc» 
.  complett  the  parallelogram  MN.    MN  is  therefore  equ 
and  similar  to  GH: 

But  GH  is  similar     ^  KS  \H 

to. EL;  .wherefore 
-MN  is  similar  to 
■EL,    at)d    conse« 
quently  EL-  and 
MN  are  about  the 

^  2fi.  6.  saro^  diameter** : 
Draw  their  diame- 
ter F^-and  com- 
.^ete  the  scheme. 
Therefore  since 
GHiserjualtoEL 
and  C  together, 
and  that  GU  is  equal  to  MN ;  MN  is  equal  to  EL  and  C- 
Take  away  the  common  part  EL ;  then  the  xemaiDder,  *^% 
the  gnomon  NOL,  is  equal  to  C.  And  because  AE  is  equal 

•  36. 1.  to  EB,  the  paTciHelogram  AN  is  equal*  to  the  parallelograni 

'43. 1.  NB,  that  is,  to  BM^.  Add  NO  to  each ;  therefore  the  whole, 
viz.  the  parallelognim  AX,  is  equal  to  the  gnomoni  NOL. 
But  the  gnomon  NOL  is  equal  to  C  ;  therefore  also  AX  is 
equal  to  C,  Wherefore  to  the  straight  line  AB  there  is 
applied  tlie  parallelogram  AXequ^l  to  the  given  rectilineal 
C,  exceeding  by  the  parallelogram  PO,  which  is  similar  to 

t  24. 6.  D,  becausii  PO  is  similar  to  EL{>.    Which  was  to  be  dpncw 


PROF.  XXX.    PROB. 

To  cut  a  given  straight  line  in  extreme  and  mee 
ratio. 

Let  AB  be  the  given  :>traight  Hue,  it  it  required  to  ( 
it  iu  extreme  and  mean  ratip. 


OF  BUCLIH. 


I§1 


«  14.  6. 


J4.  1. 


•   Upon  ABdescribcftbe  square  BC^tndio  AG  iipplyttai. 
parallel^grtin  CD,  equal  to  BC,  ext^ecEog  fay  tms  figiiffe . 
AD  similar  to  BC  '*:  But  BC  is  a  square,      ^ .  r^    '       i,  .,^  ^' 

therefore  also  AD  is  a  square ;  and  be- 
cause BC  is  equal  to  CD»  Ixy  takiog  the 

<rominop  part  CE  from  each,  the  re-  >^ 

mainder  BF  is  equal  to  the  remainder 

AX) :  And  these  figures  are  equiangular, 

^herefclte  their  sides  alK)Ut  the  equal 

Angles  are  reciprocally  proportional^ : 

AVherefore,  as  FE  to  ED,  so  AE  to 

EB:  But  FE  is  equal  to  AC  ^  that  is, 

^o  AB ;  and  ED  is  equal  to  AE :   ^^ 

Therefore  as  BA  to  AE,  so  is  AE  to  EB :  But  AB  is 

greater  than  AE ;  wherefore  AE  is  greater  than  EB« :  •  14.  5. 

Therefore  fhe  straight  line  AB  is  cut  in  extreme  and  mean 
iratioinEC.     Which  was  to  he  done.  'SOp£6. 

Otherwise, 
.Lot  AB  be  tlie  given  straigiit  line ;  it  is  required  to  cut 
It  ID  extreme^nd  mean  ratio.  .  ^ 

Divide  AB  in  the  point  C,  so  that  the  rectangle  contain- 
ed by  AB,  BC,  be  equal  to  the  square 

of  AC?  :  Then,  because  the  rectangle      A  C      B  *  ^^*  ^ 

AB,  BC,  is  equal  to  the  square  of  AC ;  as  BA  to  AC,  so  is 
AC  to  CB'' :  Therefore  AB  is  cut  in  extreme  and  mean  ^  ir.  6. 
raitio  in  C^.    Wliich  was  to  be  done. 


PROP.  XXXI.    THEOR. 

V  ri^t  angled  triangles,  the  rectilineal  figure  de-  See  N. 
scribed  upon  the  side  opposite  to  tbe  right  angle, 
^1  equal  to  the  similar,  and  similarly  described 

igures  upon  the  sides  containing  llie  right  angle. 

Let  ABC  be  a  right  angled  ^triangle,  having  the  right 
^Tigle  BAC  :  The  rectilineal  figure  described  upon  BC  is 
equal  to  the  similar,  and  similarly  described  figures  upon 
^A,  AC. 

Draw  the  perpendicular  AD ;  therefore,  because  in  the 
tight  angled  triangle  ABC,  AD  is  drawn  from  the  right  an- 
gle at  A  perpendicular  to  the  base  BC,  the  triangles  ABD, 
ADC  are  similar  to  the  whole  triangle  ABC,  and  to  one 
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■  another ",  and  because  the  triangle  ABC  issirailarto  ADB^ 

as  CB  to  BA,  so  is  BA  to  BD  ^  ;  and  because  these  dm 
^  straight  lines  are  propoTtionals,  as  the  firet  lo  the  third,       , 

is  the  figure  upon  the  Bret  to  the  similar,  and  sitnilarlj'  de^  _  . 
ir.scribed  figure  upon  the  second':  Therefore  as  CB  loBD" 
^- so  is  the  figure  upon  CB  to 

the  similar  and  similarly  de- 
scribed  figure  upon    BA : 
S.And  inversely'',  as  DB  to 

BC,  so  is  the  figure  upon 

BA  to  that  upon  BC :  For  ^ 

the  same  reason,  as  DC  to  -n*- 

CB,  so  is  the  figure  upon  "' 

CA    to    that    ii[}on     CB. 

Wherefore  as  BD  and  DC 

together  to  BC,  so  are  the  figures  upon  BA,  AC  to  tl 
5.  upon  BC'^:  But  BD  and  DC  together  are  equal  to  I- 
s-TTierefore  the  figure  described  on  BC  is  equal'  to  the 

milar  and  similarly  described  figures  on  BA,  AC.    Wbe 

fore,  in  riglit  angled  triangles,  &g.     Q.  E.  D. 


PROP.  XXXII.    THEOR. 

seeN.  If  two  triangles  which  have  two  sides  of  the  one 
proportional  to  two  sides  of  the  other,  be  joined  at 
one  angle,  so  as  to  have  their  homologous  sides 
parallel  lo  one  another  ;  the  remaining  sides  shtdl 
be  in  a  straight  line. 

Let  ABC,  DCE,  be  two  triangles  which  have  the  two 
sides  BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA  to 
ACasCDtoDE;  and  let  AB  be  parallel  to  DC,  and  AC 
to  DE,  BC  and  CE  are  in  a  straight  line. 

Because  AB  is  parallel  » 
to  DC,  and  the  straight  > 
line  AC  meets  them,  the 
alternste  angles  BAC, 
'S9.1-ACD  are  equal";  for  the 
lams  reason,  the  angle 
CDE  is  equal  to  the  angle 

A  C  D  !     whereftwe    Jso 

BAC  i>  equal  to  CDE ;       Ji  ;         C 


or  KVtJLIRT'  H$ 


Aod  bMMe  the  triangle  ABC,  DCB^mom  «#».«»  »n:¥& 
A  e^ndtDoneatD^andtheadctabaiiedKiettigleifM* 
portmafas  ipiz^  BA  to  AC,  as  CD  taDB,  lhetMui|^  AJK 
is  equauigular^  to  DCE:  Therafim  tfit  aiwle  ABC  k' 
equal  to  the  angle  DCB :  And  the  angle  BAC  M&  pcofiid 
to  be  equal  to  ACD:  There&m  the  whole  angle  AC£  in 
equal  to  the  two  angles  ABC,  BAC ;  adi  the  conuMoaAt 
^le  ACB^  then  the  angles  ACB,  A€B*  me  equal  ta  ikm 
angles  ABC3  BAC,  ACB :  But  ABC,  BAG;  ACB  aM 
^qual  to  two  right  angles  <^;  thefefixe  also  theai^les  ACE|  * 
ACB  are  equal  to  two  right  angles :  And  since  at  the  point 
€2,  in  the  straight  line  AC,  the  two  straight  lines  BC,  CE, 
"V^hich  are  on  the  opposite  sides  of  it,  make  the  adjacent 
angles  ACE,  ACB  equal  to  two  right  angles;  therefbre*^' 
SC  and  C£  are  in  a  straight  line*    Wherefore,  if  two  tri« 
^uigles,  &c.    Q.  E.  D. 


PROP.  XXXin.    THSOlt 

Xh  equal  circles,  angles,  whether  nt  the  centres  or  Sft  n. 
^^c»ifiiferen<:es,  have  the  same  ratio  which  the  cir* 
^amlkreiieea  on  which  they  stand  have  to  ooe  an*  ' 
Esther :  !^  abo  have  the  sectors. 

- :  Let  ABC,  DEF  be  equri  circkifl;  tad  at  thar  eantssf 

-^he  asgiea  BGC,  BHF,  and  the  angles  BAC,  EOF^  at  tbeir 

^siveuBifereBces ;  «a  the  eircumference  BC  to  the  oifoum^ 

:taSMrSF,  ao  is  the  ang^  BGC  to  the  ao^e  EHF,  and 

ijbi^agle  BAC  to  the  an^le  £I>F9  Aad  abo  the  sectsr 

MEC  ts  the  sector  EHF, 

Tsh^ny  number  of  circuaifeoeBces  CK,  KL,  eaeh  e<|u8l 

^  BC^  and  anjr  mimher  «hatev>er  FM,  MN,  wh  equd  to     ^ 

:£F ;  And  join  GK,  GU  HM,  HR    Because  the  c'u^um^ 

:fimiiees  BC,  CK,  KL  are  all  equal,  the  an^es  BGC,  CGK, 

ILGI4  are  al^o  all  equal* :  Therefore  what  multiple  soeirisf  •tr.^ 

^  eireuB^reace  BL  is  of  the  cincuiiifefeBee  BC,  the  saaia 

Budti|to  is  the  pngle  BGL  of  ^  ai^  BGC :  Fov  the 

^am  leasoii,  vbatover  moki^  tlie  cifouflifesenee  EN  is 

d  die  eifoum&rence  EFL  die  saaie  middpie  is  the  ai^ 

maoiam  v^  BUT;  Aad  if  the  eircuarfnence  BL 


i 
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B6bi  vx.  be  equal  to  the  circumferedce  EN,  the  angle  BGL  is  also 
^"^^'"'^  equal ^  to  the  angle  EHN ;  and  if  the  cireumferehce  BL 
*^'''*^-b^?greatcrihanEN,  likewise  the  angle  BGL  is  greater 
>  tha&'EBN :  and  if  lessy.iess :  There  being  then  four  mag- 
nitodes,  the  two  drcumferehces  BC,  EF,  and  the  two  an- 
gles BGGy-EHF ;  cS  the  circumference  BC^andqf  the  an- 
gle. BGC^'^bave  beto  taken  any  equimultiples  whatever,  viz. 
thfecirdlmierence'BL^.and  the  angle  BGL;  and  of  the 
eiicuiolereiKie  EF,  and.of  the  angle  EHF,  any  equimulti**. 


1 


\-  .  - 


pies  whatever,  viz.  the  circumference  EN,  and  the  angle 
EHN  :  And  it  has  been  proved,  that  if  the  circumference 
BL  be  greater  than  EN,  the  angle  BGL  is  greater  than 
EHN;  and  if  equal,  equal;  and  if  less,  less :  As  therefore 

^  5  Def.  5.  the  citTumJerencc  BC  to  the  circumference  EF,  so*»  is  thc- 
angle  BGC  to  the  ans^le  EHF :  But  as  the  angle  BGC  is 
•^  15. 5  to  the  angle  EH  F,  so  is  «  the  angle  B AC  to  the  angle  EDF  ;- 
^  ?o.  3.  for  each  is  double  of  each^ ;  Therefore,  as  the  circumference. 
BC  is  to  EF,  so  is  the  angle  BGC  to  the  angle  EHF,  and 
the  angle  BAG  to  the  angle  EDF. 

Also,  as  the  circumference  BC,  to  EF,  so  is  the  sectOT 
BGCto  the  sector  EHF.  Join  BC,  CK,  and  in  the  cir- 
cumferaaces  BC,  CK  take  any  points  X,  O,  and  join  BX, 
XC,  CO,  OK  !  Then,  because  in  the  triangles  GBC',  G:CK 
the  two  sides  BG,  GC  are  equal  to  the  two  CG,  GK,  and 
*  4. 1.  that  they  contain  equal  angles;  the  base  BC  is  e(]ual<^  to 
the  \me  CK,  atfd  the  triangle  GBC  to  the  triangle  GCK  r 
And  because  the  circumference  BC  is  equal  to  the  circum- 
ference CK,  the  remaining  part  of  the  whole  circumference 
of  the  circle  ABC,  is  equal  to  the  remaining  part  of  the 
whole  circumference  of  the  same  circle :  Wherefore  the 
angle  BXC  is  equal  to  the  angle  CQK^  :  and  the  segment 

11  Def.  3.  BXC  is  therefore  similar  to  the  segment  COK^^  and  they 

are  upon  equal  straight  lines  BC,  CK :  But  similar  se^- 

t  34. 3.  ments  of  circles  upon  equal  straight  lines,  are  equals  to  one 
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anoiher ;  Therefore  the  segment  BXC  is  equal  to  the  scg-  ^<y  VL 
ment  COK :  And  the  triangle.BGC  ib  equal  to  the  triangle 
CGK :  therefore  the  whole,  the  sector  BGC  is  equal  to 
tiic  whole,  the  sector  CGK  :  For  the  same  reason,  tne  sec- 
tor KGL  is  equal  to  each  of  the  sectors  BGC,  CGK :  la 
the  same  manner,  the  sectors  EHF,  FHM,  MHN  may  be 
proved  equal  to  one  another :  Therefore,  what  multiple 
soever  the  circumference  BL  is  of  the  circumference  IBC, 
the  same  multiple  is  the  sector  BGL  of  the  sector  BGC : 
For  the  same  reason,  whatever  multiple  the  circumference 
EN  is  of  EF,  the  same  multiple  is  the  sector  EHN  of  the 
^ctor  EHF :  and  if  the  circumference  BL  be  equal  to. 


^N,  the  sector  BGL  is  equal  to  the  sector  EHN ;  and  if 
t^€  circumference  BL  be  greater  than  EN,  the  sector  BGL 
^?^  greater  than  the  sector  EHN ;  and  if  less,  less  :  Since 
^«n,  there  are  four  magnitudes,  the  two  circumferences 
-^CjEF,  and  the  two  sectors  BGC,  EHF,  and  of  the  Cir- 
cumference BC,  and  sector  BGfC,  the  circumference  BL 
^d  sector  BGL  are  any  equal  multiples  whatever ;  and  of 
^e  circumference  EF,  and  sector  EHF,  the  circumference 
^N,tnd  sector  EHN,  are  any  equimultiples  whatever ; 
^rid  diat  it  has  bee^n  proved,  if  the  circumference  BL  be 
greater  than  EN,  the  sector  BGL  is  greater  than  the  sector 
fiHN ;  and  if  equal,  equal ;  and  if  less,  less  ;  Therefore b,  *  5  Difc  «. 
^  the  eircumference  BC  is  to  the  circumference  EF,  so  is 
^  sector  BGC  to  the  sector  EHF.    Wherefore,  in  equal 
^wcle8,&c.    Q.E.D. 
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■^^'^  PROP.  B.    THEOR. 

SmN.  If  an  angle  of  a  triangle  be  bisected  by  a  »tn 
line  which  likewise  cuts  the  base;  the  recte 
contained  by  the  sides  of  the  triangle  is  equal  f 
rectangle  contained  by  the  segments  of  the  I 
together  with  the  square  of  the  straight  line 
,  secting  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BACbc  bis 
by  the  straight  line  AD ;  the  rectangle  BA,  AC  is  egi 
the  rectangle  BD,  DC,  tugctber  with  the  square  of  A! 

■  5. 4.  Describe  the  circle'  ACB  about  the  triangle,  and 
duce  AD  to  the  circumference 
in  E,  and  join  EC :  Tben  be- 
cause the  angle  BAD  b  equal  to 
the  angle  CAE,  and  the  angle 
»si.s.  ABD  to  the  angle''  AKC,  for  B|^ 
they  are  in  the  same  segment ; 
the  triangles  ABD,  AEC,  are 
equiangular    to  one    another : 

■1.6.  Therefore  as  BA  to  AD.sois'^ 

EA  to  AC,  and  consequently 

*  ifi.  6.  the  rectangle  BA,  AC  is  equal  "^ 

•  3.  9.  to  the  rectangle  EA,  AD,  that  is^,  to  the  reclaugle 
DA,  together  with  tlie  square  of  AD  :  But  the  recti 

•35.B.ED,  DA  is  equaltothe  rectanglef  BD,  DC.  Th« 
the  rectangle  BA,  AC  is  equal  to  the  rectangle  BD, 
together  with  the  square  of  AD.  Wherefore,  if  an  a 
&c.    Q.E.D. 


PROP.  C.    THEOR. 

:«  N.  If  from  any  angle  of  a  triangle  a  straight  lilt 
drawn  perpendicular  to  the  base;  the  recti 
contained  by  the  sides  of  the  triangle  is  equal  t 
rectangle  contained  by  the  perpendicular  an( 
diameter  of  the  circle  described  about  the  triai 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular 
the  angle  A  to  the  base  BC ;  the  rectangle  BA,  AC  ja 
to  the  rectangle  contained  by  AD,  and  the  diamgtfti 
circle  described  about  the  triangle. 
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'5.4. 

'4.6. 
•16.6. 


*  Describe  <»  the  circle  ACB  a- 
kmt  the  triangle^  and  <lraw  its 
diameter  AE»  and  join  EC :  Be- 
cam  dM  ri^  angle  BD A  is 
eqnli»  to  tiM  angle  £CA  in  a 
aeiiiidicle,aod  the  angle  ABO 
to  the  Bjoj^  AEC  in  the  same 
rament^l  due  triangles  ABD, 
AEC  are  eqiuansular:  There- 
fore aa^  BA  to  AD»  so  is  £A 

to  AC;  and  eoMequent)y  the  rectangle  BA,  AC  is  equal' 
to  the  rectangle  EA,  AD.  If  therefore  from  an  angle,  &c. 
Q.E.D.  •  / 

^      ,  PROP.  D.    THEOR. 

The  rectangle  contained  by  the  diagonals  of  aseeN. 
quadrilateral  inscribed  in  a  circle,  is  equal  to  both 
the  rectangles  contained  by  its  opposite  sides. 

Let  ABCD  beany  quadrilateral  inscribed  in  a  circle,  and 
join  AC,  BD ;  the  rectangle  contained  by  AC,  BD  is  equal  to 
the  two  rectangles  contained  by  AB,  CD,  and  by  AD,  BC  *, 

Make  the  angle  ABE  equal  to  the  angle  DBC :  add  to 
eadi  of  these  the  common  angle  EBD,  then  the  angle  ABD 
iie(|ttl  to  the  angle  EBC :  And  the  anj^le  BDA  is  equal^  >  21.  s. 
tetheani^  BCE,  because  they  are  in  the  same  segment : 
Aerefore  the  triangle  ABD  is 
equiangular   to  the    triangle     ^ 
KB:  Wherefore^  as  BC  is 
t»CB,toia  BD  to  DA;  and 
cooacqueiitly  the  rectangle  BC, 
AD  is  equal  ^  to  the  rectangle 
BD,  C£ :  Again,  because  the 
^leABE  is  equal  to  the  angle 
IWQiiiiitfataiigle^BAEtQ 
Mile  BDC,  the  triangle 

"■  h  equiangular  to  the  tri-.  

3CD :  As  therefore  BA  to  AE,  so  is  BD  to  DC; 

— jfcire  the  rectangle  BA,  DC  is  equal  to  the  rectangle 

H)|  AE :  But  the  rectangle  BC,  AD  has  been  shown  equal 

to  ibe  rfsctaogle  BD,  C£ ;  therefore  the  whole  rectangle  AC, 

IJP^  is  equiu  to  the.rectangle  AB^  DCj  together  with  the^  1. 1. 

i^ct^glfADkBC.  Therefore,  the  rectagle,  &c,  Qil^P. 
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BOOK  XL 

DEFINITIONS. 


t 


I. 

1^^  xr.  A  SOLID  is  that  which  hath  length,  breadth,  and  thickoe». 

11/ 

That  which  bouruls  a  solid  is  a  superficies. 

m.     . 

A  straiglit  line  is  perpendicular,  or  at  right  angles,  ^  t 
plane,  when  it  makes  right  angles  with  every  straigbt 
line  meeting  it  in  that  plane. 

IV. 

A  plane  is  perpendicular  to  a  plane,  when  the  straight  Iio6i 
drawn  in  one  of  the  planes  perpendicularly  to  die  oom* 
mon  section  of  the  two  planes  are  perpendicahr  to  the 
other  plane. 

_  V. 

The  inclination  of  a  straight  line  to  a  plane  is  the  acute  an- 
gle* contained,  by  that  straight  line,  and  another  ditim 
from  the  point  in  which  the  first  line  meets  the  plaiK|to 
the  point  in  which  a  perpendicular  to  the  plane  dniwn  ' 
'  from  any  point  of  the  first  line  above  the  plane,  meets 
the  same  plane. 

VI. 

The  inclination  of  a  plane  to  a  plane  Is  the  acute  angle  cod» 
tained  by  two  straight  lines  drawn  from  any  the  saine 
point  of  their  common  section  at  right  angles  to  it,  od( 
upon  one^plane,  and  the  other  upon  tke  other  plane. 
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'  VII.  .      .      .      .      ^"  ^^' 

Two  planes  are  said  to  have  the  same  or  a  like  inclination   ^'"^''^^ 

to  one  another,  which  two  other  planes  have,  when  the 
said^ingKes  Of  incliaation  are  equal  to  one  another. 

VIII. 
Parallel  planes  are  such  which  do  not  meet  one  another 
though  itrodtioed. 

IX. 
^  solid  angle  is  that  which  is  made  hy  the  meeting  of  more  Sm  N. 
tlian  twnplnne aisles, which  are  not  in  the  same  plane,    , 
inone point*        >  - 

X. 
'  IThe  tenth  definition  is  omitted  for  reasons  given  in  the  See  N. 

XI. 

^inilar  solid  figures  are  such  as  have  all  their  solid  angles  Set  X. 
ecpitt^tach  to  each,  and  which  are  contained  by  the  same 
numberof  similar  planes. 

XII.   . 
pytamiid  is  a  solid  figure  contained  by  planes  tliat  are 
constituted  betwixt  one  plane  and  one  point  above  it  in 
which  they  meet. 

•      '  XIIL 

prism  is  a  solid  figure  contained  by  plane  figures,  of 
which  two  that  are  opposite  are  equal,  similar,  and  pa- 
rallel to  one  another :  and  the  others  parallelograms. 

XIV. 
S(4)ere  Is  a  solid  figure  described  by  the  revolution  of  a 
semicircle  about  its  diameter,  which  remains  unmoved. 

.  XV. 
,  axis<of  a  sphere  is  the  fixed  strai^it  line  about  whicti 
die  MMtircle  revolves. 

XVI. 
^^c^tre  o(a  sphere  is  the  same  with  that  of  the  semi 
circle. 

XVII. 
1%0  AoMt^  of  a  sphere  is  any  straight  line  which  passes 
»      tiwil^  the 'Centre,  and  13  terminated  both  ways  by  the 
superficies  of  the  sphere. 

XVIII. 

A  cone  is  a  solid  figure  described  by  the  revolution  of  a 

right  angled  triangle  about  one  of  the  sides  containing 

the  right  angle,  which  side  remains  fixed. 

If  the  fixed  side  be  equal  to  the  other  side  containing  the 

right  angle,'the  cone  b  called  a  right  angled  cone ;  if  it 
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XI.  be  less  than  tlie  other  side,  an  obtuse  angled,  anil  if 
"^       greater,  no  acute  angled  cone. 
XIX. 
The  axis  of  a  cone  is  the  fixed  stni^  line  about  which  th« 
triangle  revolves. 

XX. 
Tlie  base  of  a  cone  is  the  circle  described  by  tfakt  side  con- 
Uuning  tlie  right  angle,  which  revolves. 
XXI. 
A-cylinder  is  a  solid  figure  described  by  the  revohitian  eT  4 
right  angled  parallelogram  about  one  of  its  sides  wbicj 
remains  fixed.  | 

XXIL 
llie  asis  of  a  cylinder  is  the  fixed  straight  line  about  ffbicli ' 
the  parallelogram  revolves. 

XXIII. 
The  bases  of  a  cylinder  are  tlte  circles  described  by  die  tm 
revolving  opposite  sides  of  the  parallekeram. 
XXIV. 
Similar  cones  and  cylinders  are  those  which  have  their  tat 
and  the  diameters  of  their  bases  proportionals. 
XXV. 
A  cube  is  a  solid  figure  contained  by  six  equal  squam 

XXVI. 
A  tetrahedron  is  a  solid  figure  contained  by  four  equd  tul 
equilateral  triangles. 

XXVII. 
An  octahedron  is  a  solid  figure  contained  by  eight  tlpA 
and  equilateral  triangles. 

XXVIII. 

A  dodecahedron  is  a  solid  figure  contained  by  twelve  eqoll 

pentagons  which  are  equilateral  and  equiangulu^ 

XXIX. 

Ad  icosahedrnn  is  a  solid  figure  contained  by  twta>J  tlpi 

and  equilateral  triangles. 

DEF.  A. 
A  parallel opiped  is  a  scJidiigure  contained  by 
ral  figures,  whereof  eveiy  opposite  two  are  panJM. 


r 


OP  EucLinni 


PROP.  I.    THEOR. 


A 


(3  itfE  part  of  a  straight  line  cannot  be  in  a  plane,  SceN. 
szkJ  another  part  ahove  it. 

Jf  it  be  possible,  let  AB,  part  of  the  straight  Hdc'AEC, 
■^  in  the  plane,  and  the  part  BC  above  it:  And  since  the 
Jtaviinlit  lint  AB  is  in  the 
^3,<iJ)e,  ivvan  be  produced  in 
tV»ai  plane:  Let  it  be  pro-  t ■  -  ■  ' 
ritjtetl  to  D:   And  let  any  \  ^ 

plane     pass     through     the    \  A  B~ 

straight    line  AD,    and    be  ~ 

t\irned  about  it  until  it  pass  through  the  point  C :  and  be- 
c«\]ge  the  Points  B,  C  are  in  this  plane,  the  straight  line  BC 
i»  »nit»!  Therefore therenrctwostraight  UnesABC,ABD"'Dct  u 
ixs    the  same  plane  that  have  a  common  segment    AB; 
Mrliich  is  impossible''.    Therefore,  one  part,  &c.    Q.  E.  J),-Cot.ll.^. 


PROP.  If.    THEOR. 

^^"VO  straight  lines  which  cut  one  another  are  in 
^*K3e  plane,  and  three  straight  lines  which  meet  one 
Asiother  are  in  one  plane. 

Ijct  two  straight  lines  AB,  CD>  cut  one  another  in  E; 
■^^  CD  «e  in  one  plane;  and  three  straight  lines  EC, 
^B,  BE,  which  meet  one  another  are  in  one  plane. 

Let  any  plane  pnss  through  the 
***«^ht  line  EB,  nnd  let  the  plane  he 
I  *»iTnedabout  EB,  produced  if  neceMarj', 
K  *>otili(|)ass  through  tlic  point  C:  Then 
tk  «^ccMBetbep<HntsE,C!ireinthisplane, 
^L'ttiestraigiit  lineEC  isin  it":  Forthe 
^H  ^>K  reason,  the  straight  line  BC  is  in 
^^B  4te  lante ;  and,  by  tiie  hypothesis,  EB 
^Pl  *  in  it:  Therefore  the  three  straight  ^^ 
T   lines  EC,  CB,  BE  are  in  one  plane:  ^ 

But  in  the  plane  in  which  EC,  EB  are,  in  the  same  Bre**  s 
CD,  AB:  Therefore  AB,  CD,  arc  in  one  plane.  \'V1ie«* 
bn  two  straight  liaes,  &c.    Q.  E.  D. 
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PIIOP.  III.    TIIEOR. 


SnK.  If  two  planes  cut  one  another,  their  common  sec- 
tion is  a  straight  line. 

Let  two  planes  AB,  BC,  cut  one  another,  and  let  tlie 
line  DB  he  their  common  section: 
DB  is  a  strniglil  line :  li'  it  be  not, 
from  the  point  D  to  B,  draw,  in  the 
plane  AB,  the  straight  line  DEB,  aud 
ill  the  plane  BC,  the.  stntight  line 
DFB:  Then  two  straight  lines  DEB, 
DFB  have  the  same  extremities,  and 
therefore  include  a  space  betwixt  them; 
lOAi.i.  which  is  impossible":  Therefore  BD 
the  common  section  of  tlie  planes  AB, 
BC,  cannot  but  be  a  straight  line.  Wherefore,  if  two 
planes,  &c.    Q.  E.  D. 

PROP.  IV.  THEOR. 
SeeK.  Ip  a  Straight  line  stand  at  right  angles  to  each  of 
two  straight  lines  in  the  point  of  their  intersectioii, 
it  shall  also  be  at  right  angles  to  the  plane  wMch 
passes  througlvthem,  that  is,  to  the  plane  in  whfcli 
tliey  are. 

Let  the  straight  line.EF  stand  at  right  angles  to  cacliof 
the  straight  lines  AB,  CD,  in  E,  the  point  of  their  JBttf- 
sectioii :  EF  is  also  at  right  angles  to  the  plane  VK-'inf 
through  AB,  CD. 

Take  the  straight  lines  AE,  EB,  CE,  ED  all  equal  lo  nw 

another;  aijd  through  E  draw,  in  the  plane  in  which  s" 

AB,  CD,  any  straight  line  GEH;  and  join  AD,  CB;  thnv 

'from  any  point  F  in  EF,  draw  FA,  FG,  FD,  FC,  FH.FB: 

And  because  the  two  straight  lines  AE,  ED  are  e^itflio 

'''•■  1- the  two  BE,  EC,  and  that  they  contain  equal  angles*  AEI^i' 

"*.  i.BEC,ihebaseAI)  is  equal''  to  the  bascBC,  and  Iheangl' 

DAE  to  the  angle  EBC:  And  the  angle  AEG  is  equal  tff 

the  angle  BEH  " :  therefore  the  triangles  AliG,  BEH  )«»• 

two  angles  of  one  equal  lo  two  angles  of  the  other,  each  W 

each,  and  the  sides  AE,  EB,  adjacent  to  the  equal  angle*. 

equal  to  one  another:  wherefore  they  shall  have  their  othet 

'«6. 1,  sides  equal":  GEis  therefore  equal  to  EH,  aod  AG  toBU: 
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.rkd  because  AE  is  equal  to  £B,  and  FE  common  and  «t  ' 
ishtai^lea  to  them,  the  bswAF  is  equal ''to  the  base  FB;^ 
icw  the  same  reason,  CP  is  equal  to  FD  :  And  because  AD 
a    eqnl  to  BC,  and  AF  to  ¥B,  the  two  sides  FA,  AD  are 
rcguii  to  the  two  FB,  BC,  each  to 
s^cb;  aod  the  base  DF  tvas  proved 
sqiul  to  the  base  FC ;  therefore  the 
k.v«g1e  FAD  is  equal '^  to  the  angle 
F"BC:  Again,  it  was  proved  that  G  A 
is  equal  to  EH,  and  also  AF  to  FB ;  -^  ^ 
FA,  then,  and  AG,  arc  equal  to  FB 
andBH,tDd the  an^leFAGhas been  *-' 
prored  equal  to   the  angle  FBH ; 
therefore  the  base  OF  is  equal''  to 
the  base  FH :  Again,  because  it  was 
pond,  that  GE  is  equal  to  EH,  and  , 
£F is  common;  Gl£,  EF are  equal  ' 
to  HE,  EF ;  and  the  base  OF  is  equal  to  the  base  FH : 
therefore  the  angle  GEF  it  equaW  tu  the  angle  HEF;  and 
coQsequently  each  of  these  angles  is  a  right*  angle.  There-,  i 
fore  FE  makes  right  angles  with  GH,  that  is,  with  any 
•traifht  line  draivu  through  E  In  the  plane  passing  through 
AB,CD.     In  like  manner.  It  maybe  proved,  that  FE 
Wkes  right  angles  wiih  every  straight  line  which  meets  it 
inthat  plane.    But  a  straight  line  Is  at  right  angles  to  a 
ptaie  when  It  makes  right  angles  with  every  straight  line 
»liich  meets  it  in  that  plane':  Therefore  EF  is  at  right tj 
Ugles  to  the  plane  in  winch  are  AB,  C  D.     Wherefore,  if 
i«nigfatliae,&c.    Q.E.D. 


PROP.  V.    THEOB. 

Ir  three  straight  lines  meet  all  in  one  point,  and  as«cK. 
■tn^t  line  stands  at  right  angles  to  each  of  them 
i^tmt  point;  these  three  straight  lines  arein  one 
M  the  same  plane. 

Let  the  straight  line  AB  stand  at  right  angles  to  each  of 
<^  ttraight  lines  BC,  BD,  BE,  in  B  the  point  where  ibey 
■OMt ;  BC,  BD,  BE,  are  in  one  and  the  snme  plane< 

if  not,  let,  if  it  be  possible,  BD  and  BE  be  In  one  plane, 
■od  BC  be  above  it ;  and  let  a  plane  pass  through  AB,  BC, 
^coQunoa  KCtion  of  which,  with  the  plane  in  which  BD 
O 
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■■  and  BE  are,  shall  be  a  straight*  line;  let  this  be  BF: 
'  Therefore  the  three  straight  lines  AB,  BC,  BF,  are  all  in 
''  one  plane,  via.  that  which  passes  through  AB,  BC ;  and 

because  AB  stands  at  right  angles  to  each  of  the  straight 
1-  lines  BD,  BE,  it  is  also  at  right  angles''  to  the  plane  pass- 
1-  ing  through  them  ;  and  therefore  makes  rigiit  aogles^with 

every  straight  line  meeting  it  in   *  ,  ' " 

that  plane :  But  BF,  which  is  in       ' 

that   plane  meets  it;  therefore 

the  angle  ABFis  a  right  angle: 

But  the  angle  ABC,  by  ihe  hy- 

pothesis,  is  also  a  right  angle; 

therefore  the  ang^  ABF  is  equal 

to  the  angle  ABC,  and  they  are     -t?^ 

both  in  the  same  plane,  wiiich 

is    impossible ;   Therefore    the 

siraiglii  line  BC  is  not  above  the  plane  in  which  are  BO 

anii  BE :  Wherefore  the  three  straight  lines  BC,  BD,  BE 

are  in  one  and  the  same  plane.  Therefore,  if  three  straigbl 

lines,  &c.     Q..E.D, 


ei^Q 


PROP.  VI.     TIIEOR, 

If  l«o  straiglit  tines  be  at  right  angles  to  the  ■ 
plane,  they  shall  he  paralltl  to  one  another. 

Let  the  straight  lines  AB,  CD  be  at  right  angles  to  thed 

S3tne  plane ;  AB  is  parallel  to  CD.  ] 

Let  them  meet  ihe  plane  in  the  points  B,  D,  and  dnii^ 

the  straight  line  BD,  to  which  draw  DE  at  right  angle% '        ' 

the  same  plane ;  and  make  DE  equal    . 

'to  AB,  and  join  BE,  AE,  AD.  Then,  -^ 

because  AB  is  perpendicular  to  the 
111.  plane,  itshatlmakerighfangles with 

every  straight  line  which  meets  it,  and 

is  in  that  plane :  But  BD,  BE,  which 

areinlhat  plane,  do  each  of  them  meet  g 

AB.    Therefore  each  of  the  angles 

ABD,  ABE  is  a  right  angle:  For  the 

same  reason,  each  of  the  angles  CDB, 

CDE  is  a  right  angle  :  And  because 

AB  is  equal  to  DE,  and  BD  common,     '         E 

the  two  sides  AB,  BD  are  equal  to  the  two  ED,  DB ;  and 
1.  1.  tliey  contain  right  angles  ;  therefore  the  base  AD  is  equxl " 

tfcUicbttic  BB;  Ajpia,  beaiu«  AB  i>«qM4iBDBi      * 
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BK  ^  AI>;  ABi  Bg  ane  equal  to  ED,  DA;  an^  in  the  9^0%  xi 

tnm^itu^  ABfl,  EDA,  tha  base  AE  is  ecMOdmoo :  therefoie  ^"'^^^'^ 

the  aogle  ABE  is  equ^P  to  the  angle  EDA :  But  ABE  is  *  ^  i* 

a  riflkt  «v]g1(!  t  therefore  EDA  ^  also  a  right  aoglc^  i|nd 

jED  iPPrp^Qdicular  to  DA :  But  jt  is  also  perpendioalar  to 

mAofibfi  two  BD,  DC:  Wherefore  ED  is  at  right  angles 

to  enoh  of  the  three  stniM^ht  lioes  BD,  DA,  DC  id  the  pcnot 

iq  wii^ch.  they  meet :  Therefore  the^s  three  strai^t  lines 

9ne  al\  m  the  same  plane  <^ :  But  AB  is  in  the  plane  in  which  *  5.  ii. 

9re  OP^  DA,  because  any  three  stiai^t  lines  which  meet 

eae  aDother  are  in  one  plane  (^ :  Therefore  AB,  BD,  DC^  *  <•  ]^ 

are  |n  one  plane :  And  each  of  the  angles  ABD,  BDC  isa 

ngkt  angle ;  there(pre  A|(  is  parallel  ^  to  CD.  Wherefore,  ^  <^  i* 

if  tiv<>  f^ligbt  lines,  &c.    Q.E.D. 


PROP,  VII-    THEOR, 

If  two  straight  lines  be  parallel,  the  straight  line  SmN. 
drawn  from  any  point .  in  the  one  to  any  point  in 
the  other,  is  in  the  same  plane  with  the  parallels. 

Let  AB,  CD  be  parallel  straight  lines,  and  take  any  point 
E  in  the  one,  and  the  point  F  in  the  other :  The  straight  line 
which  joins  E  and  F  is  in  the  same  plane  with  the  parallels. 

If  not,  let  it  be,  if  possible,  above  the  plane,  as  EGF; 
and  in   the  plane  ABCD  in  A  R  B 

w^c;)!  the  paijallels  are,  draw  ^s. 

Ac  straight  line  EHF  firora  E  \\(V 

to  IP;  2^J^d  since  EGF  also  is  a  .       '''^  ^ 

tdlMght  line,  the  two  straight 

toes  EHF,  EGF  include  a  >  m>  ^ 

jpsce  between  thejp,  which  is  C  ^        F  0 

inpqssible*.  Tlierefoi;e  the  straight  line  joining  the  points  •  lo  Az.  i. 
Iiif  is  ^t  above  the  plane  in  which  the  parallels  AB,  CD 
«^  pfid  is  therefore  in  that  plane.  Wherefore,  if  two 
^^btUnes^&c.    Q.E,p. 


eaOP^VllL    THEOR. 

fr  two  straight  lines  be  parallel,  and  one  of  them  SeeN. 

^  at  right  angles  to  a  plane ;  the  other  also  shall 

^  at  fight  angles  to  the  same  plane. 

02 
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Book  XI.      Let  AB,  CD  be  two  parallel  straight  lines,  and  let  one 
^■^'v^^    of  them  AB  be  at  right  angles  to  a  plane ;  the  other  CD 
is  at  right  angles  to  the  same  plane. 

Let  AB,  CD  meet  the  plane  in  the  points  B,  D,arid  jdn 

•  7. 11.  BD :  Therefore g  AB,  CD,  JBD  are  in  one  plane.    In  the 

plane  to  which  AB  is  at  right  angles,  draw  DE  at  right 
angles  to  BD,  and  make  DE  equal  to  AB,  and  join  BE, 
AE,  AD<  And  because  AB  is  perpendicular  to  the  pistie, 
it  is  perpendicular  to,  every  straight  line  which  meets  it^ 
3  Def.  11.  and  is  in  "that  plane* :  Therefore  each  of  the  angles  ABD^ 
ABE  is  a  right  angle:  And  because  the  straight  tine  BD 
meets  the  parallel  straight  lines  AB,  CD,  the  angles  A6D, 

*  29. 1.  CDB  are  together  equal**  to  two  right  angles  :  And  ABD 

is  a  right  angle ;  therefore  also  CDB  is  a  right  angle,  fCcA 
CD  perpendicular  to  BD  :  And  because  AB  is  equal  to 
DE,  and  BD  common,  the  two  AB,  BD  are  equal  to  the 
two  ED,  DB,  and  the  angle  ABD  is  * 
equal  to  the  angle  EDB,  because  each  ^ 
of  them  is  a  right  angle;  therefore  the 

«:  4. 1.  base  AD  is  equal®  to  the  base  BE  : 
Again,  because  AB  is  equal  to  DE, 
and  BE  to  AD ;  the  two  AB,  BE,  arc 
equal  to  the  two  ED,  DA;  and  the  g 
base  AE  is  common  to  the  triangle.s 
ABE,  EDA;   wherefore  the  angle 

**  8. 1.  ABE  is  equals  to  the  angle  EDA  : 
And  ABE  is  a  right  angle ;  and  there- 
fore EDA  is  a  right  angle,  and  ED  E 
perpendicular  to  DA :  But  it  is  also  perpendicular  to  BD ; 
,4. 11.  therefore  ED  is  perpendicular «  to  the  plane  which  passes 
f3  Def.  11.  through  BD,  DA,  and  shalH  make  right  angles  with  every 
straight  line  meeting  it  in  that  plane :  But  DC  is  in  the 
plane  passing  through  BD,  DA,  because  all  three  are  in 
the  plane  in  which  are  the  parallels  AB,  CD :  Wherefore 
ED  is  at  right  angles  to  DC ;  and  therefore  OD  is  at  right 
angles  to  DE :  But  CD  is  also  at  right  angles  to  DB ;  CD 
then  is  at  right  angles  to  the  two  straight  lines  DE,  DB  ia 
the  point  of  their  intersection  D  :  And  therefore  is  at  right 
angles®  to  the  plane  passing  through  DE,  DB,  which  is 
the  same  plane  to  which  AB  is  at  right  angles.  There- 
fore, if  two  straight  lines,  &c.    Q.  E.  D. 
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PROP.  IXL    THEOR- 

Two  Straight  lines  v\  bich  are  each  of  them  parallel 
to  the  same  straijgrht  line,  and  not  in  the  same  plane 
with  it,  are  parallel  to  one  another. 

iiet  AB,  CD,  be  each  of  them  parallel  to  £F,  and  not  in 
the 'tame  plane  with  it ;  AB  shall  be  i^utdlel  to  CD. 

lo  EF  take  any  \mnt  G,  from  which  draw,  in  the  plane 
passing  through  EF,  AB,  the  straight  line  G  H  at  right 
angles  to.EF;  and  in  the  plane  passing  through  EF,  CD, 
dranv  GK  at  right  angles  to  the  same  EF.    And  because 

EFIs  perpendicular  both  to  GH     \    JJ . 

and  GK,  EF  is  perpendicular^  to  ^"^       \  j5       •  4. 1 1. 

the  plane  HGK  passing  through 
them :  and  EF  is  parallel  to  AB ; 

thetebre  AB  is  at  right  angles  **     li ^^  T  »•  8.  ii. 

tofheplaneHGK.  For  the  same 

reason,  CD  is  likewise  at  right ^ 

angles  to  the  plane  HGK.  There-  C      K  D 

fore  AB,  CD,  are  each  of  them  at  right  angles  to  the  plane 

HGK.     But  if  two  straight  lines  are  at  right  angles  to  the 

same  plane,  they  shall  be  parallel <^  to  one  another.  There-  •  6.  ii. 

fore  AB  is  pak^allel  to  CD.     Wherefore,  two  straight  lines, 

&c    Q.E.D. 


PROP.  X.    THEOR. 

If  two  straight  lines  meeting  one  another  be  paral- 
lel to  two  others  that  meet  one  anotlier,  and  are 
not  m  the  same  plane  with  the  first  two ;  the  first 
two  and  the  other  two  shall  contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC,  which  meet  one  an- 
other, be  parallel  to  the  two  straight  l}nes  DE,  EF,  that 
B^t  one  another,  and  are  npt  in  the  same  plane  with  AB, 
BC.    The  angle  ABC  is  equal  to  the  angle  DEF. 

Take  BA,  BC,  ED,  EF  all  equal  to  one  another;  and 
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JMn  XL  join  AD,  CF,  BE,  AC,  DF :  Because  BA  is  equal  and  pa- 
^"Q^  rallel  to  ED,  therefore  AD  is®  both  equal  and  parallel  to 
■  33. 1 .  gjg     YoT  the  same  reason,  CF  is  equal 
and  parallel  to  BE.  Therefore  AD  and 
CFare  each  of  them  equal  and  parallel  a 
to  BE.    But  strdght  lines  that  are  pa-  ^ 
rallel  to  ^lie  skttae  stirki^ht  line,  and  not. 
^9,n.  in  thfe  satn6  ptaem  "mth  it,  are  palrallel** 
to  one  another.  Th«teflMle  AD  is  paral- 
e  1  Ax.  1.  lei  to  CF;  and  it  is  equal^  to  it,  and 
AC,  Dt*  jcSn  them  towards  the  samfe 
parts ;  and  therefore^  AC  is  equal  and 
parallel  to i)F.    And  because  A&,BC  J-^^ 
are  equal  to  !pE,  EF,  and  the  basie  AC  '^ 
'a.  I.  to  the  base  i>F;  the  angle  ABC  is  equal <^  to  tlie  IM}^^ 
DEF.    therefore,  if  two  straight  lines,  &c.    Q.  fe.  IX 


'3Def. 


PROP.  XI.    PROB. 

To  draw  a  straight  line  petpendtcular  to  a  plaoc^ 
from  a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  iJft ;  it  is?lft-» 
quired  to  draw  from  tb^  point  A  a  straight  line  p6rp€DJii<- 
cular  to  the  plane  BH. 
In  the  plane  draw  any  straight  line  BC,  and  from  the 

'  12. 1.  point  A  draw  a  AD  perpendicular  to  BC.  If  then  AD  be 
also  perpendicular  to  the  plane  BH,  the  thing  required  h 
already  done ;  but  if  it  be  pot, 

''11. 1.  from   the  point  D  draw^,  in 
the  plane  BH,  the  straight  line 
DE,at  right  angles  to  BC;  and 
from  the  point  A,  draw  AFper-'G 
pendicular  to  DE;  and  through  '^ 

'  31.  i.F  draw<5X5rt9  parallel  to  BC : 
And  because  tic  is  at  rfght  wan- 
gles to  ED  and  DA,  BC  is  rit 

*  4. 11.  right  angles^  totheipleme  pass- 
ing through  ED,  DA ;  and  GH  is  parallel  to  BC.     But,  if 
i!Wo  straight  Itees  be  paraRel,  one  oT  -which  is  at  i»^hfl  %n- 

•8.  u.gles  to  a  plane,  the  oflier  AttH ^be  at  ¥i^ht*  angles <o <ftife 
satee plaffc:  wherefore <3fi  «  at  right  angles  t«  tte  ^ttisb 
'.  n.  through  ED,  DA,akid  is  pei^ieDdicolar^to  ev^'straigltt 
iine  meeting  ft  in  ^aft  i^hne.    ^t  1^,  ^i<%  is  in  the 
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pls^i^e  idwmigh  £D,  AD,  meets  it :  Therefore  GH  is  per. 

pendioujl^r  to  AF ;  and  consequently  AF  is  perpendicular 

to  XmH  ;  ud  AF  is  perpendicular  to  DE :  Therefone  AFi$ 

pejpendipular  to  each  of  the  straight  lioes  GH,  DE.    BiMt 

if  |i^  fitraigbt  line  stands  at  right  angks  to  each  of  two 

straight  lines  in  the  point  of  their  intersection,  it  diall  alsQ 

be  at  right  angles  to  the'pUne  passing  through  theqa.   Bui 

the    plane  passing  through  ED,  GH,  k  the  plane  BH  i 

therefore  AF  is  perpendicular  to  the  plane  BH  ;  therefore, 

frorxi  the  given  point  A,  ahove  tiie  plane  BH,  the  atraiglu 

^rie  AF  is  drawn  perpendicular  to  that  plane :  WJitcb  wai 

^0  be  dcMie. 


«09 


PROP.  XII.    PROB. 


1^0  erect  n  straight  line  at  right  angles  to  %  given 
pl^ne,  from  a  point  given  in  the  plane. 

A  be  the  point  given  in  the  plane ;  it  is  required  to 


D 


I 


B 


•11.11, 

»»31.  1. 


^■■^ect  a  straight  line  from  the  point  A 
8^  right  angles  to  the  [dane. 

Prom  any  point  B  above  the  plane 
4mjv*  fiC  perpendicular  tp  it ;  and 
from  A  drawb  AD  parallel  to  BC. 
^cause,  therefore,  AD,  CB  are  two 
P^vaUel  straight  lines,  and  one  of 
^^m  BC  is  at  right  angles  to  the 

fi^oen  plane,  the  other  AD  is  also  at  right  angles  to  it ^i  *  8. 11. 
'^^crefore  a  straight  line  has  been  erected  at  ri^t  angles  to 
^  Siven  plane,  from  a  point  given  in  it.  Which  was  to  be 
«one. 


A 


C 


PROP.  XIII.    THEOR. 

^^^HOM  tlie  3&n[ie  point  in  a  glren  plane,  liiere  caimot 
^^  two  straight  lines  at  right  angles  to  the  plane, 
^{^on  the  same  side  of  k ;  and  there  c^n  be  but  one 
I^^Tpendicular  to  a  pA^Loe  fram  ja  point  above  the 
F^l^e. 

tjf%  if  it  be  possible,  let  tfce  two  straight  lines  AB,  ML 
r^  «t  right  angles  to  a  given  plane  from  the  same  point  A 
^^  the  plane,  and  upon  Uie  same  side  of  it ;  and  let  a  plane 
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Book  XL  pass  through  BA,  AC;  the  common  section  of  this  with 
'^^  the  given  plane  is  a  straight*  line  passing  through  A :  Let 
'  DAE  be  their  common  section :  Therefore  the  straight 
lines  ABf  AC,  DAE  are  in  one  plane :  And  because  GA  is 
at  right  angles  to  the  given  ^lane,  it  shall  make  right  an- 
gles witli  every  straight  line  3  (> 
meeting  it  in  that  plane.  But 
DAE,  which  is  in  that  plane, 
meets  CA;  therefore  CAE  is  a 
right  angle.  For  the  same  reason 

BAE  is  a  right  angle.     Where-  , 

fore  the  angle  CAE  is  equal  to  D  A  £ 

the  angle  BAE ;  and  they  are  in  one  plane,  which  is  im-» 
possible.  Also,  from  a  point  above  a  plane,  there  can  be 
but  one  perpendicular  to  that  plane :  for,  if  there  could  be 
»» $.  11. two,  they  would  be  parallel^  to  one  another,  which  is  ahr 
surd.    Therefore;^  from  the  s^me  point,  &c.     Q,  E*  D. 


PROP.  XIV.    THEOR. 

*Plan£s  to  which  the  same  straight  line  is  perpen- 
dicular, are  parallel  to  one  another. 

Let  the  straight  line  AB  be  perpendicular  to  each  of  the 
planes  CD,  EF-;  these  planes  are  parallel  to  one  another. 

If  not,  they  shall  meet  one  another  when  produced :  Let 
thlem  meet ;  their  common  section  shall  be  a  straight  lind 
GH,  in  which  take  any  point  K,  ^ 

and  join  AK,  BK :  Then,  because 
AB  is  perpendicular  to  the  plane 
'3Dcf.it.EF,   it  is  perpendicular  a  to  the 

straight  line  BK  which  is  in  that  p 
plane.  Therefore  ABK  is  a  right 
'  angle.  For  the  same  reason  B  AK 
is  a  right  angle ;  wherefore  the  two 
angles  ABK,  BAK  of  the  triangle 
ABK  are  equal  to  two  right  angles, 
^17. 1. which  is  impossible^:  Therefore     1  w 

the  planes  CD,  EF,  though  pro-     \^  ^     ^^V 

duced,  do  not  meet  one  another;  ^L)  N 

^  8  De£  11.  that  is,  they  are  parallel  ^,    Therefore  planes,  &c.  Q.  E. 
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PROP.  XV,    THEOR. 

If  two  straight  lines  meeting  one  another,  be  pa-  See  n. 
rallel  to  two  straight  lines  which  meet  one  another, 
but  are  not  in  the  same  plane  will)  the  first  two  ; 
the  plane  which  passes  through  these  is  parallel  to 
the  plane  passing  through  the  others. 

Let  AB9  BC,  two  straight  lines  meeting  one  another,  be 
parallel  to  DB,  £F  that  meet  one  another,  but  are  not  in 
tVie  same  plane  with  AB,  BC :  The  planes  through  AB,. 
BCyandDE,  EF  shall  not  meet;  though  produced. 

From  the  point  B  draw  B6  perpendicular^  to  the  plane  •  iiru. 
which  passes  through  DE,  EJ**,  and  let  if  meet  tliat  plane 
inG;  and  through G  draw  GH  parallel*'  to  ED,  and  GK*  31. 1. 
parallel  to  EF :  And  because  BG  is  perpendicular  to  the 
plane  through  D£,  EF,  it  shall  make  right  angles  with 
every  straight  line  meeting  it 
in  that  plane <^.    But    the 
stnight  lines  GH,  GK  in  B 
^Hat plane  meet  it:  There- 
*^  each  of  the  angles  BGH, 
»GK  is  a  right  angle  :  And 
luse  BA  is  parallel  ^  to 
(for  each  of  them  is  pa* 
''^alld  to  DE,  and  they  aremot 
^>^  in  the  same  plane  with  it),  the  angles  GBA,  BGH 
^ipe together  equal®  to  two  right  angles :  And  BGH  is  a  •  29.  K 
"■'i^ht  angle ;  therefore  also  GBA  is  a  right  angle,  and  GB 
¥^5T*°^ic^l*''  ^o  ^A  2  For  the  same  reason,  GB  is  perpen- 
dicular to  BC :  Since  therefore  the  straight  line  GB  stands 
^*  right  angles  to  the  two  straight  lines  BA,  BC,  that  cut 
^e  another  in  B;  GB  is  perpendicular^  to  the  plane  ^ 4. 11. 
"^hnoiqfh  BA,  BC :  And  it  is  perpendicular  to  the  plane 
^tmgh  DE,  EF;  therefore  BG  is  perpendicular  to  each 
^f  the  planes  through  AB,  BC,  and  DE,  EF:  But  planes 
^  which  the  same  straight  line  is  perpendicular,  are  paraU 
«l8  to  one  another :  Therefore  the  plane  through  AB,  BC  1 14. 11. 
*5  parallel  to  the  plane  through  DE,  EF.    Wherefore  if 
^o  straight  lines,  &c.     Q.  E.  D. 


«9. 11. 
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PROP.  XVI.    THEOR. 

SeeW.  It  two  parallel  •  planes  be  cut  by  another  i^aoCi 
their  common  sections  with  it  are  parallels. 

Let  the  parallel  planes  AB,  CD  be  cut  by  ike  plviB 
EFHG,  and  let  their  conimon  sections  with  it  be  £F,  GBs 
EF  is  parallel  to  GH. 

For,  if  it  is  not,  EF,  GH,  sliall  meet,  if  produced^  tidier 
on  the  side  of  FH,  or  EG :  First,  let  them  be jpniuMd 
on  the  side  of  FH,  and  meet  in  the  point  K :  Inenfivi, 
since  EFK  is  in  the  plane  AB,  every  point  in  £EK  vk 
that  plane :  and  K  is  a  point 
in  EFK ;  therefore  K  is  in  the 
plane  AB :  For  the  same  rea- 
8GS)  K  is  also  in  the  f^ane  CD : 
ivherefore  l^e  planes  AB,  CD, 

Sroduced  meet  one  another: 
iut  they  do  not  meet,  since 
they  are  parallel  by  the  hypo- 
thesis ;  therefore  the  straight  ^ 
lines  EF,  GH,  do  not  meet 
when  produced  on  the  side  of 
FH  :  In  the  same  manner  it  may  be  proved,  that  EF^^ 
do  not  meet  when  produced  on  the  side  of  EG :  But  Atniftlt 
lines  which  are  in  the  same  plane,  and  do  not  mee^  tbcHtfh 
produced  either  way,  are  parallel:  Therefore EFiispimOd 
to  GH.    Wherefore,  if  two  parallel  planes^  &c.    'CLiE.?- 


PROP.  XVII.    THEOR. 

If  two  straight  lines  he  cut  by  jmrallel  plaoes» 
tbey  shall  be  cut  in  the  same  ratio. 

Xiet  the  straight  lines  AB,  .CD,  be  cut  by  the  pandld- 
planes  GH,  K'L,  MN,  in  the  points  A,E,  B;  C,F^,D:  As 
AE  is  to  EB,  so  is  €F  to  W. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in 
the  point  X :  and  join  EX,  XF :  Because  the  two  parallel 
plaiMes  KLf  MN,  are  cut  by  the  plane  EBDX,  the  coauDon 
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sections  EX,  BD  are  parallel  \    For  the  same  reason,  be* 

cause  tbe  two  paruUel  planes 

GH,  KL  are  cut  hy  the  plane       / 

AXFC,  the  common  sections  qL 

AC,  XF  am  pmalld :  And 

hecsavK  EX  bpamilel  to  BD, 

a  side  of  the  triangle  ABD ; 

as  A£  loJEB,  »>  Js^  AX  to  . 

XD.    Again,  because  XF  is       I    p 

pwallcl  to  AC,  a  side  of  the  Kx tl 

triaDrie  ADC ;  qs  AX  to  XD 

so  b  CF  to  FD :   And  it  was 

IMMdiliiat  AX  is  to  XD, as      / 

^  to  J^:  ThereforeS  as  |f^ 

AE  to  EB,  so  is  CP  to  FD.     Wherefore,  if  two  straight 

fines,  &c.    tQ.E.D. 
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PROP.  XVIII.    THEOR. 

X  ^4t  straijght  liae  be  at  right  angles  to  a  plane,  every 
^laoe  wbicb  passes  through  it  shall  be  at  right  au- 
S^es  to  thiit  plane. 

Let  the  straight  line  AB  be  at  right  angles  to  a  plane  CK ; 
plaue  which  passes  through  AB  siiall  ht  at  riglu  au«« 
to  Ae  pUne  CIL 
Let  any  plane  DE  pass  through  AB,  and  let  C£  be  .the 
<^<unmon  section  of  the  planes  iDE^  CK;  take  any  point  F 
^^  CE,  froui  whicli  draw 
in  the  plane  DE  at 
ght  an^  to  CE :  And 
^^cause  AB  is  .perpendi- 
osilar  to  the  plane  dK, 
^bndbie  it  is^so  perpea- 
^imdar  to  ^veiy  straight 
^iie  ID  ttidt  plane  ioi^tiag 

^t^:  &nd  <oonsequentlfy  it        •^^  i:  *^        *'-'  •  3  Def.  ii. 

^perpendicular  to  CE :  Wherefore  ABF  is  a  right  angle; 
^t  GFB  is  likewise  a  right  angle ;  therefore  AB  is  pa» 
"JJel  ^  to  FG.    A  nd  AB  is  at  right  angles  to  the  plane  CK  j  *  «a.  i. 
^'^fore  FG  is  also  at  right  angles  to  the  same  planed  •  8.11. 
^t  one  plane  is  at  right  angles  to  another  plane  when  the 
^^^>^Ught  lines  drawn  in  one  of  the  planes,  at  right  angles  to 
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Book  XI.  their  common  section,  are  also  at  right  angles  to  the  other 
^^"tw^  plane <*;   and  any  straight  line   FG  in   the  phioe  DE, 

^  which  is  at  right  angles  to  CE  the  common  section  of  the 

planes,  lias  been  proved  to  be  perpendicular  to  the  other 
plane  CK ;  therefore  the  plane  DE  is  at  right  ancles  to  the 
plane  CK.  In  like  manner,  it  may  be  proved  ttuttU  the 
planes  which  pass  through  AB  are  at  right  angles  to  the 
plane  CK.     Therefore,  if  a  straight  line,  &c.    Q.  E.  D. 


PROP.  XIX.    THEOR.    * 

If  two  planes  cutting  one  another  be  each  of  them 
perpendicular  to  a  tliird  plane ;  their  common  sec- 
tion shall  be  perpendicular  to  the  same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicu- 
lar to  a  third  plane,  and  let  BD  be  the  common  secttoo  of 
the  first  two;  BD  is  perpendicular  to  tlie  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  the 
straight  line  DE  at  right  angles  to  AD  the  common  9ecdpi 
of  the  plane  AB  with  the  third  plane  i  and  in  the  phneBC 
draw  DF  at  right  angles  to  CD  the  common  section  rfAe 
plane  BC  with  the  third  plane*  And 
because  the  plane  AB  is  perpendicular 
to  the  third  plane,,  and  DE  is  drawn 
in  the  plane  AB  at  right  angles  to  AD 
their  common  section,  DE  is  perpen^ 
•4Def.ii.  dicular  to  the  third  plane ».  In  the 
same  manner,  it  may  be  proved,  that 
DF  is  perpendicular  to  the  third  plane. 
Wherefore,  from  the  point  D  two 
straight  lines  stand  at  right  angles  to 
the  third  plane,  upon  the  same  side  of  it, 
•'  la  11.  which  is  impossible^ :  Therefore, from  A 

tlie  point  D  there  cannot  be  any  straight  line  at  right  angki 
to  the  third  plane,  except  BD  the  common  section  of  thf 
planes  AB,  BC :  BD  therefore  is  perpendicular  to  the 
third  plane.    Wherefore,  if  two  planes,  &Ci     Q.  R,  D. 
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PROP.  XX.    THEOR. 

If  a  solid  angle  be  contained  by  three  plane  angles,  SeeN. 
any  two  of  then)  are  greater  than  the  third. 

Let  die  lolid  angle  at  A  be  contained  by  the  three  plane 

angles,  BAC»  CAD,  DAB.    Any  two  of  them  are  greater 

tban  the  third. 

If  the  angles  BAG,  CAD,  DAB  be  all  equal,  it  is  evi- 
dent  that  any  two  of  them  arc  greater  tlian  the  third.  But 
if  they  are  not,  let  BAG  be  tliat  angle  which  is  not  less  than 
eitherof  the  other  two, and  is  greater  than  one  of  thein  DAB; 
and  at  the  point  A  in  tlie  straight  line  AB,  make,  in  the 
plane  which  passes  through  BA,  AC,  the  angle  BAE  equal  •  •  t3.  i. 
to  the  angle  DAB;  and  make  AE  equal  to  AI),  and  tlirough 
B  draw  BEC  cutting  AB,  AC,  in  d 

Ae  points  B,  C,  and  join  DB,  DC. 

And  beoniue  DA  is  equal  to  AE, 

^Qd  Afi  is  common,  the  two  DA, 

AB  are  equal  to  the  two  EA,  AB, 

^nd  the  angle  DAB  is  equal  to  the 

angle  EAB :  Therefore  the  base  DB 

is  equal >»  to  the  base  BE.     And  be-  "  K    C  b  4.  j. 

cause  BD,  DC  are  greater^  than  CB,  and  one  of  them  BD  <  w*  1* 

lias  been  proved  equal  to  BE  a  part  of  CB,  therefore  the 

other  DC  is  greater  than  the  remaining  part  EC.    And 

because  DA  is  equal  to  AE,  and  AC  common,  but  the  base 
pC  greater  than  the  base  EC ;  therefore  the  angle  DAC 
is  greater'^  than  the  angle  BAC  ;  and,  by  the  construction^  *  its,  1. 
the  angle  DAB  is  equal  to  the  angle  BAE ;  wherefore  the 
angles  DAB,  DAC  are  together  greater  than  BAE,  E AC, 
that  is,  than  the  angle  BAC.  But  BAC  is  not  less  than 
chhcr  of  the  angles  DAB,  DAC :  therefore  BAC,  w  ith 
ttther  of  them,  is  greater  than  the  otlier.  Wherefore  if  a 
"'angle,  &c.    Q.  E.  D. 


PROP.  XXL    THEOR. 


^-very  solid  angle  is  contained  by  plane  angles, 
""iich  together  are  less  than  four  right  angles^ 

^irst.  Let  the  solid  angle  at  A  be  contained  by  three 
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H-  plane  angles  BAC,  CAD,  DAB.  Tliese  three  togetlw 

■         less  than  four  right  angles. 

Take  ill  each  ot'the  straight  lines  .\B,  AC,  AD  any  [ 
B,  C,  D,  and  join  BC,  CD,  DB:  Tlien  because  the 
angle  at  B  is  contained  by  the  three  plane  angles  < 

20'  II-  ABD,  DSC,  any  two  of  them  are  greater"  than  thet 
therei'ore  the  angles  CBA,  ABD  are  greater  than  thi 
gle  DBC:  For  the  same  reason,  the  angles  BCA,  i 
are  grtater  tlmn  the  angle  DCB ;  and  the  angles  C 
ADB,  greater  than  BDC :  Wherefore  the  iia  angles  t 
ABD,  BCA,  ACD,  CDA,  ADB  are  greater  than  the  1 
angles  DBC,  BCD,  CDB :  But  the 
three  aisles  DBC,  BCD,  CDB  are 

'33- 1,  equal  to  two  right  angles'":  There- 
fore the  sis  angles  CBA,  ABD,  BCA, 
ACD,  CDA,  ADB  are  greater  than 
two  ri^t  angles :  And  because  the 
three  angles  of  each  of  the  triangles  4 
ABC,  ACD,  ADB  are  equal  to  V 
right  angles,  therefore  the  nine  angles  of  these  thrft 
angles,  viz.  the  angles  CBA,  BAC,  ACB,  ACD,  C 
DAC,  ADB,  DBA,  BAD  are  equal  to  six  right  am 
Of  these  the  sis  angles  CBA,  ACB,  ACD,  CDA,  A 
DBA  are  greater  than  two  rigiii  angles :  Therefore  tb 
maining  three  angles  BAC,  DAC,  BAD,  which  coi 
the  solid  angle  at  A,  are  less  than  four  right  angles. 

Nest,  Let  the  solid  angle  at  A  be  contained  by  aoj  ( 
her  of  plane  angles  BAC,  CAD,  DAE,  KAF,  FABi  i 
together  are  less  than  four  right  angle*. 

Ijet  the  planes  in  which  the  angles  are,  be  cut  by  ■!/ 
*nd  let  the  common  sections  of  it 
with  those  planes  beBC,CD,DE,EF, 
FB  :  And  because  the  solid  angle  at 
B  is  contained  by  three  plane  angles 
CBA,  ABF,  FBC,  of  which  any 
two  are  greater"  than  the  third,  the  l>Z 
angles  CBA,  ABF,  are  greater  tlwn      * 
the  angle  FBC :  for  the  same  rea- 
son, the  two  plane  angles  at  each  of 
the  points  C,  D,  E,  F,  viz.  the  an- 
gles which  arc  at  the  bases  of  the 
triangles  having  tlie  common  ver-  D 

tex  A,  are  greater  than  the  third  angle  at  the  same  p( 
which  is  one  of  the  angles  of  the  poljgon  BCDJ 
l^reibre  all  the  angles  ai  the  basu  of  the  tj '      ' 
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et  mutA  than  all  the  apgles  of  the  polygon :  Asut  Bbu  XI. 

4r  « tho  anfflts  of  the  triangles  am  together  equal  to   ^*^^^^^ 

H  mray  right  angles  at  tbcpc  are  triangles^:  diat  i%  b  32. 1. 

ftafe  dides  in  the  polygon  BCDEF;  and  that  all  the 

of  the  polygon,  together  with  four  right  aogles^  ar^ 

le  equal  to  twice  as  many  right  angles  aa  there  are 

1  tile  polygon  <^;  therefore  all  the  angles  of  the  trian*  e  1  Cor. 

a  equal  to  all  the  angles  of  the  polygon  together  with  ss- 1* 

;ht  angles.    But  all  the  angles  at  the  bases  of  the 

es  are  greater  than  all  the  angles  of  the  polygon,  as 

en  proved.     Wherefore  the  remaining  angles  of  the 

les,  viz.  those  at  the  vertex,  which  contain  the  solid 

at  A,  are  less  than  four  right  angles.    Therefore 

lolid  angle,  &c.     Q.  £.  D. 


PROP.  XXII.    THEOR. 


ery  two  of  three  plane  angles  be  greater  than  SceN. 
bird,  and  if  the  straight  lines  which  contain 
be  qU  equal ;  a  triangle  may  be  made  of  the 
ht  lines  that  join  the  extremities  of  those 
straight  lines. 

ABC,  DEF,  GHK  be  the  three  plane  angles,  whereof 
two  are  greater  than  the  third,  and  are  contained  by 
ual  straight  lines,  AB,  BC,  DE,  EF,  GH,  HK ;  if 
extremities  be  joined  by  the  straight  lines  AC,  DF, 
I  triangle  mav  be  made  of  three  straight  lines  equal 
!^  tiff  GKj  tiiat  is,  every  two  of  them  are  together 
r  llian  the  third. 

he  angles  at  B,  E,  H,  are  equal,  AC,  DtF,  6K  are 
qual  %  and  any  two  of  them  greater  than  the  third :  •  4.  i 
'  the  angles  are  not  equal,  let  the  angle  ABC  be  not 
lan  either  of  the  two  at  E,  H ;  therefore  the  straight 
C  b  not  lew  than  cither  ctf  the  other  two  DF,  GK'^jb  4.  oc 
r  is  phiin  that  AC,  together  with  either  of  the  other  ^4-  ^• 
Mst  be  greater  than  the  third :  Also  DF  with  GK 
%ater  than  AC  :  For,  at  the  point  B,  in  the  straigfat 
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Boov  XL  line  AB,  make*  the  angle  ABL  equal  to  th^  angle  GHK, 

^^'"^^''*^   and  make  BL  equal  to  one  of  the  straight  lines  AB,  BC, 
•  f 3. 1.  jjE^  £p^  Qjj^  jj jj^  ^jj J  j^j^  ^L^  LQ .  ipjjg^^  because  AB, 

BL,  are  equal  to  GH,  HK,  and  the  angle  ABL  to  the  an- 
gle GHK9  the  hase  AL  is  equal  to  the  base  GK :  And 
because  the  angles  at  E,  H,  are  greater  than  the  angle 
ABC,  of  which  the  angle  at  H  is  equal  to  ABL,  therefore 
the  remaining  angle  at  £  is  greater  than  the  angle  LBC  : 


And  because  the  two  sides  LB,  BC  are  equal  to  the  two 
DE,  £F,  and  that  the  angle  DEF  is  greater  than  the  angle 

<24. 1.  LBC,  the  base  DF  is  greater  ^  than  the  base  LC:  And  it 
has  been  proved  that  GK  is  equal  to  AL ;  therefore  DF 
and  GK  are  greater  than  AL  and  LC :  But  AL  and  IX! 

*  20.  i.are  greater^  than  AC  ;  much  more  then  are  DF  and  GK 
greater  than  AC.  Wherefore  every  two  of  these  straight 
lines  AC,  DF,  GK  are  greater  than  the  third ;  and^  ther»- 

^  22.1.  fore,  a  triangle  may  be  made^,  the  sides  of  which  shall  be 
equal  to  AC,  DFj  GK.    Q.  E.  D. 


PROP.  XXIII.    PROB. 


See  N.  To  naake  a  solid  angle  which  sh^ll  be  contained  by 
three  given  plane  angles,  any  two  of  them  beug 
greater  than  the  third,  itnd  all  three  together  Itfi 


than  four  right  angles. 


Let  the  three  given  plane  angles  be  ABC,  DEF,  GBUt 
any  two  of  which  are  greater  ^lian  the  thirds  and  all; if 
thenn  together  less  than  four  right  angles.  It  is  requifcd 
to  make  a  solid  angle  contained  by  three  plane  angles  equpl 
to  ABC^  D£F»  GHK,  each  to  eadi. 


OF  EtJCLlb.  eoft 

ftrtB  the  attaight  lines  containing  the*  angln,  cot  off  Bom  Xf 
^B,BC,  I)t,  EF,  GH,  HK,  all  equal  to  one  another;  *-'v^ 
■udjoin  AC,  D¥,  GK:  Tbcna  triangle  may  be  made'of 'tt-ii. 


ttnee  stmistit  lines  equal  to  AC,  DF,  GK.    Let  this  be  the 
trianitle  LMN  ^  so  thut  AC  be  ei^al  to  LM,  DF  to  MN,  ^  Sf.  i. 
andGK  to  LN;  and  about  the  triangle  LMN  describe^  a  15, 4. 
<^Rle,  and  find  its  centre  X,  which  will  either  be  within  the 
triiD^,  or  in  one  of  its  sides,  or  without  it. 

Vita,  Let  tlie  eentre  X  be  within  the  triangle,  and  join 
tX,  MX,  NX :  AB  is  greater  than  LX :  If  not,  AB  must 
other  be  equal  to,  or  less  tlwn  LX :  first,  let  It  be  equal : 
tiiai  because  AB  is  equal  to  LX,  and  that  AB  is  also  equal 
toBC,wid  LX  to  XM,  AB  and  BC  are  equal  to  LX  and 
XH,  etch  to  each  ;  'and  the  base  AC  is,  by  construction, 
^tal  tu  the  hase  LM ;  wherefore  the  angle  ABC  is  equal 
lotfie  angle  LXM''.  For  the  same  reason,  the  angle  DEF'8- 1- 
iicqiuLio  the  an^le  MXN,  and 
thetngleGHKlotheangleNXL: 
Tlierefore  the  tlwee  angles  ABC, 
IffiF,  GHK  arc  equal  to  the  three 
•ngles  LXM,  MXN,  NXL:  But 
tW  tfarw^  angles  LXM,  MXN, 
AlXLare  equal  to  four  right  an- 
(fcl*;  therefore  also  the  three 
■ngin  ABC,  DEF,  GHK  are  _ 
^•al  to  four  right  angles  1  But,  M\^ 
^  the  hypothesis,  they  are  less 
tiu  four  right  angles,  Vhich  is 

abitird  i  therefore  AB  is  not  equal  to  LX.  But  neither  can 
AB'foe  less  than  LX  :  For,  if  possible,  let  it  be  len ;  and 
Ipta  the  straight  line  LM,  on  tite  side  at  it  on  which  is 
itieeentieX,  describe  the  triangle  LOM,  the  sides  I^O, 
on  of  which  are  eijual  to  AB,  BC ;  and  because  the  base 
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.  LM  is  equal  to  tlie  base  AC,  the  angle  LOM  ia  equal  to 
the  angle  ABC  ^ :  And  AB,  that  is,  LO,  by  the  hypolhe»ii, 

''  is  less  than  LX;  wherefore  LO,  OM  fall  within  the  triao* 
glc  LXM  ;  for,  if  they  fell  upon  its  sides,  or  without  it,  they 


K 


would  be  equal  to  or  greater  than 
LX,  XM :  Therefore  the  angle 
LOM,  that  is,  the  angle  ABC,  ia 

1.  greater  than  the  angle  LXM  f;  In 
the  same  manner  it  maybe  proved 
that  the  angle  DEF  is  greater  than 
the  angle  MXN,  and  the  angle 
GHK  E^reater  than  the  angle 
NXL.  therefore  the  three  aisles 
ABC,  DEF,  GHK  are  greater  M'^ 
than  the  three  angles  LXM, 
MXN,  NXL;  that  is,  than  four 
right  angles :  But  the  same  angles  ABC,  DEF,  GHK  are 
less  than  four  right  angles;  which  is  absurd  :  Therefore 
Afi  is  not  less  than  LX,  and  it  has  been  proved  that  it  is 
not  equal  to  LX ;  wherefore  AB  is  greater  than  LX. 

Next,  Let  the  centre  X  of  the  circle  fall  in  one  of  tlie 
sides  of  the  triangle,  viz.  in  MN, 
and  join  XL:  In  this  case  also, 
AB  18  greaterthan  LX.  If  not, 
AB  is  either  equal  to  XL,  or 
less  than  it.  First,  l«t  it  be  equal 
to  XL :  'lliercfore  AB  and  BC, 
that  is,  D£  and  EF,  are  equal 
to  MX  and  XL,  that  is,  to  MN :  mI 
But,  by  the  construction,  MN 
is  equal  (o  DF;  therefore  DE, 
EF,  are  equal  to  DF,  which  is 

1.  impossible  t :  Wherefore  AB  is 
not  equal  to  LX ;  nor  is  it  less ;  for  then,  much  ncNte,  il' 
absurdity  would  follow :  Therefore  AB  is  greater  thanIX 
But,  let  the  centre  X  of  the  circle  fall  without  the  tri- 
angle LMN,  and  join  LX,  MX,  NX.  in  this  case  lik^ 
wise  AB  is  greater  than  IJC :  If  not,  it  is  either  equal  Vt, 
or  less  than  LX :  First,  let  it  be  equal ;  it  may  be  prove<l» 
in  the  same  manner  as  in  the  first  case,  that  the  angU 
ABC  is  equal  to  the  angle  MXL,  and  GHK  to  LXNl 
tiicrefore  the  whole  angle  MXN  is  equal  to  the  two  an^ 
ABC,  GHK:  But  ABC  and  GHK  are  togciher  greatrt 
than  iha  angle  DEF:  therefore  also  the  angle  MXN  ii 
ttfeflt«T  than  DEF.     And  because  DE,  EF  are  cqital  t* 
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«ll 


MX, XN,  And  the  base  DF  to  the  base  MN»  the  nnglt  >^«X1> 
MXNiseqfMi)<^totheBDgleD£F:  And  it  has  been  proved,  ^y^^^^*^ 
that  it  is  greater  than  DEP,  which  is  absurd.    Therefore        * 
AB  is  not  equal  to  LX.    Nor  yet  is  it  less ;  forthen^ashas 
been  proved  in  the  first  case,  the  angle  ABC  is  greater  than 
the  angle  BiXL,  and  the  angle  GHK  greater  than  the  angle 
LXN.    At  the  point  B,  in  the  straight  line  CB,  make  the 
angle  CBP  equal  to  the  angle  GHK,  and  make  BP  equal 


to  HI^  and  join  CP,  AP.  And  because  CB  is  equal  to 
GHl  CB,  BP  are  equal  to  GH,  HK,  each  to  each,  and 
thejr  eootain  equal  angles ;  wherefore  the  base  CP  is  equal 
to  die  base  GK,  that  is,  to  LN.  And  in  the  isosceles  tri- 
aiq[Ies  ABC,  MXL^  because  the  angle  ABC  is  greater  than 
Ae  angle  MXL,  therefore  the  angle  MLX  at  the  Imse  is 
gmtcrf  than  the  angle  ACB  at  me  base.  For  the  same  r  3s. 
ntason,  because  the  angle  GHK  n 

or  CBP,  is  greater  than  the  angle  ^ 

JUSa,  the  angle  XLN  is  greater 
than  the  angle  BCP.  Therefore 
tbe  whole  angle  MLN  is  greater 
than  Ae  whole  angle  ACP.  And 
beeaiKO  ML,  LN>  are  equal  to 
MCf'flStf  each  to  each,  but  the 

ai^  fim  is  greater  than  the  M^-  / — y ^N 

ai^  ACPy  the  base  MN  is 

Kleffr  than  the  base  AP.  And      \  -^  /     *f4. 

m  equal  to  DF ;  therefore 
4m>  DF  is  greater  than  AP. 
MSffin^  because  DE,  £F 


1. 


are 


Sial  to  AB,  BP,  but  the  base  DF  greater  than  the  base 
^  Ae  angle  DEF  is  greater  ^  than  the  angle  ABP,    And  ^  «5. 
IS^is  equal  to  the  two  angles  ABC,  CBP,  that  is,  to 
Ae-t^O' angles  ABC,  GHK  i  therefore  the  angle  DEF,  is 
laa  the  two  angles  ABC.  GHK ;  but  it  is  also  less  . 

P2 
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Beox  XI.  tbaif  tbese,  which  is  impossible.    Therefore  AB  is  not  less 

^^^^y^  than  I*X ;  -and  if  has  been  proved  that  it  is  not  equal  to  it; 
therefore  AB  is  greater  than  LX. 
•  12. 11  From  tlie  point  X  erect*  XR  at  right  angles  to  the  plane 
of  the  circle  LMN.  And  because  it  has  been  prored  in  all 
the  cases,  that  AB  is  greater  than  LX,  find  a  square  iequal 
to  the  excess  of  the  square  of 
AB  above  the  square  of  LX,  and 
make  RX  equal  to  its  side,^nd 
join  RL,  RM,  KN.  Because 
*RX  is  perpendicular  to  the 

*»  s  Def.  11.  plane  of  the  circle  LMN,  it  is** 
perpendicular  to  each  of  the 
straight  lines  LX,  MX,  NX. 
And  because  LX  i^  equal  to 
MX,  and  XR  common,  and  at 
right  angles  to  each  of  them,  the 
base  RL  is  equal  to  the  base 
RM.  For  the  same  reason,  RN 
is  equal  to  each  of  the  two  RL, 

RM .  Therefore  the  three  straight  lines  RL,  RM,  RN,  am 
all  equah  And  because  the  square  of  XR  is  equal  to  the 
excess  of  the  square  of  AB  above  the  square  of  LX ;  tliere- 
fore  the  square  of  AB  is  equal  to  the  squares  of  IX^  XR. 
'  47. 1.  But  the  square  of  RL  is  equal  <^  to  the  same  squares,  because 

*  LXR.  is  a  right  angle.  Therefore  the  square  of  AB  is  eml^ 

to  the  square  of  RL,  and  the  straight  line  AB  to  RL.  Bo^ 
each  of  the  straight  lines  BC,  DE,  EF,  GH,  HK,  is  emnl 
to  AB,  and  each  of  the  two  RM,  RN,  is  equal  to  itL* 
Wherefore  AB,  BC,  DE,  EF,  GH,  HK,  are  each  of  them 
equal  to  each  of  the  straight  lines  RLy  RM,RN«  And 
because  RL,  RM,  are  equal  to  AB,  BC,  and  the  base  LM 
^  8. 1.  to  the  base  AC;  the  angle  LRM  is  equal ^  to  the  an^' 
ABC.  For  the  same  reason,  the  angle  MRN  is  equal  19 
the  angle  DEF,  and  NRL  to  GHK.  Tlierefore  dier»ii 
made  a  solid  angle  at  R,  which  is  contained  by  three  plane 
angles  LRM,  MRN,  NRL,  which  are  equal  to  the  thM 
given  plane  angles  ABC,  DEF,  GHIl,  each  to  cack 
Which  was  to  be  done. 
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PROP.  A.    THEOR. 

If  each  of  two  solid  angles  be  contained  by  three  See  n. 
plane  angles  equal  to  one  another,  each  to  each  ; 
the  planes  in  which  the  equal  angles  are,  have  the 
same  inclination  to  one  another. 

Let  there  be  two  solid  angles  at  the  points  A,  B ;  and 
let  the  angle  at  A  be  contained  by  the  three  plane  angles 
CAD,  CAE,  £AD ;  and  the  angl^  at  Bby  the  three  plane 
angles  FBG,  FBH,  HBG ;  of  which  the  angle  CAD  is 
equal  to  the  angle  FBG,  and  C A£  to  FBH,  and  £AD  to 
IiBG :  The  planes  in  which  the  equal  angles  are,  liave  the 
same  inclination  to  one  another. 

In  the  straight  line  AC  take  any  point  K,  and  in  the 
plane  CAD  from  K  draw  the  straight  line  KD  at  right  an- 
gles to  AC,  and  in  the  plane  CAE  the  straight  line  KL  at 
ri^ht  angles  to  the  same  AC :  Therefore  the  angle  DKL  is 
the  inclination  ?  of 
the  |daue  CAD  to 
t^  plane  CAE: 
U  9F  take  BM 
egwl  to  AK,  and 
mm  the  point  M 
dmw,  in  the  planes 
FBG,  FHB,  the 
straight  lines  MG, 
MN  at  right  angles  to  BF ;  therefore  the  angle  GMN  i^ 
tlie  JDcliDation^  of  the  plane  FBG  to  the  plane  FBH :  Join 
LD,  NG ;  and  because  in  the  triangles  KAD,  MBG,  the 
KAD,  MBG  are  e^l,  as  also  the  right  angles 
BMG,  and  that  the  sides  AK,  BM,  adjacent  to  the 
eqiuA angles,  are  equal  to  one  another;  therefore  KD  is 
e^Ml^  to  MG,  and  AD  to  BG :  For  the  same  reason,  in  ¥t6.  i. 
thf  triangles  KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to 
BN ;  And  in  the  triangles  LAD,  NBG,  LA,  AD  are  equal 
toNB,  BGy  and  they  contain  equal  angles :  therefore  the 
bose  LD  is  equal  ^  to  the  base  NG.  Lastly,  in  the  triangles  •  4.  i. 
KLD,  MNG,  the  sides  DK,  KL  are  equal  to  GM,  MN, 
tod  the  base  LD  to  the  base  NG;  therefore  the  angle 
pKL  is  equal  to<^  the  angle  GMN  :  But  the  angle  DKL  *  8.  i. 
is  the  inclination  of  the  plane  CAD  to  the  plane  CAE,  and 
the  angle  GMN  is  the  inclination  of  the  plane  FBG  to  the 
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»  XL  plane  FBH,  wtiich  planes  have  llierefore  the  same  inclina- 
""""^^    tion"  to  one  another  :  And  in  tiie  same  mnnner  it  may  be 
^ "    '  demonstrated,  that  the  other  planes  in  which  the  equal  an- 
gles are,  have  the  same  inclination  to  one  another.  There- 
fore, if  two  solid  angles,  Stc.     Q.  E,  D. 


PROP.  B.    TIIEOR. 

Se«S.  iFtwo  solid  angles  be  contained,  each  by  three 
plane  angles  which  are  equal  to  one  another,  each 
to  each,  and  alike  situated  ;  these  solid  angles  are 
equal  to  one  another. 

Let  tiiere  he  two  solid  angles  at  A  and  B,  of  which  the 
solid  angle  at  A  is  contained  by  the  three  plane  angles 
CAD,  CAE,  EAD :  and  that  at  B,  by  the  three  plane  an- 
gles FBG,  FBH,  HBG ;  of  which  CAD  is  equal  (o  FBG; 
CAE  to  FBH  ;  and  EAD  to  HBG :  The  solid  angle  it 
A  is  equal  to  the  solid  angle  at  B. 

^Let  the  solid  angle  at  A  be  applied  to  the  solid  angle  it 
B ;  and,  first,  the  plane  angle  CAD  being  applied  to  (he 
plane  angle  FBG,  so  as  the  point  A  may  coincide  witti  the 
point  B,  and  the  straight  line  AC  with  BF ;  then  AD  cmf 
cides  with  BG,  because  the  an- 
gle CAD  is  equal  to  the  angle 
FBG :  And  because  the  incli- 
nation of  the  plane  CAE  to  the 

•A.  11- plane  CADis  equal"  to  the  in- 
clination of  the  plane  FBH  to  A 
the  plane  FBG,  the  plane  CAE  ^ 
coincides  with  the  plane  FBH,  because  the  pTanes  CAR 
FBG  coincide  with  one  another  :  And  because  the  straight 
lines  AC,  BF  coincide,  and  that  the  angle  CAE  is  eqoil 
to  the  angle  FBH  ;  therefore  AE  coincides  with  BH,  bth)  * 
AD  coincides  with  BG  ;  wherefore  the  plane  EAD  coin- 
cides with  tlie  plarie  HBG ;  Therefore  tne  solid  angle  A 
coincides  with  the  solid  angle  B,  and  consequently  tbe]' 

"SA.  l.are  equal'' to  one  another.    Q,E.D. 
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PROP.  C.    THEOR. 

Solid  figures  contained  by  the  same  nufnber  of  See  n. 
equal  and  similar  planer  alike  sitoated,  and  having 
none  of  their  solid  angles  contained  by  more  than 
three  plane  angles,  are  equal  and  similar  to  one 
another. 

liCt  AG,  KQ  be  two  solid  figures  contained  by  the  same 
number  of  similar  and  equiil  planes,  alike  situated,  viz.  let 
the  plane  AC  be  similar  and  equal  to  the  plane  KM ;  the 
plane  AF to  KP;  BGtoLQ;  GDtoQN;  DE  to  NO; 
and,  lastly,  FH  similar  and  equal  to  PR :  The  solid  figure 
AG  IS  equal  and  similar  to  the  solid  figure  KQ. 

Because  the  solid  angle  at  A  'is  contained  by  the  thred 
plane  angles  BAD,  BAE,  EAD,  which,  by  the  hypothesis, 
tat  etfaal  to  the  plane  angles  LKN,  LKO,  OKN,  which 
conttm  the  solid  angle  at  £[,  eadb  to  each ;  therefore  the 
solid  angle  at  A  is  equal*  to  the  solid  angle  at  K :  In  the  *  B.  u. 
tadie  manner,  the  other  solid  angles  of  the  figures  are  equal 
to  one  another.  If,  then,  the  solid  figure  AG  be  applied 
to  th^  solid  fi- 
faae  KQ,  first 
die  plane  figure 
AC  being  ap- 
plied to  the  D 
plane  figure 
KM^  the  straight 


H 


K 
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Une  AB  coinciding  with  KL,  the  figure  AC  must  coincide 
with  the  figure  KM,  because  they  are  equal  and  sunilar: 
Therefore  the  straight  lines  AD,  DC,  CB  coincide  with 
KNj  NM,  ML,  each  with  each :  and  the  points.  A,  D,  C, 
By  with  the  points  K,  N,  M,  L:  And  the  solid  aiu^e  at  A 
ifAo/Msa  With'  the  solid  angle  at  K;  wherefore  the  plane 
AF  cdinddes  with  the  plane  KP,  and  the  figure  AF  with 
^the  fi^;ure  KE*,  because  they  are  equal  and  similar  to  one 
^dciil^r :  Therefbre  the  straight  fines  AELEP,  FB,  coincide 
with  ko,  Ol^,  PL ;  and  the  boints  E,  F,  with  the  points 
0,  P.  In  the  ^^Uftie  ofiaA^er,  the  figure  AH  coincides  with 
the  ^re  KR,  And  the  stmight  line  DH  mth  NR,  and  the 
point  H  with  the  point  R:  And  because  the  solid  an^le  at 
B  is  equal  to  the  ^lid  dngle  Ht  L,  it  may  be  proved,  m  the 
same  manner,  that  the  figure  BG  csolticides  with  the  figure 
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BooE^^.  LQ,  and  the  straight  line  CG  with  ftlQ,  and  the  point  Q 
with  the  point  Q :  Since^  therefore,  all  the  planes  and  sides 
of  the  solid  figure  AG  coincide  with  the  planes  and  sides  ot 
the  solid  figure  KO9  AG  is  equal  and  similar  to  KQ :  And, 
in  the  $ame 'manner,  any  other  solid  figures  whatever  conr 
tainpd  by  the  sai^ie  number  of  equal  and  similar  plaoea, 
alike  situated,  and  having  none  of  their  solid  angles  conr 
tained  by  more  than  three  plane  angles,  may  be  proved  to 
be  equal  and  similar  to  one  another.    Q.  E.  D. 


PROP-  XXIV.    THEOR. 

S«eM.  If  a  solid  be  coDtaiqed  by  six  planes,  two  and  twq 
of  which  are  parallel ;  the  opposite  planes  are  si? 
milar'and  equal  parallelograms. 

Let  the  $plid  CDGH  be  contained  by  the  parallel  plfme< 
AC,  GF)  BG,  CE ;  FB,  AE  :  Its  opposite  planes  are  si^ 
milar  and  equal  parallelograms. 

Because  the  two  paralldl  planes  BG,  CE,  are*  cut  by  the 

•  16. 11.  plane  AC,  their  common  sections  AB,  CD,  are  parallel'^ 
Again,  because  the  two  parallel  planes  BF,  AE  are  cut  bjr 
the  plane  AC,  their  common  sections  AD,  BC  are  parallel  *  - 
And  AB  is  parallel  to  CD ;  therefore  AC  is  a  parallelogram. 
In  like  manner,  it  may  be  proved  -^  ' 

that  each  of  the  figures  CE,  FG,  ^— H 

GB,  BF,  AE,  is  a  parallelogram :  ^ 
Join  AH,  DF;  and  because  AB 
is  parallel  to  DC,  and  BH  to  CF; 
the  two  straight  lines  AB,  BH, 
which  meet  one  another,  are  pa> 

rallcl  to  DC  and  CF,  which  meet        

one  another,  and  are  not  in  the      D  K . 

same  plane  with  the  other  two :  wherefore  they  contain  ' 

*10. 11.  equal  angles **]  the  angle  ABH  is  therefore  equal  to  the'' 
angle  DCF :  And  because  AB,  BH,  are  equal  to  DC,  CF, 
.  and  the  angle  ABH  equal  to  th^  angle  DCF ;  therefdire  the 
base  AH  is  e<mal<^  to  the  base  DF,  and  the  triangle  ABH  : 
to  the  triangle  DCF:  And  the  parallelogram  BG  is  double^, 
of  the  triangle  A6H>  and  the  parallelogram  CE  double  of   ' 
^e  triangle  DCF  1  therefore  the  parallelogram  BG  is  equal 
and  similar  to  the  parallelogram  CE.    In  the  same  manner 
it  may  be  proved,  that  the  jparallelogram  AC  is  equal  and 


•4.1. 
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similar  to  tbe  parallelogreni  OF,  aAd  the  pamllelognnu  ' 
ABtoBF.     Therefore,  if  a  solid,  &c     Q.E.D. 


PROP.  XXV.    THEOR. 

If  a  solid  parallelopiped  be  cut  by  a  plane  parallel  Sm  N. 
to  two  of  its  opposite  planes ;  it  divides  the  whole 
into  two  solids,  the  base  of  one  of  which  shall  be  to 
tbe  base  of  the  other,  as  the  one  solid  is  to  the  other. 

Let  the  solid  parallelopiped  ABCD  be  cut  by  the  plane    , 
EV,  which  is  parallel  to  the  opposite  planes  AR,  HD,  aad 
divides  the  whole  into  the  two  solids  ABFV,  EGCD;  as 
the  bue  AEFV  oF  the  6nt  is  to  tbe  base  EHCF  of  the 
other,  so  is  the  solid  ABFV  to  the  solid  EGCD. 

pTo^ce  A  H  both  ways,  and  take  any  number  of  straight 
lines  HM,  MN,  each  equal  to  EH,  and  any  nunaber  AK, 
KI^  each  equal  to  EA,  and  complete  the  parallelograms 
LO,  EY,  HQ.  MS,  and  the  solids  LP,  KR.  HU,  MT : 
Tlia),  because  the  straight  lines  LK,  KA,  AE,  are  all  equal, 

X B        (i 
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the  parallelograms  IX),  KY,  AF,  are  equal*:  And  likewise  ■se.  i. 
the  parallelograms  KX',  KB,  AG",  as  also'' the  parallel©-  ^14.  it. 
gtauu  LZ,  KP,  AR,  because  they  are  opposite  planes :  For 
the  game  reason,  the  paralleli^rams  EC,  HQ,  MS,  are 
eqwl*;  and  the  parallelograms  H6,  HI,  IN,  as  also''  HD, 
MU,  NT :  Therefore  three  planes  of  the  solid  LP  are  equal 
aod  umllar  to  three  planes  of  tbe  solid  KR,  as  also  to  three 
J^mei  at  the  solid  AV :  But  the  three  planes  opposite  to- 
tbae  three  are  equal  and  similar''  (o  them  in  the  several 
adids,aDd  none  of  their  solid  angles  are  contained  by  more 
than  dipee  plane  angles :  Therefore  the  three  solids  LP, 
KH,  AV, are  equal <=  to  one  another:  For  the  same  reason 'C  11. 
the  three  solids  ED,  HU,  MT,  are  equal  to  one  another : 
IV^bfB  what  npultiple  soever  thf  base  LF  is  <^  tbe  base 
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Boot  XL  AF,  the  same  multiple  is  the  solid  LV  of  the  solid  AV: 
^""^/"^  For  the  same  reason,  whatever  multiple  the  base  NF  is  of 
the  base  HF,  the  same  niultijile  is  the  solid  NVof  the  solid 
ED  :  And  if  the  base  LF  be  equal  to  the  base  NF,  the  80- 
•  C.  II.  lid  LV  is  equal'  to  the  solid  NV  j  and  if  the  base  LF  be 
greater  ihan  the  base  NF,  the  solid  LV  is  greater  than  the 
solid  NV;  and  if  less,  less:  Stace  tlien  there  are  four 
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magnitudes,  viz.  the  two  bases  AF,  FH,  and  the  two  sf^'iis 
AV,  ED  i  and  of  the  base  AF,  and  solid  AV,  the  base  LF 
and  solid  LV  are  any  equimultiples  whatever ;  and  of  iht 
base  FH  and  solid  ED,  the  base  FN  and  solid  NVare  an; 
equimultiples  whatever;  and  it  has  been  proved,  that  if 
the  base  LF  is  greater  than  the  base  FN,  the  solid  LV  ii 
greater  than  the  solid  NV;  and  if  equal,  equal ;  andif  leS| 
'  a  Daf.  5.  less :  Therefore  •*  as  the  base  AF  is  to  the  base  FH,  so  is  the 
solid  AV  to  the  solid  ED.  Wherefore,  if  a  solid,  &c.  Q.E.D, 


PROP.  XXVI,    PROB. 

s«  N.  At  a  given  point  in  a  given  straight  line,  to  tnalie 
a  solid  angle  equal  to  a  given  solid  angle  coDtaioed 
by  three  plane  angles. 

Let  AB  be  a  given  straight  line,  A  a  given  point  in  it, 
and  D  a  given  solid  angle  contained  by  the  three  plane  an- 
gles EDC,  EDF,  FDC :  it  is  required  to  make  at  the 
point  A  in  the  straight  line  AB  a  solid  angle  equal  to  die 
solid  angle  D, 

In  the  straight  line  DF  take  any  point  F,  from  which 

1-  draw"  FG  per|jcndictilar  to  the  plane  EDC,  meeting  that 

plane  in  G  ;  join  DG,  and  at  the  point  A,  in  the  straight 

'm.  Mine  AB,  make''  the  angle  BAL  equal  to  the  angle  EDC, 

and  in  the  plane  BAL  make  the  angle  BAK  equal  to  the 

angle  EDG;  then  make  AK  equal  to  DG,  and  from  the 

'  II.  It. point  K  erect'  KHat  ri^t  angles  to  the  plane  BAL:  and 
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make  KH  equal  to  GF,  and  join  AH :  Then  the  solid  an- 

fie  at  A,  which  is  contained  by  the  three  plane  angles 
tAL^  BAH,  HAL,  is  equal  to  the  solid  angle  at  D,  con- 
tained by  the  three  plane  angles  £DC,  EDF,  FDC. 

Take  the  equal  straight  lines  AB,  DE,  and  join  HB,  KBf 
FE,  GE :  And  because  FG  is  |)erpendicalar  to  the  plane 
EI>Cy  it  makes  riglit  angles'  with  every  straight  line  meet-  *  3  De£  ti* 
ing  it  in  that  plane :  Therefore  each  of  the  andes  FGD, 
FGE,  is  a  right  angle :  For  the  same  reason  HKA,  HKB, 
are  right  angles :  And  because  KA,  AB  are  equal  to  GD,  < 
DE^  each  to  each,  and  contain  equal  angles,  tnerefore  the 
base  BK  is  equal «  to  the  base  EG :  And  KH  is  equal  to  GF, '  «•  i- 
and  HKB,  FGE  are  right  angles,  therefore  HB  is  equal « 
to  FB :  Again,  because  AK,  KH,  are  equal  to  DG,-  GF, 
and  contain  right  angles,  the  base  AH  is  equal  to  the  base 
DP ;  and  AB  is  equal  to  DE ;  therefore  HA,  AB,  are  equal 
tafl)»DE,and  the  base  |iB  is  equal  to  the  base  FE, 
i^enSoKt  the  angle  a 

BAHisequaHto  jt .  ^  '8.1. 

die  angle  EDF: 
For  the  same  rea- 
aoo,  the  angle 
HAL  is  equal  to  B 
the  angle  FDC. 
Because  if  AL  and 
DC  be  made  equal, 

and  KL,  HL,  GO,  FC,  be  joined,  since  the  whole  angle 
BAL  is  equal  to  the  whole  EDC,  and  the  parts  of  tbent 
BAK,  EDG  are,  by  the  construction,  equal ;  therefore  the 
remaining  angle  KAL  is  equal  to  the  remahiing  angle 
GDC :  And  because  KA,  AL  are  e<^ual  to  GD,  1%),  and 
contain  equal  angles,  the  base  KL  is  equal®  to  the  base 
GC :  And  KH  is  equal  to  GF,  so  tliat  LK,  KH  are  eqoal 
to  C6,  GFy  and  they  contain  right  angles;,  therefore  the 
base  HL  is  equal  to  the  base  FC :  'Again,  because  HA, 
AL  are  equal  to  FD^  DC^  and  the  base  HL  to  the. base 
FC,  the  angle  HAL  is  equal ^ to  the  angle  FDC:  Thene- 
fo^e,  because  the  three  plane  angles  BAL,  BAH,  HAL, 
which  contain  the  solid  angle  at  A,  ^re  equal  to  the  three 
pkne  angles  EDC,  EDF,  FDC,  which  contain  the  solid 
angle  at  D,  each  to  each,  and  are  situated  in  the  same  or* 
der,  the  solid  angle  at  A  is  equals  to  the  splid  angle  at  D.  t  B.  i. 
Therefore,  at  a  given  point  in  a  given  straight  line,  a  solid 
angle  has  been  made  equal  tq/a  given  solid  angle  contained 
by  ihtee  [dane  angles.    Whidi  was  to  be  done.  > 
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FRO?.  XXVIL    PROB.       ' 

Sec N.  To  describe  from  a  given  straight  line  a  solid  pa- 
rallelopiped  similar,  and  similarly  situated,'  to  one 
given. 

Let  AB  be  the  given  straight  line,  and  CD  the  given  so- 
lid paralldopiped.  It  is  required  from  AB  to  describe  a 
solid  parallelopiped  similar  and  similarly  situated  to  CP. 

■  f6. 11.     At  the  point  A  of  the  given  straight  line  AB,  make*  t 

solid  ^ngle  equal  to  the  solid  angle  at  C,  and,  let  BAE^ 

KAH,  HAB,  be  the  three  plane  angles  which  contain  i^ 

so  that  BAK  be  equal  to  the  angle  ECG,  and  KAH  to 

* !«.  6.  GCF,  and  H AB  to  FCE :  And  as  EC  to  CG,  so  makt^ 

■'  BA  to  AK;  and  as  GC  to  CF^  so  niake^  KA  to  AFf; 

•  «2. 5.  wherefore,  ex  sequali*^;  as  EG  to  CF,  so  is  BA  to  AHi 
Complete  the  parallelogram  BH,  and  the  solid  AL:  Ao4 
because,  as  EC  to 
CG,9oBAtoAK, 
the  sides  about  the 
equalanglesECG, 
BAK,  are  propor- 
tionab;  therefore 
the  parallelogram  K 
BK  is  similar  to 
EG.  For  the  same  A 
reason  the  parallelogram  KH  is  similar  to  GF,  and  HB  to 
FE.  Wherefore  thrfie  parallelograms  of  the  solid  AL  arer 
similar  to  three  of  the  solid  CD ;  and  the  three  opposite 

*24mU,  ones  in  each  solid  are  equal  ^  and  similar  to  these,  each  to 
each*  Also,  because  the  plane  angles  which  contain  the 
solid  angles  of  the  figures  are  equal,  each  to  each,  and^itu* 

•B  U*  ated  in  the  same  order,  the  solid  angles  are  equals  each  to 
'ilDefiii.  each.    Therefore  the  solid  AL  is  similar^  to  the  solid  CD* 
Wherefore  from  a  given  straight  line  AB  a  solid  parallelo- 
piped AL  has  been  described  similar,  and  similarly  situ- 
.  ated,  to  the  given  one  CD.    Which  was  to  be  done. 


N 


OF  EUCLID. 


^  16.  11. 


PROP    XXVIII.    THEOR. 

If  a  solid  parallelopipcd  be  cut  hy  a  plane  passing  seeN. 
through  the  diagonals  of  two  of  the  opposite  planes; 
it  shall  be  cut  in  two  equal  parts. 

Let  AB  be  a  solid  parallelepiped,  and  D£,  CF,  the  dia* 
gonals  of  the  opposite  pamllelograms  AH,  CB,  viz.  those 
which  are  drawn  betwixt  the  equal  angles  in  each :  And 
because  CD,  FE,  are  each  of  them  paruliel  to  GA,  and  not 
in  the  same  plane  witli  it,  CD,  FE,  are  parallel »;  where-  •••  **• 
fore  the  diagonals  CF,  DE,  are  in 

the  plane  in  which  the  parallels  arc,         ^ B 

and  are  themselves  parallels *> :  And  (iy_ 
the  plane  CDEF  shall  cut  the  solid 
AB  into  two  equal  parts. 

Because  the  triangle  CGF  is 
equal*  to  the  triangle  CBF^  and  the 
tnangle  DAE  to  DHE;  and  that 
4he  parallelogram  CA  is  equal  ^  and  ^ 
similar  to  the  opposite  one  BE ;  and 
the  parallelogram  GE  to  CH  :  Therefore  the  prism  con- 
tained by  the  two  triangles  CGF,  DAE,  and  the  three  pa- 
ralleIo;grams  CA,  GE,  EC,  is  equal <^  to  tlie  prism  contained  *  C  IL 
by  the  two  triangles  CBF,  DHE,  and  the  three  parallelo- 
grams BE,  CH,  EC;  because  they  are  contained  by  the 
same  number  of  equal  and  similar  planes,  alike  situated, 
and  none  of  their  solid  angles  are  contained  by  more  than 
three  plane  angles.    Therefore  the  solid  AB  is  cut  into 

two  equal  mrts  by  the  plane  CDEF.    Q.  E.  D. 
•  N.  B.  The  insisting  straight  lines  of  a  parallelopipcd, 

'  mentioned  in  the  next,  and  some  following  propositions, 

'  are  the  sides  of  the  parallelograms  betwixt  the  base  and 

'  the  opposite  plane  parallel  to  it*' 
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PROP.  XXIX.    THEOR. 

Solid  parallelopipeds  upon  the  same  base,  and  of  See N. 
the  same  altitude,  the  insisting  straight  lines  of 
^^hich  are  terminated  in  the  same  straight  lines  in 
the  plane  opposite  to  the  base,  are  equal  to  one 
^notlier. 
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Born  XI.  Let  the  solid  pamllelopipeds  AH,  AK,  be  upon  the  same 
^"K^  base  AB,  and  at  the  same  altitude,  and  let  their  insisting 
figures  be  straight  lines  AF,  AG,  LM,  LN,  be  terminated  in  the  same 
l«w.  straight  line  FN,  and  CD,  CE,  BH,  BK,  be  terminated  in 

the  same  straight  line  DK :  the  solid  AH  is  equal  to  the 
solid  AK. 

First,  Let  the  parallelograms  DG,  Hti,  which  are  op- 
posite to  the  base  AB,  have  a  common  side  HG  :  Then, 
because  the  solid  AH  is  cut  by  tlie  plane  AGHC  passing 
through  the  diagonals  AG,  CH  of  the  opposite  plan^ 
•  S8.  n.  ALGF,  CBHD,  AH  is  cut  into  two  equal  parts'  by  tk 
plane  AGHC  :  Therefore  the  solid  AH  is  double  of  tlie 
prism  which  is  contained  be- 
twixt the  triangles  ALG, 
CBH:  For  the  same  rea- 
son, because  the  solid  AK  Is 
cut  by  the  plane  LGHB.C' 
through  the  diagonals  liG,  _ 

BH  of  the  opposite  planes        A 
ALNG,  CBKH,  (he  solid  AK  is  double  of  the  same  pri 
which   is  contained  betwixt  the  triangles  ALG,  CE 
Therefore  the  soUd  AH  is  equal  to  the  solid  AK. 

But,  let  the  parallelograms  DM,  EN,  opposite  to  the 

base,  have  no  common  side :  Then,  because  CH,  CK,  aie 

^  s*.  1.  parallelograms,  CB  is  equal  ^  to  each  of  the  opposite  sides 

DH,  EK  ;  wherefore  DH  is  equal  to  EK  ;  Add,  or  uke 

away,  the  common  part  HE ;  then  DE  is  equal  to  HK : 

'  SB.  1.  Wherefore  also  the  triangle  CDE  is  equal=  to  the  trian^e 

'ae-i.BHK:  And  the  parallelogram  DG  is  equal  ^  to  the  pond- 

lelogrum  HN :  For  the  same  reason,  the  triangle  AFG  ia 

equal  to  the  triangle  LMN,  and  the  parallelogram  CF  it 

•  S4. 11.  equal  "^  to  the  parallelogram  BM,  and  CG  to  BN ;  for  thejr 


are  opposite.     Therefore  the  prism  which  is  contained  by 

the  two  triangles  AFG,  CDE,  and  the  three  parallelogrami 

!!■  AD,  DG,  GC,  is  equal '  to  the  prism  contained  by  the  two 

triangles  LMN,  BHK,  and  the  three  ]>arallelognims  BM, 


-  OF  BUCLIOL   '  SI* 

MRiKh.    irthcrkfimtbepriDD  UINiBHK,betBlcn  V^taU. 
famn  the xdid  of  wkidi  the  bsie  it  the  panUelogram  AB,  '-"'"-' 
ftndiDwUdiFDKN  tstbeoneoppanle  toH;  uidiffrom 
thu  wse  wlid  there  be  taken  tht  prinii  AFG,  CDB,  tbe 
mawiing  E«li<l,  viz.  the  parellelopiped  AH, »  etgual  lo  the 
remaioiDg  parallelapiped  AK.    Tberefore  uUd  puiUdON 


PROP.  XXX.    THEOR. 

Solid  parallelopipeds  upon  tbe  same  base,  and  ofiMir. 
tbe  same  altitude,  tbe  insisting  straight  lines  <}f 
wbicb  are  not  terminated   in  the   same   straight 
liaes  ia  tbe  plane  opposite  to  tbe  base,  are  equal 
to  one  another. 

Let  the  parallek^peds  CM,  CN  be  upoD  the  tame  base 
AB,  and  of  the  same  altitude,  but  their  iasistinjf  straight 
Knb  AP,  AG,  LM,  LN,  CD,  CE,  BH,  BK.not  terminated 
in  tbe  same  straight  lines :  The  solids  CM.  CN  are  equal 
to  one  another. 

Prodace  FD,  MH,  and  NO,  KE,  and  let  them  meet  one 
another  in  the  points  O,  P,  Q,  R ;  and  join  AO,  LP,  BQ, 
OR :  And  because  tbe  plane  LBHM  is  panllel  to  the  op- 
N 


A 

poHte  ptanc  ACDF,  and  that  tbe  plane  LBHM  is  that  in 
itbteksM  die  paMlMs  LB,  MHPQ,  in  which  also  is  the 
%areBLFQ;  aqd  tbe  plane  ACDF  is  that  in  which  an 
«tfteUela  AC,  KDOB,  is  which  also  is  the  figare  CAOB, 
'      '  e^^v^BLPQ,CAOR,ai^inpanltelpliDefl: 
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Bob!  XT!  lo  like  maDner,  be<!iiiie  the  plane  AJJiiQm  jmnTMto 
'"^•''^    the  opposite  plane  CBKE,  and  that  the  ^ane  AIJNfiii 
that  in  nhich  are  the  parallels  AL,  OPGN,  io  which  tfao 
is  the  figure  ALPO ;  and  the  plane  CBK£  is  that  in  whiofc 
,  are  the  psrallela  CB,  RQEK,  in  which  also  is  At  6gmt 
CBQR ;  therefore  the  figures  ALPO,  CBQR,  anric  parallri 
planes :  And  the  planes  ACBL,  ORQP,  are  paraUel ;  there- 
fore the  solid  CP  is  a  parallelopiped  :  But  the  solid  GM.oT 
which  the  base  is  ACBL,  to  which  FDHM  is  the  opponte 
'  S9.  It.  parallelogram,  is  equal"  to  the  solid  CP,  of  which  th«  hue 
N JL 


AC  ■       ' 

is  the  parallelc^m  ACBL,  to  which  OHQP  i&  the  cme»-; 
posiie ;  because  they  are  upon  the  same  base,  and  their  ih 
sisting  straight  lines  AF,  AO,  CD,  CR;  LM,  LP,  BH,  BQ.' 
are  in  the  same  straight  lines  FK,  MQ :  And  the  solid (3* 
is  equal"  to  the  solid  CN:  for  they  are  upon  the  same  tnK 
ACBL,  and  their  insisting  straight  lines  AO,  AG,  LP,  LNj 
CR,  C£,  BQ,BK,arein  the  same  straight  lines  02^RK: 
Therefore  the  solid  CM  is  equal  to  tlie  solid  CK.  Wba^ 
fore  solid  parallelopipeds,  &c.     Q.  E.  D. 


PROP.  XXXI.    THEOR. 

See  N.  SoLT'D  parallclopipeds,  which  are  upon  eqtial  basci^', 
and  of  the  aaaie  altitude,  are  equal  to  one  apotb^f 

Let  the  solid  paraUelopipeda  AE,  CF,  be  upoacquil' 
bases  AB,  CD ;  and  be  of  the  satne  altitude ;  the  solid  Al' 
i»  equal  to  the  solid  CF.  ■'   -w::' 

-^ist.  Let  the  insisting  straight  lines  be  at  tight  angleitll<' 
the  fanes  AB,  CD,  and  let  tb«  bases  be  {daoediatb»naM^ 
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Tiane,  akd  ao  «s  that  the  sides  CL,  LB  be  lita  atraight  lirw;  1 
-theKton  ttw  straigfit  line  LM,  which  ii  at  right  «Rgiei  to  ^ 
the  phoe  id  which  the  ba^es  are,  in  the  point  L,  is  com- 
inoD*to  the  two  solids  AE,CF;  iet  the  other  insisting' i 
ainci  of  the  soUds  be  AG,  HK,  BE ;  DF,  OP,  CN  :  And 
■&at,  let  the  aogle  ALB  be  e(]usl  to  the  angle  CLD ;  then 
ALif  LD  are  in  a  straight  line''.     Produce  OD,  HB,  and^  i 
let  them  meet  in  Q,  and  complete  the  solid  parol lelo]>i pet) 
2A,  the  base  of  which  is  the  paratldogram  LQ,  and  of 
'Vhich  LM  is  one  of  its  insisting  straight  lines :  Therefore, 
liecause  the  paraltelogram  AB  is  equal  to  CD,  as  the  base 
JiB  is  (0  the  base  LC^  so  is "  the  base  CD  to  the  same  LQ  ^ " 
And  because  the  solid  parollelopiped  AR  is  cu(  hy  the 
pitne  LMEB,  which  is  purellel  lo  the  opposite  planes  AK, 
I)R ;  as  the  base  AB  is  to  the  base  LQ,  so  is°  the  solid '  > 
A£  to  the  solid  LR :  For  the  same  reason,  because  the  so- 
lid parallelepiped  CK  is  cut  hy  the  plane  LMFD ;  whieh 
is  paraUel  to  the  opposite  planes  CP,  BU ;  as  the  base  CD 
to  the  baK  LQ, 
so    is  the   solid 
OF  to  the  solid 
LR:  But  as  (he 
biae  AB  to  the 
WeLQ,  so  the 
W  CD  to  the 
lioe  LQ,  as  bo- 
toe  WM  proved : 
Tlierefore  as  ilie 
nlid  A£  to  tlte  solid  LR,  so  is  the  solid  CF  to  the  solid 
lA ;  and  therefore  the  solid  AE  is  equal'  to  the  solid  CF.  •  i 

But  let  the  solid  parallelopipeds  SE,  CF,  be  upou  equal 
haei  SB,  CD,  and  be  of  the  same  altitude,  ana  let  their 
■Biitting  straight  lines  be  at  right  angles  to  the  bases ;  and 
place  the  bases  SB,  CD  in  the  same  plane,  so  that  CL,  LB 
oe  in  a  straight  line;  and  let  the' angles  SLB,  CLD  be  un- 
equal ;  the  solid  SE  is  also  in  this  case  equal  to  the  solid 
CF:  Produce  DL,  TS  until  they  meet  in  A,  and  from  B 
Uaw  BH  parallel  to  DA ;  and  let  HB,  OD  produced  meet 
Jii  Q,andcoinpleiethesolids  AE,LR;  Therefore  the  solid 
VE,  of  whicli  the 'base  is  the  parallelogram  LE,  and  AK 
'Iw  ooe  opposite  to  it,  is  equal  ^  to  the  solid  SE,  of  which  ^t 
W  base  is  LE,  and  tu  which  SX  is  opposite ;  for  they  are 
lauoDtbe  same  base  LE,and  of  the  same  altitude,  and  their 
t«MatiDg straight  lines,  viz.  LA,  LS,  BH,  BT;  MG,MV, 
RK*  &X,  ai«  ia  the  same  atraigbt  lines  AT,  GX :  Aod  be- 
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•  avst  the  pamHelograin  AB  is  equals  to  SB,  for  rliey  are 
uf»a  the  same  baie  LB,  and  betneeo  the  8M&e  pnrmllds 

'  Idi,AT:aiidthat  p                „                     ^ 
the  base  SB  is  e-   r -^ ^ 


I  to  the  base 
CD;thereforethe 
base  AB  is  equal 
to  the  base  CD, 
iind  the  angle 
ALB  is  equal  to 
the  angle  CLD; 
Therefore,  by  llie 
first  case,  the  solid  AE  is  equal  to  the  solid  CF :  But  the 
solid  AE  is  equal  to  the  solid  S£,  as  was  (lemonstnterfi 
therefore  the  solid  SE  is  equal  to  the  solid  CF, 

But,  if  the  insisting  straight  lines  AG,  HK,  BE,  LMj 
CN,  KS,  DF,  OP  be  not  at  right  angles  to  the  bases  AB, 
CD ;  in  this  case  likewise  the  solid  AE  is  equal  to  the  sc4jd 
CF :  From  the  points  G,  K,  E,  M ;  N,  S,  F,  P,  draw  the 
straight  lines  GQ,  KT,  EV,  MX ;  NY,  SZ,  FI,  PU,  B«r- 
j,  pcndicular  ^  to  the  plane  in  which  are  ihe  bases  AB,  CD ; 
and  let  them  meet  it  in  the  points  Q,  T,  V,  X  r  Y,  Z,  1, 0, 
and  join  QT,  TV,  VX,  XQ ;  YZ,  ZI,  lU,  UY :  Then,  Ik- 
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cause  GQ,  KT,  are  at  right  angles  to  the  same  plane,  thq 

i.are  |)ttraltel' to  one  another:  And  MG,  EK  are  paralleli; 

thert'forc  the  plane  MQ,  ET,  of  which  one  passes  through 

MG,  GQ,  and  the  other  throutch  EK,  KT,  which  are  pi- 

rallel  to  MG,  GQ,  and  not  in-the  same  plane  with  theo, 

1- arc iwrallel '' to  one  another:  For  the  same  reason,  the 

planes  MV,  GT  arc  'parallel  to  one  another :  Therefbi* 

the  solid  CiE  is  a  parailelopiped  :  In  li!;e  nl,^nIIP^,  it  n»J 

he  proved,  that  the  solid  YF  is  a  panillelopipcfl :  Biit,lTi)ni 

what  has  been  demonstrated,  the  solid  EQ  is  equal  to  the 

solid  FY,  because  they  arc  upon  equal  bases  MK,  PS,  uA 

of  the  same  altitude,  and  have  their  insisting  straight  lira 

''■at  tight  angles  to  the  bans  :  And  ihc  solid  EQ  is  eqtmt  *'t» 
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the  solid  AE|  and  the  solid  FY  io  the  solid  CF;  because  ^^^ 
they  are  upon  the  same  basts  and  of  the  same  altitude : 
Therefore  the  solid  A£  is  equal  to  the  solid  CF  :  Where- 
fore solid  parallelopipeds,  &c.     Q.  E.  D^ 


PROP.  XXXII.    THEOR. 

Solid  parallelepipeds  which  have  the  same  alti-  SecN. 
tude  are  to  one  another  as  their  bases. 

liCt  AB,  CD  be  solid  parallelopipeds  of  the  same  altitude : 
They  are  to  one  another  as  ^eir  bases ;  that  is,  as  the  base 
AE  to  the  bise  CF,  so  is  the  solid  AB  to  the  solid  CD. 

To  the  straight  line  F6  apply  the  parallelogram  FH 

aual*  to  AE,  so  that  the  angle  FGH  be  equal  to  the  angle  'Cor.4S.  i. 
t!G;  and  complete  the  solid  parallelopiped  GK  upon  toe 
base  FH.  one  of  whose  insisting  lines  is  FD,  whereby  the 
solids  CU,  GK  must  be  of  the  same  altitude  :  Therefore 
the  soh'd  AB  is  equal  ^  to  the  solid  GK,  becauae  they  are  ■>  si.  ii* 
upon  equal  (^ 

bases  AE, 
FH,  and 
are  of  the 
same  alti- 
tude :  And 
because  the 

lid  paral-       A,         M 
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lel(^Iped  CK  is  cut  by  the  plane  DG,  which  is  |)arallel  to 
itsopposite  planes,  the  base  HF  is^  to  the  base  FC,  as  the  'tSi  IK 
solid  HD  to  the  solid  DC :  But  the  base  HF  is  equal  to 
^he  base  AE^  and  the  solid  GK  to  the  solid  A3 :  Therefore 
the  base  AC  to  the  base  CF,  so  is  the  solid  AB  to  the 
lid  CD.  Wherefore  solid  parallelopipeds,  &c.  Q.  £.  D« 
Cor.  From  this  it  is  manifest,  tliat  prisms  upon  triangu- 
kases,  of  the  same  altitude,  are  to  one  another  as  theit 


i«t  the  prisms,  the  bases  of  which  are  the  triangles 
^M,  CFG,  and  NBO,  PDQ  the  triangles  opposite  to 
^**^,  have  the  same  altitude;  and  complete  the  paralielo- 
^^^  AE,  CF,  and  the  solid  parallelopipeds  AB,  CO,  in 
"*^  first  of  which  let  MO,  and  in  the  other  let  GQ  be  one 
^^^he  insisting  lines.  AnJ  because  the  solid  parallelopipeds 
^^»  CD  have  the  same  altilude^  tliey  are  to  ouc  another  as 

0,2 
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Book  XL  ilie  ba£c  AE  IS  lo  ilie  bsseCF :  wlierefore  the  prisms,  wliich 
^^^^     '    are  iheir  halves  ■!,  are  to  one  another,  as  the  base  AE  to  tht 
■  base  CF ;  that  is,  as  the  triangle  AEM  to  the  triangle  CFG. 


PROP.  XXXIII.    THEOR. 

Similar  solid  parallelopipeds  are  one  to  another 
in  the  triplicate  ratio  of  their  homologous  sides. 

Let  AB,  CD  be  similar  solid  parallelepipeds, and  the  side 
AE  homologous  to  the  side  CF ;  The  solid  AB  has  to  the 
solid  CD  the  triplicate  ratio  of  that  which  AE  has  to  CF. 
Produce  AE,  GE,  HE,  and  in  these  produced  take  EK 
equal  to  CF,  EL  equal  to  FN,  and  EM  equal  to  FR;  and 
complete  the  pamllelognim  KL,  and  the  solid  KO :  Be- 
cause KE,  EL,  are  equal  to  CF,  FN,  and  the  angle  KEL 
equal  to  the  angle  CFN,  because  it  is  equal  to  the  angle 
AEG,  whieh  is  equal  to  CFN,  by  reason  that  the  solids  AB, 
CD  are  similar;  therefore  the  paralielogrBm  KL  is  similar 
and  equal  to  the  parallelogri  ""  " 
the  panillelo. 
graruMKissi- 
milaratid  equal 
to  CR,  and  also  ' 
OE  to  FD. 
Therefore  three  ^ 
parallelograms 
of  the  solid  KO 
are  equal  and 
similar  to  three 
parullelogrnms 
of  the  solid 
CD :  And  tlie 
I.  three  opposite  ones  in  each  solid  are  equal'  and  similar  to 
1.  these;  Therefore  the  solid  KO  Is  equal''  andslmilartothe 
solid  CD :  Complete  the  parallelogram  GK,  and  compile 
the  solids  EX,  LP  upon  the  basesGK,  KL,  so  that  EH  be 
an  insisting  straight  line  in  each  of  them,  whereby  ihejr 
must  be  of  the  same  altitude  with  the  solid  AB  :  And  be- 
cause the  solids  AB,  CD  ^r.!  ^imiliir,  and,  by  permulBtioa, 
as  AEis  toCF.soisEG  toFN,und8oiaEHtoFR;  and 
FC  is  equal  to  EK,  and  FN  to  EL,  and  FR  to  EM :  There- 
fore, as  AE  to  EK,  si.  is  EG  toEL,andsoisHEtoEM: 
5-  But  as  AE  to  EK,  so  '^  is  the  jKirallelogram  AG  to  the  pa- 
rallelogram GK  ;  and  as  GE  to  EL,  so  is'  GK  to  KI-,  and 
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aaHEtoEM^so^'isPEtoKM:  therefore  ai  the  panJIelo-  Boot  XI. 
gx^m  AG  to  the  pamllelograin  GK,  so  U  GK  to  KL,  and  Pj^  Vi^^*>r^ 
to  KM:  But  as  AG  to  GK,  so  is<i  the  solid  AB  to  the  solid  \  h^i 
EX,  and  as  GK  to  KL,  so^  is  the  solid  EX  to  the  solid  PL; 
and  as  P£  to  KM,  so<>  is  the  solid  PL  to  the  solid  KO :  And 
therefore  as  the  solid  AB  to  the  solid  EX,  so  is  EX  to  PL^ 
and  PL  to  KO:  But  if  four  magnitudes  be  continual  prc^r* 
tiooals,  the  first  is  said  to  liave  to  the  fourth  the  triplicate  ra- 
tio of  that  which  it  has  to  the  second :  Tlierefore  the  solid  AB 
has  to  the  solid  KO,  the  triplicate  ratio  of  that  which  AB  has 
to  EX :  But  as  AB  is  toEX,so  is  the  parallelogram  AG  totbe 
parallelogram  GK,  and  the  straight  line  AE  to  the  straight 
une  EK.  Wherefore  the  solid  AB  has  to  the  solid  KO,  tha 
triplicate  ratio  of  that  which  AE  has  to  EK.  And  the  solid 
KO  is  equal  to  the  solid  CD,  and  the  straight  line  EK  It 
equal  to  tne  straight  Une  CF.  Tlierefore  the  solid  AB  has  to 
the  solid  CD,  the  triplicate  ratio  of  that  which  the  side  AE 
has  to  the  homologous  side  CF,  &c.    Q.  E.  D. 

CoR.  From  this  it  is  manifest,  that,  if  four  straight  lines 
be  continual  proportionals,  as  the  first  is  to  the  fourth,  so  is 
the  solid  parallelopiped  described  from  the  first  to  the  simi- 
lar solid  similarly  described  from  the  second ;  because  the 
first  straight  line  has  to  the  fourth  the  triplicate  ratio  of 
that  which  it  has  to  the  second. 


PROP.  D.   THEOR.       - 

Solid  parallelopipeds  contained  by  parallelograms  See  n. 
equiangular  to  one  another,  each  to  each,  that  is,  of 
which  the  solid  angles  arc  equal,  each  to  each,  have, 
to  006  another  the  ratio  which  is  the  same  with  the 
ratio  compounded  of  the  ratios  of  their  sides. 

Let  A3i  CD  be  solid  parallelepipeds,  of  which  AB  is  . 
Qpntained  by  the  parallelograms  AE,  AF,  AG  equiangular, 
eifnt  to  each,  to  the  parallelograms  CH,  CK,  CL,  which 
C(]^iit%i^  t^e  solid  CD.  The  ratio  which  the  solid  AB  has 
to  the  solid  CD,  is  the  same  with  that  which  is  compound- 
eibf  ihe  ratios  of  the  sides  AM  to  DL,  AN  to  DK,  and 
AOtoDH. 


sse 
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,  *««  3U*      iProduce  MA ,  N A,  O A  to  P,  Q,  R,  so  that  AP  be  equal 
^"v-fci*  toDL,  AQtoDK,and  ARtoDH;  andcomplctc  the  solid 
panllelopiped  AX  contained  by  tlie  paralielt^aim  AS,  AT, 
AV  Bimilar  and  equal  to  CH,  CK,  CL,  each  to  each.  Tliere- 
C.  ii.fere  the  solid  AXhequal^  to  the  solid  CD.  Complete  like- 
wise the  solid  AY,  the  bnse  of  which  is  AS,  and  of  which 
AO  is  one  of  its  insisting  straight  lines.    Take  any  straight 
line  a,  and  as  MA  to  AP,  so  make  a  to  b;  and  as  NA  to 
AQ,  so  make  b  to  c;  and  as  AO  to  AR,  so  c  to  d:  Then, 
because  the  parallelogram  AE  is  equiangular  fb  AS,  AE  is 
to  AS,  as  the  straight  line  a  to  c,  as  is  demonstrated  in  tlie 
2Sd  Prop.  Book  VL,  and  the  solids  AB,  AY,  being  betwizt 
the  parallel  planes  BOY,  EAS,  are  of  the  same  attitude. 
"3*.  11.  Therefore  the  solid  AB  is  to  the  solid  AY,  as"*  the  base  AE 
tothebaseAS;  that  is,  as.the  straight  line  a  is  toe.   And 
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'Sjk  11.  the  solid  AV  is  to  the  solid  AX,  as'  the  base  OQ  is  to  the 
Irase  QR ;  that  is,  as  the  straight  line  DA  to  AR  j  that  i^ 
as  the  straight  line  c  to  the  straight  line  d.  And  becatse 
the  solid  AB  is  to  the  bolid  AY,  as  a  is  to  c,  and  the  solid 
AY  to  the  solid  AX,  as  c  is  to  d ;  eii  %qaali,  the  solid  AB 
is  to  the  solid  AX,  or  CD  which  is  equal  to  it,  as  the  stra^ 
line  a  is  to  d.  But  the  ratio  of  a  to  d  is  said  to  be  com- 
*B«£  A.S.  pounded^  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d,  which 
are  the  same  with  the  ratios  of  the  sides  MA  to  AP,  NAU 
AQ,  and  OA  to  AR,  each  to  e^ch.  And  the  sides  AP,  A<^ 
ARare  equal  to  the  sidesDL,DK,DH,eachtoeach.  There- 
fote  the  solid  AB  has  to  the  solid  QD  the  ratio  which  is  the 
ame  with  that  which  is  compounded  of  the  ratios  of  the 
•idnAMtoDL,ANtoDK,andAOtoDH.    Q.E.D. 


OF   EUCLID. 


PBOP.  XXXIV.    THEOB. 


Tab  jjoses  and  altitudes  of  equal  solid  parallelo-  Sm\. 
pipeds,  are  reciprocally  propoition^t;  and  if  the 
oases  and  altitudes  be  reciprocally  proportional, 
tbe  solid  parallelepipeds  are  equal. 

Vtt  AB,  CD  be  equal  solid  perallelo|Mpeds ;  their  bases 
art  teciprdcally  proportional  to  their  altituda  ;  that  u,  as 
the  base  £H  is  to  the  base  NP,  so  U  the  altitude  of  the 
■olid  CD  to  the  attitude  of  the  solid  AB. 

Pint,  Let  the  insisting  simight  linei  AG,  EF,  LB,  HK ; 
CM,  NX,  OD,  PR,  be  at  rieht  angles  to  the  bases.  As 
the  base  EH  to  tlie  base  NP,  lo  is  CM  to  AG.  If  tiie 
base  EH  be  equal  to       K.  R 

tlw  base  NP,  tbeo  be-     iwr""^ 
came  the  solid  AB  is         v'— 
likewise  equal  to  the 
solid  CD,  CM  shall  be 
eqaal  to  AG.   Because  ' 

If  the  bases  EH,  NP,         

be  equal,  but  the  alti-         A 

tndes  AG,  CN  be  net  equal,  neither  shall  the  solid  AB  be 
equal  to  the  solid  CD.  But  the  solids  are  equal,  by  the 
l^rothesis.  Therefore  the  altitude  CM  is  tiot  unequal 
to  the  altitude  AG;  that  is,  they  are  equal.  Wbere- 
Eore,  as  the  base  EH  to  the  base  NP,  so  is  CM  to  AG. 

Next,  let  the  bases  EH,  NP  not  be  equal,  but  EH  greater 
ihair  the  other :  Since  then  tbe  solid  AB  is  equal  to  the  so- 
lid CD,  CM  is  there- 
foK     greater    than 
AG;   For  if  it  be 
Do^  neither  also  in 
thk  erne  would  the 
ia$ds   AB,  CD  he 
eqvtf,  which,  by  the 
fan)0the9iB,are  equal. 
Make  then  CTeoual  si 
to  AG>  ^Dd  tx)ininete 
tbe  solid  pamilflo- 
I^  Cy,  of  which 

fte  boar  ]s  NP,  9nd  altitude  CT.  Becaiue  -the  solid  AB 
u  equid  to  the  soriA  CD,  therefore  the  soUd  AB  is  to  the 
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'-  soliij  CV,  as"  the  solid  CD  to  the  solid  CV.    But  as  the  so- 
'    lid  AB  tn  ihe  solid  CV,  sol>  is  the  base  KH  to  ihe  base 
5'  NP  i  lor  the  solids  AB,  CV  are  of  ihe  same  altitude  ;  and 
i;  as  the  solid  CD  to  CV,  so'  is  the  base  MP  to  the  base 
6-PT,  and  so''  is  the  siraii,'ht  line  MC  lo  CT;  and  CT  is 
equa)  to  AG.  Therefore,  as  the  base  EHto  the  base  NP,sou 
MC  to  AG.     Wherefore  the  bases  of  the  solid  paralletopv- 
peds  AB,  CD  are  reciprocally  proportional  to  their  alti- 
tudes. 

Let  now  the  bases  of  the  solid  parallclopipeds  AB,  CD 
be  reciprocally  pmportional  to  their  altitudes,  viz.  as  the 
base  EH  to  the  base  NP,  so  the  altitude  of  the  solid  CD  U 
the  altitude  of  the  so-      IClJ            R  T) 

lid  AB;  the  solid  AB     "  ^  -^^ ^ 


\S-_ 
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is  equal  to  the 
CD.     Let  the   insist- 
ing lines  be,  as  before,  „ 
at  right  angles  to  the  "  - 

bases.      Then,  if  the  

base  EH  be  equal  to         A 
tlie  base  NP,  since  EH  is  to  NP,  as  the  altitude  of  the  so- 
lid CD  is  to  the  altitude  of  the  solid  AB,  therefore  the  alti- 

i.  tude  of  CD  is  equal  ^  to  the  altitude  of  AB.     But  solid  pa- 
rallelopipeds  upon  equal  bases,  and  of  the  same  altitude, 

1-  arc  equal '  to  one  another :  therefore  the  solid  AB  is  equal 
to  the  solid  CD. 

But  let  the  bases  EH,  NP  be  unequal,  and  let  EH  be 


Therefore,  since,  as  the  base  S 


the  greater  of  the  two, 

to  the  base  NP,  so 

is  CM  the  altitude 

of  the  solid  CD  to 

AG  the  altitude  of 

AB,  CM  is  greater^ 

than    AG.    Again, 

take    CT  equal   to 

AG,  and  complete, 

as  before,  the  solid  \\ 

CV.     And   because 

the  base  EH  is  to 

tlie  base  NP,  as  CM 

to  AG,  and  that  AG  is  equal  to  CT,  therefore  the  baw 

EH  is  to  the  base  NP,  as  MC  to  CT.    But  as  the  base 

EH  is  to  NP,  so^*  is  the  solid  AB  to  the  solid  CV ;  for  the 

solids  AB,CV  are  of  the  same  altitude:  andasMC  toC^ 

so  is  the  base  MP  to  the  base  PT,  and  the  solid  CD  Jb    ' 
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solid^GVt  Anl  therefore  aitlie  solid  AB  to  the  solid  CV,  B*»*^ 
so  isthe  tolidCD  toihesnlid  CV;  thai  Is,  etieh  of  the  so-   ^T"*'*' 
lids  AB,  CD  has  the  same  ratio    to  the  solid  CV;  and*'*'"' 
tfaenftre  the  wild  AB  is  eqtial  tn  the  solid  Cp. 

.Second  feoeral  case.  Let  the  insisting  straight  lines 
fSt  BL»  GA,  KH  ;  XN,  DO,  MC,  RP  not  be  at  ri^i 
n|4et  to  tfie  hues  of  the  wlidi;  and  from  the  points  F, 
BjK^G;  X,  D,  R,M  draw  perpendiculars  to  ihe  planes  io 
which  are  the  bases  I^H,  NP,  meeting  those  planes  in  tiie 
njntt  &»■  V,  y,  T;  Q,  I,  U.  Z ;  and  complete  the  solids 
FV,  XU,  wtiich  are  parailelopiueds,  as  was  proved  in  the 
1m> flah  of  Prop.  31  of  this  Book.  In  this  case,  likewise, 
if  the  solids  AB,  CD  he  eaual,  their  bases  are  reeiprocallj 
prwortional  to  theiraltituaes,  viz.  thebaseEH  to  the  base 
NP,.  aa  the  altitude  of  the  solid  CD  to  the  altitude  of 
'  the  Bolid  AB.  Because  the  solid  AB  is  equal  to  the 
sotidCD,  and  that  the  solid  BT  is  equals  to  the  sulid  BA, '«•  "«>. 
for  Aftf  are  upon  the  same  base  FK,  and  of  the  same  aiti-    "' 


tndej  BOd  th&t  the  solid  DC  is  equals  to  the  solid  DZ, 
beii^  dpcMi  the  same  base  XR,  and  of  the  same  altitude; 
tbeitfore  the  solid  BT  is  equal  to  the  solid  DZ :  But  the 
bases  are  reciprocally  proportional  to  the  altitudes  of  equal 
>olid  i^rallelopipeds  qf  which  the  insisting  straight  lines 
Ut  at  right  angles  to  their  b;»ses,  as  before  was  proved : 
Tbefi^e  as  the  base  FK  to  the  base  XK,  so  is  the  altitude 
of  the'  solid  DZ  to  the  altitude  of  the  solid  BT :  And  the 
base  FK  is  equal  to  the  base  EH,  and  the  base  XR  to  the 
bte  KP :  Wherefore,  as  the  base  EH  to  the  hase  NP,  so 
■a^tfae  altitude  of  the  solid  DZ  to  the  altitude  of  the  solid 
"B^:  But  the  altitudes  of  the  solids  DZ,  DC,  as  also  of  the 
Solids  BT,  BA  are  the  same.  Therefore  as  the  base  EH  to 
thi  base  NP,  so4s  the  altitude  of  the  solid  CD  to  the  alti- 
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t  XL  tude  of  the  solid  AB ;  thst  is,  the  bases  of  the  solid  panl- 
v*^   lelopipAds  AB,  CD  are  reciprocally  proportional  to  their 
altitudes. 

Next,  Let  the  bases  of  the  solids  AB,  CD  be  Teciprocsl- 
ly  proportional  to  their  attitudes,  viz.  the  base  EH  to  ilie 
tnse  NP,  as  the  altitude  of  tht  solid  CD  to  die  aMtiade  of 
the  solid  AB ;  the  solid  AB  U  equal  to  the  M^id  CD  -.  Tbe 
tame  constructioo  being  macie ;  becflute,  ai  tbe  bMc  £H 
to  the  base  NP,  so  is  the  altitude  of  the  solid  CD  to  thcid- 
titude  of  the  solid  AB ;  and  that  the  base  EH  is  «ub1  (9  - 
the  base  FK ;  and  NP  to  XR ;  therefore  the  base  FK  is  to 
llie  base  XR«  as  the  altitude  of  the  solid  CD  to  tbe  altibide 
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of  AB :  But  the  altitudes  of  the  solids  AB,  BT  are  At 
same,  as  also  of  CD  and  DZ :  therefore  as  the  base  FK  to 
the  base  XR,  so  is  the  altitude  of  the  solid  DZ  to  the  al^ 
tude  of  the  solid  BT :  Wherefore  the  bases  of  the  solid" 
BT,  DZ  are  reciprocally  proportional  to  their  altitudes; 
and  their  insisting  straight  lines  are  at  right  angles  to  the 
bases;  wherefore,  as  was  before  proved,  the  solid  BT  is 
„  30.  equal  to  the  solid  DZ  :  But  BT  is  equals  to  the  solid  tU. 
and  DZ  to  the  solid  DC,  because  they  are  upon  tbe  mi* 
bases,  and  of  the  same  altitude.  Therefore  the  solid  .U' 
equal  to  the  solid  CD.     Q.  E.  D. 


OF   EUCLID. 


PROP.  XXXV.    THEOR. 


If,  from  the  Tertices  of  two  equal  plane  angles,  sceN. 
tbere  be  drawn  two  straight  lines  elevated  above 
t^  planes  in  which  the  angles  are,  and  containing 
eqilil  utgles  with  the  sides  of  those  trians^les,  each 
toeadi;  and  if  in  the  lines  above  the  planes  there 
teta&en  any  jwints,  and  from  them  perpendiculars 
t>e  drawn  to,  the  planes  in  which  the  first-iiauied 
angles  are:  And  from  the  points  in  which  they 
meet  the  planes,  straight  lines  he  di'awn  to  the 
vertices  of  the  angles  hrst  named ;  tiiese  straight 
lines  shall  contain  equal  angles  with  the  straight 
lines  which  are  above  the  planes  of  Uie  angles. 

Let  BAC,  EDP  be  two  equal  plane  angles :  and  from 
the  points  A,  D  let  the  straight  lines  AG,  DM  be  elevated 
above  the  planes  of  the  angles  making  equal  angles  with 
their  sides,  each  to  eaeh,  viz.  the  angle  GAB  equal  to  the 
an§leMDE,andGACtoMDF;  and  in  AG,-D.\I  let  any 

Stints  G,  M  be  taken,  and  from  them  let  perpendiculars 
L,  MN  be  drawn  to  the  planes  BAC,  £DP,  meeting 


*''«Se  planes  in  the  points  L,  N ;  and  join  LA,  ND :  The 
^le  GAL  is  equal  to  the  angle  MDN. 

Make  AH  equal  to  DM,  and  through  H  draw  HK  p«- 
^'lel  to  GL:  But  GL  is  perpendicular  to  the  plane  BAC{ 
,  *^erefore  HK  i^  perpendicular "  to  the  same  plane  :  From' 
**«  points  K,  N,  to  the  straight  lines  AB,  AC,  DE,  DF,  draw 
^^'rpendtcubn  KB,  KC,  NE,  NF;  and  join  HB,  BC,  ME, 
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■  EF :  Bccntise  HK  is  peqiendicukr  to  the  plane  BAC,  tlie 
plane  HBK  wliicli  passes  through  HK  is  at  right  angles^ 

''  ti>  tlic  plaue  BAC;  aod  AB  is  drawn  in  the  plane  BAC  at 
right  angles  to  the  common  section  BK  of  the  two  planes; 
therefore  AB  is  perpendicular  °  to  the  plane  HBK,  and 

i'  makes  riglit  angles  ^^  with  every  itraiglit  line  meeting  it  in 
that  plane :  But  BH  meets  it  in  that  plane ;  tbereCHc 
ABH  is  a  right  angle:  For  the  same  reason  DEM  is  ■ 
right  angle,  and  is  therefore  equal  to  the  angle  ABH. 
And  the  angle  HAB  is  equal  to  the  angle  MDE.  There- 
foie  in  the  two  triangles  HAB,  MD£  there  are  two ttngiei 
in  one  equal  to  two  angles  in  the  other,  each  to  each,  uti 
one  side  equal  to  one  side,  opposite  to  one  of  the  equal  an- 
gles in  each,  viz.  HA  equal  to  DM ;  therefore  the  remain' 

1.  iiig  sides  are  equal",  each  to  each :  Wherefore  AB  ia  eqwl 
to  DE.  In  the  same  manner,  if  HC  and  MF  be  joined  it 
may  be  demonstrated  that  AC  is  equal  to  DF:  TTierchrr, 
since  AB  is  equal  to  DE,  BA  and  AC  are  equal  to  ED 


and  DF ;  and  the  angle  BAC  is  equal  to  the  angle  EDF; 
1.  wherefore  the  base  BC  is  equal'  to  the  base  EF,  and  the- 
remaining  angles  to  the  remaining  angles:    The  angle 
ABC  is  therefore  equal  to  the  angle  DEF  :  And  the  rigfct 
angle  ABK  is  equal  to  the  right  angle  DEN,  whence  tb» 
remaining  angle  CBK  is  equal  to  the'  remaining  angte 
FEN  ;  For  the  same  reason,  ihe  angle  BCK  is  equal  » 
the  fingle  EFN :  Therefore   in  the  two  triangles  BCK. 
EFN,  there  are  two  angles  in  one  equal  to  two  anglesv 
the  other,  each  to  each,  and  one  side  equal  to  one  side  ad' 
jacent  to  the  equal  angles  in  each,  viz.  BC  equal  to BFi 
the  other  sides,  therefore,  are  equal  to  the  other  sides ;  Bli 
then  is  equal  to  EN:  and  ABis  equal  to  DE:  wherefore  A0* 
BK  are  equal  to  DE,  EN ;  and  they  contain  right  angles  1 
wbenfore  the  base  AK  is  equal  to  the  base  DN:    And  sine' 
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AH  IS  equal  to  DM,  the  square  of  AH  is  equal  to  the  square  Booi  XL 
of  DM:  But  the  squares  of  AK,  KH  are  equaf  to  the  '•'•V''^ 
sqxiaref  of  AH,  because  AKH  is  a  right  angle:  And  the  »47.  i. 
squares  of  DN,  NM  are  equal  to  the  square  of  DM,  for 
DNAf  is  a  right  angle  :  Wherefore  the  squares  of  AK,  KH 
are  equal  to  the  squares  of  DN,  NM;  and  of  those  the 
square  of  AK  is  equal  to  the  square  of  DN :  Therefore  the 
fcntaining  square  of  KH  is  equal  to  the  remaining  square 
of  NM;  and  the. straight  line  KH  to  the  straight  Hue 
KM;  aiid  because  HA,  AK  are  equal  to  MDj  DN,  each 
to  eadi,  and  the  base  HR  to  the  base  MN,  as  has  be^ 
provide  therefore  the  angle  HAK  is  equal  **  to  the  angle  >»  a.  i. 
MDN;    Q.E.D. 

Coa.  From  this  it  is  manifest,  that  if  from  the  vertices 
of  two  equal  plane  angles,  there  be  elevated  two  equal 
straight  lines  containing  equal  angles  with  the  sides  of  the 
Angles,  each  to  each  ;  the  perpendiculars  drawn  from  the 
€xtieiukies  of  the  equal  straight  lines  to  the  planes  of  the 
first  angles  are  equal  to  one  another. 

I 

Another  Demonstration  of  the  Corollary. 

Let  the  plane  angles  BAC,  EDF  be  equal  to  one  an- 
other, and  let  AH,  DM,  be  two  equal  straight  lines  above 
the  planes  of  the  angles,  containing  equal  angles  with  BA, 
Ac ;  ED,  DP,  eacii  to  each,  viz.  the  angle  HAB  equal  to 
MDE,  and  HAC  equal  to  the  angle  MDF ;  and  from  H, 
^,  let  HK,  MN  be  perpendiculars  to  the  planes  BAC> 
ElDF ;  HK  is  equal  to  MN. 

Because  the  solid  angle  at  A  is  contained  by  the  three 
Pl^ne  angles  BAC,  BAH,  HAC,  which  ai-e,  each  to  each, 
^<^i»l  to  die  three  plane  angles  EDF,  EDM,  MDF,  con- 
^^^ing  the  solid  angle  at  D ;  the  solid  angles  at  A  and  D    ^  * 
?^*^  equal,  and  therefore  coincide  with  one  another ;  to  wit, 
"^^tbe  plane  angle  BAC  be  applied  to  the  plane  angle  EDF, 
"'^  ^  straight  line  AH  coincides  with  DM,  as  was  shown  in 
|t>p.  B.  of  this  Book :  And  because  AH  is  equal  to  DM, 
point  H  coincides  with  the  |)oint  M :  Wherefore  HK, 
^Jiich  is  perpexKiicular  to  the  plane  BAC,  coincides  with 
"■^•fN*  which  IS  perpendicular  to  the  plane  EDF,  because  *  13.  u. 
^liese  planes  coincide  with  one  another.    Therefore  HK  is 
^iiaitoMN.    Q.E.D. 
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PROP.  XXXVI.   THEOR.  . 

siceN.  If  three  straight  lines  be  proportionals,  tire  solid 
parallelopiped  described  from  all  three  as  its  sides, 
is  equal  to  the  equilateral  parallelopiped  described 
from  the  mean  proportional,  one  of  the  solid  an- 
gles of  which  is  contained  by  three  plane  angles 
equal,  each  to  ^ach,  to  the  three  plane  angles  con- 
taining one  of  the  solid  angles  of  the  other  figure. 

Let  A,  B,  C  be  three  proportionals^  viz.  A  to  B,  as  B  to 
C:  The  solid  described  from  A,  B,  C  is  equal  to  the  equi- 
lateral solid  described  from  B,  equiangular  to  the  other. 

Take  a  solid  angle  D  contained  by  three  plane  an^ 
EDF,  FDG,  GDE ;  and  make  each  of  the  straight  lioa 
ED,  DF,  DG  equal  to  B,  and  complete  the  solid  parallel- 
opjpecl  DH  :  Make  LK  equal  to  A,  and  at  the  point  Kin 
•26. 11.  the  straight  line  LK,  make*  a  solid  angle  contained  by  the 
three  plane  angles  LKM,  MKN,  NKL,  equal  to  the  angles 


EDF,  FDG,  GDE,  each  to  each ;  and  make  KN  equal  to 
B,  and  KM  equal  to  C ;  and  complete  the  solid  parallelo- 
piped KO :  And  because,  as  A  is  to  B,  so  is  B  to  C,  and 
that  A  is  equal  to  Of,  and  B  to  each  of  the  straight  lines 
DE,  DF,  and  C  to  KM ;  therefore  LK  is  to  ED,  as  DFto 
KM ;  that  is,  the  sides  about  the  equal  angles  are  recipro- 
*»  14. 6.  cally  proportional;  therefore  the  parallelogram  LMiseq«l* 
to  EF ;  and  because  EDF,  LKM  are  two  equal  plane  in* 
gles,  and  the  two  equal  straigiit  lines  DG,  KN  are  drawn 
from  their  vertices  above  their  planes ;  and  contain  equal 
angles  with  their  sides ;  therefore  the  perpendiculars  from 
*Cor.  S5«  the  points  G,  N^  to  the  planes  EDF^  LKM  are  equals  to 
11.  ' 
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one  another:  Thefefore.the  solids  KO,DH  are  of  the  same  Bv)» 
altitude:  and  they  are  upon  equal  bases  LM^  £F,   and 
therefore  they  are  equaV^  to  one  another :  But  the  solid '*  si.  u 
KG  is  described  from  the  three  straight  lines  A,  B,  C,  and 
the  solid  DH  from  the  straight  line  B.     If  therefore  three 
sttiigbt  Iine%  &c.    Q.  E.  D. 


PROP.  XXXVII.    THEOR. 

h  four  straight  lines  be  proportional^  the  similar 
solid  parallelopipeds  similarly  described  from  them 
shall  also,  be  proportionals.  And  if  the  similar 
parallelepipeds  similarly  described  from  four 
straight  lines  be  proportionals,  the  straight  lines 
shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  propor- 
tioaalsy-viL  as  AB  to  CD,  so  EF,  to  GH;  and  let  the  si- 
milar parallelopipeds  AK,  CL,  J2M,  GN  be  similarly  de^ 
scribed  ftom  them.     AK  is  to  CL,  as  EM  to  GN. 

Make*  AB,  CD,  O,  P  continual  proportionals,  as  also 
EP,GH,  Q,  K:  And  because  as  AB  is  to  CD,  so  EF  to 


SeeN. 
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^fi:  and  that  CD  is^  to  O,  as  GH  to  Q,  and  O  to  P,  as  Q  •»  il.  5. 
^  R ;  therefore,  ex  lequali  S  AB  is  to  P,  as  EF  to  R :  But «  2«.  5. 
»  AB  to  P,  so^  is  the  solid  AK,'to  the  solid  CL:  and  as<iCor.3Si 
EF  to  ft,T5o^  is  the  solid  EM  to  the  solid  GN :  Therefore»>  "• 
as  the  solid  AK  to  the  solid  CL,  so  is  the  solid  EM  to  the 
solid  GN/ 
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Bom  XI.      But  let  the  solid  AK  be  to  the  solid  CL,  a»  the  solid 
'^^^^'^    EM  to  the  solid  GN  :  The  straight  line  ARiato  CD,  as 

EFtoGH. 
•  tr.  11.  Take  AB  to  CD,  as  EF  to  ST,  and  from  ST  describe  • 
a  solid  prallelopiped  SV  similar  and  similarly  shiiated  to 
either  of  the  solids  EM,  GN  :  And  because  AB  h  to  CD, 
as  EF  to  ST,  and  that  from  AB,  CD  the  solid  parallelopi- 
peds  AK,  CL  are  similarly  described ;  and  in  like  niaBiier 
the  solids  EM,  SV  from  the  straight  lines  EF,  ST:  there- 
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fore  AK  is  to  CL,  as  EM  to  SV :  But  by  the  hypothois 
'SL5.  AK  is  to  CL,  as  EM  to  GN :  Therefore  GN  is  equaH  to 
SV :  But  it  is  likewise  similar  and  similarly  situated  to  SV; 
therefore  the  planes  which  contain  the  solids  GN,  SV  are 
similar  and  equal,  and  th^ir  homologous  sides  GH,  ST 
equal  to  one  another :  And  because  as  AB  t6  CD,  so  JEF 
to  ST,  and  that  ST  is  equal  to  GH  :^  AB  is  to  CD,  as  EF 
to  GH.    Therefore,  if  four  straight  lines,  &c.     Q.  EL  D. 


PROP.  XXXVIIL    THEOR. 

SeeN.  ^^  If  a  plane  be  perpendicular  to  another  plane^  and 

'^a  straight  line  be  drawn  from  a  point  in  ooeof 

^^  the  planes  perpendicular  to  the  other  planei  dik 

^'  straight  line  shall  fall  on  the  common  section  of, 

*'  the  planes." 

**  Let  the  plane  CD  be  perpendicular  to  the  plaiie  AB^ 
.    ^^  and  let  AD  be  the  coofimoD  section ;  if  any  poiot  E  bi 
*'  taken  in  the  plane  CD,  the  perpendicular  dliawii  fram  E 
''  to  the  plane  AB  shall  fall  on  AD. 
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-^  Fotr-K  iCSoA  not,  let  it,  if  pOBinhte,  Ml  eheflvt/ert,  as  lifc*  *• 
»«  EF)  md  !rt  it  tteet  the  plane  ABin  the-poiirt  F  ;  and  *-'^*^ 
"  from  F  draw",  in  the  plane  AB,  a  perpeoaicular  FQ  to  *  i3>  ■• 
•t'BA,  wHeh  h  also  perpendicular''  to  the  plane  CDjfc+ifccn, 
•'  and  join  EG :  Then  becanse 
*FG-  is  perpendicuhir  to  the 
"  fdane  CD,  and  the  straight 
i<W-EG,  which   is  in  that 
^.fbuie,   meets   it;   therefore 
"  FGE  is  a  right  angld  But  ' 
■'  EF  is  also  at  right  angles 
"  to  the  plane  AB ;  and  there- 
'•*  fore  EFG  is  a  right  angle : 

"  Wherefore  two  of  the  angles  of  the  triangle  EFG  arc 
^ equal  together  to  two  right  aisles;  which  is  absurd: 
*  Therefore  the  perpendicular  from  the  point  E  to  the 
"  plane  AB,  does  not  tail  elsewhere  than  upon  the  straight 
'  line  AD ;  it  therefore  Mis  upon  it.  if  therefore  a  plane,** 
Skc.    Q.E.D. 


PROP.  XXXIX.  THEOR, 
[if  A  solid  parallelopipcd,  if  the  sides  of  two  of  the  see  n. 
Jpposite  planes  be  divided,  each  into  two  equal 
jtrta,  the  common  sectbn  of  the  planes  passing 
lAx>ugh  the  points  of  division,  and  the  diameter  oi 
lie  solid  parallelopiped,  cut  each  other  into  ttvo 
)^ial  parts. 

Liet  the  sides 
if  the  opposite 
])atie8CF,AH,of 
!he  solid  paralleU 
i^iped  AF,  lie  di^ 
nded  each  into 
hitfkqtSlil  parts  in 
toO  poiotsr  K,  Lif 

K;.  and  igin  KL, 
MN/XO,  PR: 
And  because  DK,  V> 
CjEMh«e6<AUnd 
pMIM,'KLispa- 
r^r*  to'^DC: 
Pot  the  same  rca- 
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.  son,  MN  is  parallel  to  BA  ;  Ami  BA  is  parallel  to  DC  : 
therefore,  because  KL,  BA  arc  cacli  of  tlicm  parallel  to 
DC,    and  not  in  the  same  plane  with  it,  KL  is  paral- 

1.  lel^  to  BA  :  Ami  because  KL,  MN  are  each  of  ihem 
parallel  to  BA,  and  not  in  the  same  plane  with  it,  KL  is' 

?arallel''  to  MN :  wherefore  KL,  MN  are  in  one  plane.' 
n  like  manner  it  may  be  proved,  that  XO,  PR  arc  in  one 

plane.     Lu-t  YS  be  the  comifton  section  of  the  planes  KN, 

XK;  and  DG  tbediamelcrof  the  solid parallelopiped^VF: 

VS  and  DG  do  njCL-t,  and  cut  one  another  into  two  equal 

parts. 

Join  DY,  YE,  BS,  SO.    Because  DX  is  prallel  to  0E»'' 
1.  the  alternate  angles  IJXY,  YOE  are  equal*^  to  one  aootber  i^ 

And  becanse  DX 

is  equal   to  OE, 

and  XY  to  YO, 

and  cantain  equal 

angles,    the   base 
I.  DY  is  equal^  to 

tlie  base  YE,  and 

the   other  angles 

are  equal ;  there- 
fore    the     an  pie 

XYD  is  equal  to 

the  angle  OYE,  B 

and    DYE  is 
!■  straight   ^     line 

For  the  same  rea- 
son   BSG    is     a 

straight  line,  and  US 

equal  and  parallel  to  DB, 


)  SG :  And  because  CAii 
also  equal  and  narallel  1» 


EG;  therefore  DB  is  equal  and  parallel''  to  EG:  And 
DE,  BG  join  their  estremtties ;  therefore  DE  is  equal  and 

I.  parallel^  to  BC  :  And  DG,  YS  are  drawn  from  points  iiT 
the  one,  to  painis  in  the  other;  and  are  iherefore  in  o» 
plane :  Whence  It  is  manifest,  that  DG,  YS  must  uMfl 
one  another;  let  them  meet  in  T :  And  because  DC  ispft* 
rallei  to  BG,  the  allern:Uc  iingk-s  EDT,  BGT  are  eq«iatM 

t.  and  the  angle  DTY  is  equalf  to  (he  angle  GI'S  :  Therefore 
in  the  triangles  nTY,GTS  there  (ire  twoanglcs  in  the  one 
equal  to  two  angk'?  in  the  oihcr,  ajid  ime  aide  equal  toooe 
side,  opposiie  to  two  of  the  equal  angh's,  viz.  DY  toCSj 
for  they  are  thd  Inilves  of  Dli,  BG  :  'ITirrefore  the  »• 

I.  maining  sides  are  eqtiaU,  eaeh  ttj  cacli.  WhcreforoDT 
is  equal  to  TG,  and  iT  equal  to  TS.  Ulurefore,  if  in» 
solid,  &c.   Q.  E.  D 
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•  .      PROP.  XL.    THEOR. 

If  there  be  two  triangular  prisms  of  the  same  al*- 
titade,  the  base  of  one  of  which  is  a  parallelogram/ 
and  the  '  base  of  the  other  a  triangle ;  if  the  paral- 
letbgram  be  double  of  the  triangle,  the  prisms 
shall  be  equal  to  one  another. 

Let  the  prisms  ABCDEF,  GHKLMN  be  of  the  same 
altitude,  the  first  whereof  is  contained  by  the  two  triangles 
ABE,  CDF,  and  the  three  parallelograms  AD,  DE,  EC  ; 
and  the  other  by  the  two  triangles  GHK,  LMN,  and  the 
three  parallelograms  LH,  HN,  NG ;  and  let  one  of  tliem 
have  a  parallelogram  AF,  and, the  other  a  triangle  GHK, 
for  its  base ;  if  the  parallelogram  AF  be  double  of  the  tri- 
angle GHK,  the  prism  ABCDEF  Is  equal  to  the  prism 

Complete  the  solids  AX,  GO ;  and  because  the  parallel- 
Ggram  AF  is  double  of  the  triangle  GHK ;  and  the  paraU 


Uogmm  HK  double*  of  the  same  triangle }  therefore  the "  ^  i- 
IMdlelogram  AF  is  equal  to  HK.     But  solid  parallelc^i-- 
|eds  upon  equal  bases,  ^nd  of  the  same  altitude,  are  equaV^^'Si.  ii. 
I9  OQje  another.    Therefore  the  solid  AX  is  equal  to  the 
aoltd  GO ;  and  the  prism  ABCDEF  is  half  ^^  of  the  solidc  se.  ii. 
iXr  and  the  prism  GHKLMN  half^"  of  the  solid  GO. 
ISlfireffam  the  prism  ABCDEF  is  equal  to  the  prism 
Q£Ua<M3!f.    Wherefore,  if  there  be  two,  &c.    ako. 
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Book  XII.  Which  is  the  first  proposttioD  of  the  tenth  book,  flfid  Isi/f' 
'-'v-*'  ceSsary  to  some  of  the  propositions  of  this  book. 

s'««N.  If  from  the  greater  of  two  unequal  magnitudes, 
there  be  taken  more  than  its  half,  and  from  the  re*" 
inaioder  more  th^n  its  half;  and  so  on:  Thert 
shall  at  length  remain  a  magnitude  less  than  the 
least  of  the  proposed  magnitudes. 

Let  AB  and  C  be  two  unequal  magnitudes,  of  whidi 
AB  is  the  greater.  If  from  AB  there  be  taken  more  thio 
its  half,  and  trom  the  remainder  more  than  its   ^  S 

tialf,  and  so  on;  there  shall  at  length  remai 
a  magnitude  less  than  C. 

For  C  may  be  multiplied  so  as  at  length  to  ]^ 
beoorae  greater  tlian  AB.     Let  it  be  so  mul- 
tiplied, and  let  D£  its  multiple  be  greater 
than  AB,  and  let  DE  be  divided  into  DP,  FG,  H 
GE,  each  equal  to  C.     From  AB  take  BH  fi. 

jfrcater  than  its  half,  and  from  the  remainder 
-AH take  HK  greater  than  lis  liatf,  and  soon, 
flntil  there  be  as  many  divisions  in  AB  as 
there  are  in  DE :  -And  let  the  divisions  in  AB 
be  AK,  KH,  HB;  and  the  divisions  in  ED  B  C  t. 
beDF,  FG,  GE.  And  because  DE  is  greater  than  AB,  mJ 
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LViftt  EG  mken  from  DE  is  not  greater  than  its  half,  but  BH  ^^^ 
taken  from  AB  is  greater  than  its  half;  therefore  the  re- 
maindor  GrD.  is  greater  than  the  remainder  HA*    Again, 
'because  GD  is  greater  than  HA,  and  that  OF  is  not  great- 
tf  than  the  half  of  GD,  but  HK  is  greater  tlian  the  half  of 
HA ;  therefore  the  remainder  FD  is  greater  than  the  re- 
mainder AK.     And  FD   is  equal   to  C,  therefore  C  is 
greater  than  XK  ;  that  is,  AK  is  less  than  C.     Q.  E,  D. 

And  if  only  tlie  halves  be  taken  away,  the  same  thing 
may  in  the  same  way  be  demonstrated. 


PROP.  L    THEOR. 

Similar  polygons  inscribed  in  circles,  arc  to  one 
anpther  as  the  squares  of  their  diameters. 

let  ABCDE,  FGHKL  be  ^o  circles,  and  in  them  the 
similar  polygons  ABODE,  FGHKL;  and-let  BM,  GN  be 
the  diameters  of  the  circles :  As  the  square  of  BM  is  to  the 
i   square  of  GN,  so  is  the  polygon  ABCDE  to  the  polygon 

Join  BE,  AM,  GL,  FN:  And  because  the  polygon 
ABCDE  is  similar  to  the  polygon  FGHKL,  and  similar 
PP^ygonsare  divided  into  similar  triangles »;  the  triangles  •iDcfcg. 


^6,6. 


^liE,  FGL,  are  similar  and  equiangular  ^ ;  and  therefore 
^^  angle  AEB  is  equal  to  the  angle  FLG :  But  AEB  is 
^ualc  to  AMB,  because  they  stand  upon  the  same  circum-  « «i.  3. 
*^fence ;  and  the  angle  FLG  is,  for  the  same  reason,  equal 
^0  the  angle  F5fe :  Therefore  also  the  angle  AMB  is  equal 
to  FNG :  And  the  right  angle  BAM  is  equal  to  the  right^  *  31. 
angle  GFN;  wherefore  the  remaining  angles  in  the  tri- 
angles ABMj.FGN  are  equal,  and  they  are  equiangolar  to 
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I'j^^l^j^^-  ofie  another:  Therefore  as  BM  to  GN,  so^is  BA  to  GF ; 
^^^r^fi,  ^^^  therefore  the  duplicate  ratio  of  BM  to  GN,  is  the 
Pef.5!  same'  with  the  duplicate  ratio  of  BA  to  GF :  But  the  n- 


f  10  Def. 


&  22. 5..ti6  of  the  square  of  BM  to  the  square  of  GN,  is  the  dupli. 
r  20. 6,  cates  ratio  of  tliat  which  BM  has  to  GN ;  and  the  ratio  of 


the  polygon  ABCDE  to  the  polygon  FGHKL  is  tl^4upli. 
cates  of  that  which  BA  has  to  GF:  Therefore  as  the 
square  of  BM  to  the  square  of  GN,  so  is  the  polygon 
ABODE  to  the  polygon  f  GHKL,  Wherefore  similar 
polygpns,  &fj.  Q.  E.  p,   '     ; 


PROP,  II.    THEOR. 

^eeN.CiucLES  are  to  one  another  as  the  squares  of 
tlieir  diameters. 

Let  ABCD,  EFGH  be  two  circles,  and  BD,  FH  their 
diameters  :  As  the  square  of  BD  to  the  square  of  FH^  soflj 
the  circle  ABCD,  to  the  circle  EFGH. 

For,  if  it  be  not  so,  the  square  of  BD  shall  be  to  the 
square  of  FH,  as  the  circle  ABCD  is  to  some  space  eiAer 
less  than  the  circle  EFGH,  or  greater  than  it.*  Fintlet 
it  be  to  a  space  S  less  than  the  circle  EFGH  ;  and  io  the 
circle  EFGH  describe  the  square  EFGH.  This  sqait 
is  greater  than  half  of  the  circle  EFGH ;  becaase  H 
through  the  points  E,  F,  G,  H,  there  be  drawn  tafigAit^ 
*  41.  !•  to  the  circle,  the  square  EFGH  is  half  ^  of  the  "square  d^ 

*  For  there  is  some  square  eqaal  to  the  circle  ABCD ;  let  P  be  tkoa^ 
of  it,  and  to  three  straight  lines  BD,  FH,  and  P,  there  can  be  a  fiMirth  pro- 
portional ;  let  this  be  Q :  Therefore  the  squares  of  these  four  stt'aightnnes 
are  proportionals ;  that  is,  ta  the  squares  of  BD,  FH,  anc)  tbecirde  ABCU) 
it  is  pos&ible  there  may  be  a  fourth  proportional.  Let  this  be  S.  And  in 
like  manner  are  to  be  understood  some  things  in  some  of  the  foUowii^pfO* 
positions. 
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scribed  about  the  circle :  and  the  circle  is  less  than  the  Book  XH. 
sqirare  Scribed  afeout  it;  therefore  the  square  EFGH  is    ^--^v^^ 
greiter  than  half  of  the  circle.    Divide  the  circumferences 
EP,  FG,  GH,  HE,  each  into  two  equal  parts  in  the  points 
K,  L,  M,  N,  and  join  EK,  KF,  FL,  LG,  GM,  MH,  HN, 
^fE  :  Therefore,  each  of  the  triangles  EKF,  FLG,  GMH^ 
HNE,  is  greater  than  half  of  the  segment  of  the  circle  it 
stands  in ;  because,  if  straight  lines  touching  the  circle  be 
drawn  through  the  points  K,  L,  M,  N,  and  the  parallelo- 
grams upon  the  straight  lines  EF,  FG,  GH,  HE  be 
completed;    each  of  the  triangles  EKF,  FLG,  GMH, 
HNE,  shall  be  the  half»  of  the  parallelogram  in  which  it.4j^  j^ 
^s:  But  every  segment  is  less  than  the  iiarallelogram  in 
^hich  it  is:  Wherefore  each  of  the  triangles  EKF,  FLG, 
GMH,  HNE,  is  greater  than  half  the  segment  of  the  cir- 
cfe  Mrhich  contains  it:  And  if  these  circumferences  before 
natned  be  divided  each  into  two  equal  parts,  and  their  ex- 
^'^mities  be  joined  by  straight  lines,  by  continuing  to  do 


tWia  there  will  at  length  remain  segments  of  tlie  circle, 

vW^Hich  toirether  shall  be  less  than  the  excess  of  the  circle 

:  I^FGH,  above  the  space  S:  Because,  by  the  preceding 

.'  Wmma,  if  from  the  greater  of  two  unequal  magnitudes 

•j:^Ul2rc  be  taken  more  than  its  half,  and  from  the  remaitider 

y.^rc  than  its  half,  and  so  ou,  there  shall  at  Jeqgth  re- 

X  lUiup  a  magnitude  less  than  the  least  of  the  proposed  niag- 

rr^kudes*     Let  then  the  segments  EK,  KlF,  FL,  LG,  GM, 

-::.MHy  HN,  NE,  be  tliose  that  remain,  and  are  together  less 

than  the  excess  of  the  circle  EFGH  a\)6ve  S  :   Therefore  ' 

::  the  rest  of  the  circle,  viz.  the  polygon  EKFLGMHN  b 

greater  than  the  space  S.     Describe  likewjse  in  the  circle 

[:  ABCD  the  polygon  AXBOCPDR  similar  to  the  pcdygon 

;   EKFLGMHN  :  As  therefore  the  square  of  BD  is  to  the 

square  of  FH^,  so  is  the  polygon  AXBOCPDR  to  Ithebi.  ts. 
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Book  XII.  polygon  EKFLGMHN ;  But  tlie  sqMare  pC  QP  if;  ^Jao  to 
^"^"'^^^^  the  square  of  FH,  as  the  circle  ABQD  is  Jo  the  space  S ; 
« 11.  5.  Therefore  as  thp  circle  ABCD  is  tp  tUe  sp^Q  S,  so  is^  thet 
polygon  AXBOCPDjEl  to  the  polygon  EfCFLfj^HN^ 
jBut  the  circle  ABCD  i&  greater  than  the  polygop.cpptainect^ 
^  14. 5.  in  it :  wherefore  the  space  S  is  greater*^  than  the  pplygoi^ 
EKFLGMHN:  But  it  is  likewise  less,  as  has  been  de*^ 
monstrated;  which  is  itvpossible.    Therefore  the  sqiiar^ 
of  BD  is  not  to  the  square  of  FH,  as  the  circle  ABCP  is  to 
any  space  less  thai^the  circle  EFGH.     In  the  sam/e  m^O^ 
•  ner,  it  may  be  demonstrated,  that  neither  is  the  square  of 
FH  to  tlic  square  of  BD,  as  the  circle  EFGH  is  to  anjr 
space  less  than  the  circle  ABCD,     Nor  is  the  square  cf* 
BD  to  the  square  of  FH,  as  the  circle  ABCD  is  to  any 
space  greater  than  the  circle  EFGH:  For,  if  possible,  let 
it  be  so  to  T,  a  space  greater  than  the  circle  EFGH; 
Therefore,  inversely,  as  the  square  of  FH  to  the  square    ' 
of  BD,  so  is  the  space  T  to  the  circle  ABCD.    But 


as  the  space  t  T  is  to  the  circle  ABCD,  so  is  the  circle 
EFGH  to  some  space,  which  must  be  less  ^  than  the  cir- 
cle ABCD,  because  he  space  T  is  greater,  by  bypotbeas^ 
than  the  circle  EFGH.  Therefore  as  the  square  of  FH  is'  t<? 

t  For  as,  in  the  foregoing  note  at*,  it  was  explained  how  it  was  poesiUe 
there  could  be  a  fourth  proportional  to  the  squares  of  BD,  FH,  and  the 
circle  ABCD,  which  was  named  S;  so,  in  like  manner,  there  can  be  n 
fourth  proportional  to  this  other  space,  named  T,  and  the  circles  ABCD, 
EFGH.  And  the  like  is  to  be  understood  in  some  of  the  following  propo- 
sitions. 
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l»e  "q**"*  of  BD,  «o  is  the  circle  EFiG  H  to  a  space  less  Bom  XU. 
L^an  dte  f:ircle  ABCD,  wliicli  has  been  demonstrated  to  be  ^""v^^ 
ropooibie :  Therefore  tlie  square  of  BD  is  not  to  tbe 
j£juwe  of  FH  as  the  circle  ABCD  is  to  any  space  greater  • 
ttxAB  tbe  circle  EFGH :  Aod  it  bas  been  demo iist rated, 
tbB.t  neither  is  the  square  of  BD  to  the  square  of  FH,  as 
iixc  circle  ABCD  to  any  space  less  tlianthe  circle  EFGH: 
■^V^herefore,  as  tbe  square  of  BD  to  the  s([uaie  of  FH,  soi< 
lUe  circle  ABCD  to  the  circle  EFGHt.  Circles  there- 
fore fic.&c.    Q.E.D. 


PROP.  III.    THEOR. 

Evert  pyramid  haying  a  triangular  base,  may  be  See  n. 
,    divided  into  two  equal  and  similar  pyramids  hav- 

Iifg  triangular  bases,  and  which  are  similar  to  the 
fbole  pyramid,  and  into  two  erinal  prisms  which 
(■^ether  are  greater  than  half  of  the  whole  pyramid. 

I«t  there  be  a  pyramid  of  which  the  base  is  the  triangle 
"Be  and  its  vertex  the  point  D  :  The  pyramid  ABCD  may 
'*  divided  into  two  equal  and  similar  ti 

PF'^mids  having  triangular  bases,  and 
'unilar  to  the  whole ;  and  into  two 
equal  prisms  which  tojfetber  are  greater 
'*"i  half  of  the  whole  pyramid. 

divide  AB,  BC,  CA,  AD,  DB,  DC, 
^*:H  into  two  equal  |)arts  in  the  points 
^'  P,  G,  H,  K,  L,  and  join  EH,  EG, 
*^H,HK,KL,LH,EK;KF,FG.  Be- 
^as€  AE  is  equal  to  EB,  and  AH  to 
4D,  HE  is  parallel"  to  DB :  For  tbe 
^me  reason,  HK  is  parallel  to  AB: 
"  'nerefore  HEBK  is  a  parallelogram,   ' 
*'«i    HK  equal »  to  EB :  but  EB  i 
■^"•I  to  AE ;  therefore  also  AK  is  equal  ': 
'"HK;  Aud  AH  is  equal  to  HD;  wherefore  E A,  AH, 
?"*  eS»al  to  KH,  HD,  each  to  each ;  and  the  angle  EAH 
'*  equalc  to  the  angle  KHD ;  therefore  the  base  EH  is  ■  t9.  U 

/lien     *CD.  b  povsibte.  anJ 
"•■cl^  EFGH.  it  raaM  be  « 
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Pk>kXI{.  equal  to  tlte  base  {CD,  and  the  triangle  AE^  equnl^and 
'"^^""^  sioillar  to  the  triangle  HKD  :  For  the  same. Kason,  the 
*"  '■  triaogle  AGH  is  equal  and  similar  to  the  triiiiKle  HLD: 
And  because  the  two  straight  lines  £H,  HG,Mucb  tneet 
one  another,  are  parallel  to  KD,  DL,  that  meet  oiie  ano- 
ther, and  are  not  in  the  same  plane  with  them,  the;  coniain 
•10. 11.  equiri*  angles;  tlicrefore  the  angle  EHG  is  equal  t»tlie 
angle  KDL,     Again,  because  EH,  HG,  are  equal  to  KD, 
.  DL,  each  to  eacl^  and  the  an)>le  EHG  equal  to  the  angle 
KDL;  iherel'ore  the  base  EG  is  equal  to  the  base  KL: 
And  the  triangle  EHG  eqiiaH  and  similar  to  the  triangle 
KDL  :  For  tlie  same  reason,  the  trinngle  AEG  is  also  equal 
and  similar  to  the  triangle  HKL.    Therefore  the  pyramid, 
of  which  the  base  is  the  triangle  AEG,  and  of '  which  tbe 

'C.  II.  vertex  is  the  point  H,  is  equal' and  similar  to  the  pyrainii^ 
the  base  of  which  is  the  triangle  KHL,  — 

and  vertex  the  point  D.  And  because 
HK  is  parallel  to  AB,  a  side  of  the  tri- 
aogle ADB,  the  triangle  ADB  is  equi- 
angular to  the  triangle  HDK,  and  tlieir 

!<■  6.  sides  are  propmlionalsS:  Therefore  the 
triangle  ADB  is  similar  to  (he  triangle 
HDK :  And  for  the  same  reason,  the 
triangle  DBC  is  similar  to  the  triangle 
DKL;  and  tlie  triangle  ADC  to  the 
triangle  HDL;  and  al^o  the  triangle 
ABC  to  the  irianjjle  AEG:  But  the  jft^ 
triangle  AEG  is  similar  to  the  triangle  //'  x 
HKL,  as  before  was  proved ;  therefore '/         ^^ 

*  ','1.  s.  the  triaoffle  ABC  is  similar  ^  to  the  tri-  •'  •" 

angle  HKIj.    And  the  p^amid  of  which  the  base  ii  ft* 
'  fi.  M.  s  triangle  ABC,  and  vertex  the  [)oint  D,  is  therefore  sJmifcr' 
rt  OrC.  1 1-  jQ  j|jg  pyramid  of  whith  the  base  is  the  triangle  HKL,u*^ 
vertex  the  samt  point  D  :  But  the  pyramid  of  which  thf 
base  is  the  triangle  HKL,  and  Vertex  the  point  D,  is  siiD*' 
lar,  as  has  been  proved,  to  the  pyramid  the  base  of  whiC" 
is  the  triangle  AEG,  and  vertex  the  point  H  ;  Whercfirf* 
the  pyramid,  the  base  of  whieh  is  the  triangle  ABC,  ao* 
vertex  the  point  D,  is  similar  to  the  pyramid  of  which  tl** 
base  is  the  triangle  AEG,  and  vertex  H  :  Therefore  e8<^ 
of  the  pyramids  AEGH,  HKLD  is  similar  to  the  whc?** 
pvraniid  ABCD  :  And  because  BF  is  equal  to  PC,  the  p*' 

-.  It.  T.  rallelogram  FBEG  is  double''  of  the  triangle  GFC  ;  B*^ 
when  there  are  two  prisms  of  the  same  altitude,  of  »yhi^ 
one  has  a  parallelogram  for  its  base,  and  the  other  a  trian^^ 
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ifhat  fifiialf  of  the  parallelogram,  these  prisms  are  equals  to  Book  XIL 
4Qbfc  another;  therefore  the  prism  having  the  parallelogram  ^^'^'^^^'^ 
£BPG  for  Its  hase,  and  the  straight  line  KH  opposite  to  it, '  ^'  ^^' 
is  c^ual  to  the  prism  having  the  triangle  GFC  for  its  base, 
jind  the  triangle;.  HKL  opposite  to  it ;  for  they  are  of  the 
same  altttode,  because  they  are  between  the  parallel^  planes ''  15.  U- 
ABC,  HKLc  And  it  is  manifest  that  each  of  these  prisma 
is  greater  tlian  either  of  the  pyramids  of  which  the  triangle^ 
A£G,  HKL,  are  the  bases,  and  the  vertices  the  points  H, 
IX;. because,  if  EF  be  joined,  the  prism  having  the  paral- 
lelogram EBFG  for  its  base,  and  KH  the  straight  line  op- 
posite to  it,  is  greater  than  the  pyramid  of  which  the  base   . 
IS  the  triangle  EBF,  and  vertex  the  point  K :  But  this  py- 
ramiil  is  equal  ^  to  the  pyramid  the  base  of  which  is  the  ^ClX- 
triangle  AEG,  and  vertex  the  point  H ;  because  they  are 
contained)  by  equal  and  similar  planes :  Wherefore  the  prism 
having  the  parallelogram  EBFG  for  its  base,  and  opposite 
side  KH,  b  greater  than  the  pyramid  of  which  the  biEise  is 
the  triangle  AEG,  and  vertex  the  point  H :  And  the  prism 
of  which  the  base  is  the  parallelogram  EBFG,  and  opposite 
side  KH,  is  equal  to  the  pri^m  having  the  triangle  GFC 
for  its  base,  and  HKL  the  triangle  opposite  to  it ;  and  the 
pyramid  (^  which  the  base  is  the  triangle  AEG,  and  vertes^ 
H,  is  equal  to  the  pyramid  of  which  the  base  is  the  triangle 
HKL,  and  vertex  D :  Therefore  the  two  prisms  before- 
mentioned  are  greater  than  the  two  pyramids  of  which  the 
bases  are  the  triangles  AEG,  HKL,  and  vertices  the  points 
H,  D.    Therefore  the  whole  pyramid  of  which  the  base  is 
~  the  triangle  ABC,  and  vertex  t|ie  point  D,  is  divided  into 
two  equal  pyramids  similar  to  one  another,  and  to  the  whole 
,  pyramid ;  and  into  two  equal  prisms ;  and  the  two  prisma 
^re  together  greater  than  half  of  the   whole   pyramid^ 


r'j- 


■i  •  •  . 
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n^ow  xn. 

PROP.  IV.    THEOR. 

Srt  N.  If  there  be  two  pyramids  of  the  same  altitude,  upoa 
triangular  bases,  and  each  of  them  be  di?id6d  into 
two  equal  pyramids  similar  to  tlie  whole  pyramid, 
and  also  into  two  equal  prisms ;  and  if  each  of 
these  pyramids  be  divided  in  the  same  manner  ai 
the  first  two,  and  so  on :  As  the  base  of  one  of  the 
first  two  pyramids  is  to  the  base  of  the  other,  sp 
siiall  all  the  prisms  in  one  of  them  be  to  aU  the 
prisms  in  the  other  that  are  produced  by  the  same 
number  of  divisions. 

Let  there  be  two  pyramids  of  the  same  altitude  upon  (he 
triangular  bases  ABC,  DEF,  and  having  their  vertices  in 
the  points  G,  H ;  and  let  each  of  them  be  divided  into  two 
equal  pyramids  similar  to  the  whole,  and  into  two  equal 
prisms ;  and  let  each  of  the  pyramids  thus  made  be  coo* 
oeived  to  be  divided  in  the  like  nnanner,  and  so  on:  As  the 
base  ABC  is  to  the  base  DEF,  so  are  all  the  prisms  in  tlic 
pyramid  ABCG  to  all  the  prisms  in  the  pyramid  PEFH 
made  by  the  same  number  of  divisions. 

Make  the  same  construction  as  in  the  foregoing  propo- 
sition :  And  because  BX  is  equal  to  XC,  and  AL  to  LC, 
»  2.  6  therefore  XL  is  parallel*  to  AB,  and  the  triangle  ABC  simi- 
lar to  the  triangle  LXC  :  For  the  same  reason,  the  triangle 
DEF  IS  similar  to  RVF :  And  because  BC  isdouble  of  CX, 
and  EF  double  of  FV,  therefore  BC  is  to  CX,  as  EF  to 
FV  :  And  upon  BC,  CX,  are  described  the  similar  and  si- 
milarly  situated  rectilineal  iSgures  ABC,  LXC ;  and  upoa 
EF,  FV,  in  like  manner  are  described  the  similar  figures 
DEF,  RVF :  Therefore,  as  the  triangle  ABC  is  to  the  tri- 
*  ^2. 6.  angle  LXC,  so^  is  the  triangle  DEF  to  the  triangle  RVF, 
and,by  permutation,  as  the  triangle  ABC  to  the  triangle 
DEF,  so  is  the  triangle  LXC  to  the  triangle  RVF :  And 
because  the  planes  ABC,  OMN,  as  also  the  planes  DEF, 

•15. 11.  STY  are  parallel  %  the  perpendiculars  drawn  from  the 

l)oints  G,  H,  to  the  bases  ABC,  DEF,  which,  by  the  hypo- 

,  thesis,  are  equal  to  one  another,  shall  be  cut  each  into  two 

••  17. 11.  equal  ^  parts  by  the  planes  OMN,  STY,  because  the  straight 
lines  GC,  HF,  are  cut  into  two  equal  parts  in  the  points 
N,  Y,  by  the  same  planes ;  Therefore  the  prisms  LXCOMN, 
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RV  FSTY,  aft  of  the  same  altitude ;  and  iherefow,  as  the  Bom  XIL 
base  IXC  to  A«  base  RVF ;  that  is,  aa  the  triangle  ABC  _  JT^ 
t«  tlw  triangle  DEF ;  so*  is  the  prism  havingthe  triangle*  ,""'*' 
I^?CC  fl»r  its  base,  and  OMN  the  triangle  opposite  to  it,  to 
the  pn»m  of  which  the  base  is  the  triangle  HVF,  and  the 
opfposHe  triangle  STY  :  And  because  the  two  prisms  in  the 
pyramid  AfiCG  are  equal  to  one  another,  and  also  the  two 
prisms  in  the  pyramid  DETH  -equal  to  one  another';  as 
tHe  prism  of  which  the  base  is  the  parallelogram  KBXL 
ancl  o][^x»ite  side  MO,  to  the  prism  having  the  triangle    ' 
Ht'XC  for  its  base,  and  OMN  the  triangle  opposite  to  it;  so 
is  ciie[»ism  of  which  the  base'' is  the  parallelogram  PEVR,  '7.5. 
anci  (^rpoaite  side  TS,  to  the  prism  of  which  the  base  is  the 
triangle  RVF,  and  opposite  triangle  STY.     Therefore, 
connponendo,  as  the  prisms  KBXLMO,  LXCOMN.  toje. 
G  H     • 


V F 

4ie},.Bre  uDto  the  prism  LXCOMN ;  so  are  the  piisiwt 
>fiVRTS,  RVFSIT  to  the  prism  RVFSTV  :  And  per- 
■ttotaado,  as  the  prisms  KBXLMO,  LXCOMN,  are  to  the 
pviantB  PEVRTS,  RVFSTY  ;  so  is  the  prism  LXCOMN 
to  the  prism  RVFSTY :  But  as  the  prism  LXCOMN  to 
*e  prism  RVFSTY,  so  is,  as  has  been  proved,  the  basfl 
^C  to  the  base  DBF:  Therefore,  as  thebase  ABCtothii 
^SeDEF,  so  are  the  two  prisms  in  the  pyramid  ABCG  to 
™*twopriBnM  in  the  pyramid  DEFH  :  And  likewise  if 
J*  OTmmids  now  made,  for  example,  tlie  two  OMNG, 
r*VH,  be  divided  in  the  same  manner ;  as  the  base  OMN 
^  *o  the  base  S Ti',  so  shall  the  two  prisms  in  the  pyramid 
*^*ING  be  to  the  two  prisms  in  the  pyramid  STYH  :  Bu« 
*  .e  base  OMN  is  to  the  base  STY,  as  the  base  ABC  lo  the 


t»», 


*'*«e  DEF;  therefore,  as  tjie  base  ABC  to  the  base  DEE* 
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i  XII,  go  are  tlie  two  prisms  in  the  pyramid  ABCG  to  tie  two 
v^'  prisms  iu  the  pyramid  DJiFH  ;  and  so  are  the  two  prisms 
in  the  pyramid  OMNG  to  the  two  prisms  in  the  pyramid 
STYH ;  and  so  are  all  four  to  all  four:  And  the  same 
thing  may  he  siiown  of  i!ie  prisms  made  by  dividing  the 
pyramids  AKLO  and  DPHS,  and  of  all  made  by  the  same 
number  of  divisions.     Q.  E.  D. 


PROP.  V.    TIIEOR.  '^ 

seeN.  Pyramids  of  the  same  altitude  which  have-trian— J 
gular  bases,  are  to  one  another  as  their  bases. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF, 
are  the  hases,  and  nf  whicli  ihi?  vertices  are  the  jwioTs  G, 
H,  be  of  the  same  altitude ;  As  the  base  ABC  to  the  base 
DEF,  so  is  the  pyramid  AliCG  to  the  pyramid  DEFH. 

FoT,  if  it  be  not  so,  the  base  ABC  must  he  to  the  base 
DEF,  as  the  pyramid  ABCG  to  a  solid  eitlier  less  tlan  the 
pyramid  DEFH,  or  greater  than  it*.  First,  let  it  be  toi 
solid  less  than  it,  viz.  to  the  solid  Q  :  And  divide  the  nyn- 
mid  DEFH  into  two  equal  pyramicls,  similar  to  the  whole, 
and  into  two  equal  prisms.     Therefore  these  tivo  prismsurt 

■  3.  la.  greater"  than  the  half  of  the  whole  pyramid.  And  agal% 
let  the  pyramids  made  by  thjs  division  be  in  like  manner 
divided,  and  so  on,  until  the  pyramids  which  remain  undi- 
vided in  the  pyramid  DEFH  be,  all  of  them  together,  less 
than  the  excess  of  the  pyramid  DEFH  above  the  solid  Q: 
Let  these,  for  example,  be  the  pyramids  DPRS,  STVH; 
Therefore  the  prisms,  which  make  the  rest  of  the  pyramid 
DEFH,  are  p:reater  than  the  solid  Q:  Divide  likewise  the 
pyramid  ABCG  in  the  same  manner,  and  into  as  manj 
parts,  as  the  pyramid  DEFH :  Therefore  as  tije  base  ABC 

'4. 12.  to  the  ba.'ie  DEF,  so''  are  the  prisms  tn  the  pyramid  ABC'G 
to  the  prisms  in  the  pyramid  DEFH :  But  as  ilie  base  ABC 
to  the  base  DEF,  so,  by  liypothesis,  is  ilie  pyramid  ABCG 
to  the  solid  Q;  and  therefore,  as  the  pyramid  ABCG  to  the' 
solid  Q,  so  are  the  prisms  in  the  pyramid  ABCG  to  the 
prbms  ill  tin>  pyramid  DEFH :  But  t!ie  pyramid  ABCfT 

'H.  5-  is  greater  than  the  prisms  eontaiiwdin  it;  wherefore'^ ifls*' 
llie  solid  Q  is  greater  than  the  prisms  in  the  pyramid  D0^ 

■  This  may  br  upliincd  the  time  my  us  at  (he  notp  I  in  Proposiliai  1' 
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Bnt  itik  sibo-lesvivhich  is  iiapOGsible.  Tlierefore  the  base  Bow  X4I. 
ABO  J*  WOtto  the  base  DEF,a6  the  vyratnid  ABCG  toanjt  ^— v** 
Bdlid^K^iich  \9  less  than  the  pyramid  DEFH.  In  the  saoie 
niaOMr  it  itiny  be  demoiutrated,  that  the  base  DEF  ii  not 
tOtfe:9  base  ABC,  as  the  pjiremid  DLFll  to  eny  solid  which 
is  ]«s  Itittn  the  pyramid  ABCG.  Nor  can  the  base  ABC 
he  to  the  base  DEF,  as  the  pyramid  ABCG  tc  any  solid 
which  is  greater  than  the  pyramid  DEFH.  For,  if  it  be 
possible,  let  it  be  su  to  a  great<;r,  viz.  the  solid  Z.  And 
because  the  base  ABC  is  to  the  base  DEF  ns  the  pyramid 
ABCG  to  the  solid  Z;  by  inversion,  as  the  base  DEF  to 
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the  base  ABC,  so  is  the  solid  Z  to  the  pyramid  ABCG. 
Bat  as  the  solid  Z  is  to  the  pyramid  ABCG,  so  is  the  py- 
TB^ipid  DEFH  to  some  solid*,  which  must  beless*  than  •  14.5 
the  pyramid  ABCG,  because  the  solid  Z  is  greater  thaa 
the  pyramid  DEFH.  And  therefore,  as  the  base  DEF  to 
the  base  ABC,  so  is  the  pyramid  DEFH  to  a  solid  Ic^  than 
the  pyramid  ABCG ;  the  contrary  to  which  has  b^en  proved. 
"ITierefore  the  base  ABC  is  not  to  the  base  DEF,  as  the  py- 
ramid ABCG  to  any  solid  which  is  greater  than  the  pyra- 
mid DI*'FH.  And  it  has  been  proved  that  neither  is  the 
base  ABC  to  the  base  D£F,  as  the  pyramid  ABCG  to  any 
Solid  which  is  less  than  the  pyramid  DEFH.  Therefore, 
as  the  base  ABC  is  to  the  base  DEF,  so  is  the  pyramid 
ABCG  to  the  pyramid  DEFH.  Wherefore  pyramids,  &c. 
<J.E.  D. 


'  ''^Tlui  ma^  Iw  »p]ai»d  the  ta 


it  tht  «i»rt  t  in  Prop.  ?■ 
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PROP.  VI.    THEOft. 

SeeN.  Pyramids  of  the  same  altitude  which  have  poMl 
gons  for  their  bases,  are  to  one  another  as  th»  , 
bases. 


IjCt  the  pyramids  which  have  the.  poiygods  ABC^^;;^^ 
FGHKL,  for  their  bases,  and  their  vertices  in  the  pc^^^ 
M,  N,  be  of  tbe  same  altitude :  As  the  base  ABCDE"  tCj^  f^^ 
base  FGHKL,  so  is  the  pyramid  ABCDEM  to  the  p«;j, 
midFGUKLN. 

Divide  the  base  ABCDE  into  the  triangles  ABC,ACZ> 
ADE;  and  the  base  FGHKL  into  the  triangles FGH,FH8;' 
FKL :  And  upon  the  bases  ABC,  ACD,  ADE,  let  there  be 
as  many  pyramids  of  which  the  common  vertex  is  the  point 
M,  and  upon  the  remaining  bases  as  many  pyramids  havug 
their  common  vertex  in  the  point  N :  Therefore  since  the 
5. 12.  triangle  ABC  is  to  the  triangle  FGH,  as  *  the  pyranid 
ABCM  to  the  pyramid  FGHN ;  and  the  triangle  AGl)to 
the  triangle  FGH,  as  the  pyramid  ACDM  to  the  pyiimid 


D  k' 


FGHN ;  and  also  the  triangle  ADE  to  the  triangle  FG^^* 
as  the  pyramid  AD  EM  to  the  pyramid  FGHN  ;  as  all  t:^ 
^  2  Cor.  first  antecedents  to  their  common  consequent,  so  **  are  ^1" 
24. 5.  the  other  antecedents  to  their  common  consequent,  that  ^^j 
as  tlie  base  ABCDE  to  the  ba^e  jFGH,  so  is  the  pyrair^  ** 
ABCDEM  to  the  pyramid  FGHN :  And  for  the  same  --^-^^ 


son,  as  the  buse  FGHKL  to  the  base  FGH,  so  is  the  ^^' 
ramid  FGHKLN  to  the  pyramid  FGHN:  And,  by  inye?^  ^' 
sion,  ad  the  base  FGH  to  the  base  FGHKll,  so  is  the  j^J'* 
ramid  FGHN  to  the  pyramid  FGHKLN :  Then,becau^^^» 
asi  the  base  ABCDE  to  the  base  FGH,  so  is. the  pyifm^?* 
ABCDEM  to  the  pyramid  FGHN  ;  and  as  the  base  FG  ^^ 
to  the  base  FGHKL,  so  is  the  pyramid  FGHN  to  tjic  i^^" 
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ramid  FGHKLN;  therefore,  ex  aequalis  as  the  baseBpov  XJk 
ABCDE  to  the  base  FGHKL,8o  the  pyramid  ABCDEM  to 
the  pyramid  FGU  KLN.  Tlicrefore  pyramids, &c.  Q.  E.  D. 


PROP.  VII.    THEOR. 

Ev£RT  prism  having  a  triangular  base  may  be  di- 
vided into  three  pyramids  that  have  triangular 
bases,  and  are  equal  to  one  another. 

Ijet  there  be  a  prism  of  which  the  base  is  the  triangle 
ABC,  aad  let  DEF  be  tlie  triangle  opposite  to  it:  The 
prism  ABCDEF  may  be  divided  into  three  equal  pyramids 
having  triangular  bases. 

Join  BD,  EC,  CD;  and  because  ABED  is  a  parallelo- 
grtEim  of  which  BD  is  the  diameter,  the  triangle  ABD  is 
equal*  to  the  triangle  EBD ;  therefore  the  pyramid  of •34.1. 
which  the  base  is  the  triangle  ABD,  and  vertex  the  point 
C,  is  equal  ^  to  the  pyramid  of  which  the  base  is  the  triangle  *  *•  !*• 
EBD,  and  vertex  the  point  C :  But  this  pyramid  is  the 
same  with  the  pyramid  the  base  of  which  is  the  triangle 
EBC,  and  vertex  the  point  D;  for  they  are  contained  by 
the  same  planes  :  Therefore  the  pyramid  of  which  the  base 
is  the  triangle  ABD,  and  vertex  the  point  C,  is  equal  to  the 
pyramid,  the  base  of  which  is  the  triangle  EBC,  and  vertex 
the  point  D:  Again,  because  FCBE  is  a  parallelogram  of 
which  the  diameter  is  CE,  the  triangle  rj, 

ECF  is  equals  to  the  triangle  ECB;  ^ 

therefore  the  pyramid  of  which  the  base  D 
is  the  triangle  ECB,  and  vertex  the  point 
D,  is  equal  to  the  pyramid  the  base  of 
which  is  the  triangle  ECF,  and  vertex: 
the  point  D  :  But  the  pyramid  of  which 
the  base  is  the  triangle  ECB,  and  vertex  . 
the  point  D,  has  been  proved  equal  to  ^ 
the  pyramid  of  which  the  base  is  the  triangle  ABD,  and 
verte)?  the  point  C.    Therefore  the  prism  ABCDEF  is  di- 
vided into  three  equal  pyramids  having  triangular  bases, 
vias.  into  the  pyramids  ABDC,  EBDC,  ECFD :  And  be- 
eause  the  pyramid  of  which  the  base  is  the  triangle  ABD, 
and  vertex  the  point  C,  is  the  same  with  the  pyramid  of 
^hich  the  base  is  the  triangle  ABC,  and  vertex  the  point 
^9  for  they  are  contained  by  the  same  planes ;  t^d  th^t  the 
Pymmid  of  which  the  base  is  the  triat^le  ABD^  ami  vertex 

S 
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Book  XTL  the  point  C^  has  been  demonstrated  to  be  a  tlurd  part  af  th  _ 
^'^"^^^^^  prism,  the  base  of  which  is  the  triangle  ABC,  and  to  which^^^^* 
DEF  is  the  opposite  triangle ;  therefore  the  pyranaid  Qc:^  ^' 
which  the  base  is  the  triangle  ABC,  and  vertex  the  poir^  ^-^ 
D,  is  the  third  part  of  the  prism  which  has  the  same  bas*^^  ^^t 
viz.  the  triangle  ABC,  and  DEF  is  the  opposite  triangle  ^7f^> 
a  E.  D.  -^^• 

Cor.  1.  From  this  it  is  manifest,  that  every  pymmid 
the  third  part  of  a  prism  which  has  the  same  base)  and....^ 
of  an  equal  altitude  witlx  it :  for  if  the  base  of  the  prisma  i 
any  other  figure  than  a  triangle,  it  may  be  divided  5't?/b 
prisms  having  triangular  bases. 

Cor.  2.  Prisms  of  equal  altitudes  are  to  one  another  Mg 
their  bases;  because  the  pyramids  upon  the  same  hase%  mi 
*  €.u.  of  the  same  altitude,  are<^  to  one  another  as  their  boaei. 


IS 
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PROP.  VIII.    THEOR- 


Similar  pyramids^  having  triangular  bases, 
one  to  another  in  the  triplicate  ratio  of  that  of  ihii 
homologous  sides. 


Let  the  pyramids  having  the  triangles  ABC,  DEF9 
their  bases,  and  the  points  G,  H  for  their  vertices,  be  sim: 
lar,  and  similarly  situated ;  the  pyramid  ABCG  has  to  t1 
pyramid  .DEFH,  the  triplicate  ratio  of  that  which  the  si 
BC  has  to  the  homologous  side  EF.  

Complete  the  parallelc)grams  ABCM,  GBCN,  ABG^K 
and  the  solid  parallelepiped  BGML  contained  by 

K A. 
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planes  and  those  opposite  to  them  :  And,  in  like  maoDer^y 
complete  the  solid  parallelopiped  EHPO  contained  by  the 
thrM  puaUelograms  DEFP,  HEFR,  DEHX,  and  those 
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oppcmte  to  them:  And  because  the  pyramid  ABCG  is  si-  Boos  xn. 
milar  to  the  pyramid  D^FH,  the  f^ogle  ABC  is  equal*  to  '^-'■v^^ 
the  angle  DEF,  and  the  angle  GBC  to  the  angle  HEF ''*^^^•''• 
^nd  ASG  to  DGH  :  And  AB  is^  to  BC,  as  DE  to  EF:  'i  Def.6. 
tl^t  i^j  the  sides  about  the  ^ual  angles  are  proportioqab  | 
wherefore  the  paraUelogmai  BM  is  similar  to  EP :  I^or  tl)« 
same  reason,  the  parallelogram  BN  is  similar  to  EK^  an4 
BK  to  EX :  Therefore  the  three  parallelograms  BM,  BN, 
BK,  are  similar  to  the  three  EP,  ER,  EX :  But  the  three 
Bm^  BN,  BK,  are  equal  and  similar^  to  the  three  which  •  24.  ii. 
m  opposite  to  them,  and  the  three  EP,  ER,  EX,  equal  and 
similar,  to  the  three  opposite  to  them :  Wherefore  the  solids 
BGMLi  EHPO  are  contained  by  the  same  number  of  si- 
UdlsT  planes :  and  theii^  solid  angles  are  equal  ^ ;  and  there-  ^  B.  1 1. 
fore  die  solid  BGML  is  similar^  to  the  solid  EHPO :  But 
^milar  solid  parallelopipeds  hav>e  the  triplicate®  ratio  of*  33.  if. 
that  which  their  hon[K)logous  sides  have :  Therefore  the  solid 
BGML  has  to  the  solid  EHPO  the  triplicate  ratio  of  that 
which  the  side  BC  has  to  the  homologous  side  £F :  But  as 
the  solid  BGMI^  is  to  the  solid  EHPO,  so  is^the  pyramid '  15.  5. 
ABCG  to  the  pyramid  DEFH ;  because  the  pyramids  are 
the  sixth  part  of  the  solids,,  since  the  prism,  which  is  the 
half  if  of  the  solid  parallelopiped,  is  triple**  of  the  pyramid. » 28.  n. 
Wherefore  likewise  the  p}rramid  ABCG  has  to  tlie  pyramid  **  ^«  >^- 
DEFit,  the  triplicate  ratio  of  that  which  BC  has  to  the 
iKmioh^ous  side  £F.    Q.  E.  D. 

Cor.  From  this  it  is  evident,  that  similar  pyramids  which  See  K. 
have  multangular  bases,  are  likewise  to  one  another  in  the 
triplicate  ratio  of  their  homologous  sides :  For  they  may  be 
divided  into  similar  pyramids  bavipg  triangular  biases,  be- 
eune.the  similar  polygoa«,  which  are  their  bases,  may  be 
divided  \T\tQ  the  same  number  of  similar  triangles  homolo- 
gous to  the  whole  polygons^  therefore  ^s  one  of  the  trian- 
gular pyrannids  in  the  first  muUai|gv|lar  pyramid  is  to  one  of 
t^  triajoguiar  pyramids  in  tl^  other,  so  are  all  the  trian-^ 
{Tulair  pyramids  in  the  first  |:o>ll  the  triangular  pyramids  ia 
tb^  oumr ;  that  i$,  so  is  the  first  multangular  pyramid  to  the 
other :  !Put  one  triangular  pyf^mid  is  to  its  similar  tri^u- 
gjal^ur  pyrafnid,  in  the  triplicate  ratio  pf  their  homologous 
^iim ;  and  tlierefore  the  first  mu)tapgi|ia|r  pyramid  ha^  to 
th^  Ptfier,  the  triplicate  mtio  of  t^^it  which  one  of  the  |idei| 
of  the  fifst  has  to  the  hpiaologous  §ide  of  4^  oth^r. 
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PROP.  IX.     THliOB. 


^ 


The  bases  and  altitudes  oi"  equal  pyramids  having 
triangular  bases  are  reciprocally  proportional ;  And 
triangular  pyramids  of  which  the  bases  and  altitudes 
are  reciprocally  proportional,  arc  equal  to  one  an- 
other. 

Let  the  pyramiils  of  which  the  triangles  ABC,  DEF,  are 
the  bases,  and  which  have  their  vertices  in  the  pointsG,  H, 
be  equal  to  one  another :  The  bases  and  altitudes  of  the  pr- 
ramids  ABCG,  DEFH,  are  reciprocally  proportional,  viz. 
the  base  ABC  Is  to  the  base  DEF,  as  the  altitude  of  the 
pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG. 

Completethe  parallelograms  AC,  AG,'GC,DF,DH,HF; 
and  the  solid  paralleloplpeds  BGML,  EHPO,  contalaed  by 
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these  planes  and  those  opposite  to  tlicm  :  And  because  tht 
pyramid  ABCG  is  equal  to  the  pyramid  DEFH,  and  tkt 
the  solid  BGML  is  sextuple  of  the  pyiiimid  ABCG.andtbe 
solid  EHPO  sextuple  of  the  pyramid  DEFH;  therefore  tk 
■I  Ai.  5.  solid  BGML  is  equal"  to  the  solid  EHPO:  But  the  bssa 
and  altitudes  of  equal  solid  paralleloptjieds  arc  reciprocal!]' 
'34.  n.  proportional'';  therefore  as  the  base  BM  to  the  baseEPi» 
is  the  altitude  of  the  solid  EHPO  to  the  altitude  of  thewW 
•  15.  6. BGML:  But  as  the  base  BM  to  the  base  EP,  so  is'lht 
triangle  ABC  to  the  triangle  DEF ;  therefore  as  the  triangle 
ABC  to  the  tri.ingle  DEF,  so  Is  the  altitude  of  the  soli^ 
EHPO  to  the  altitude  of  the  solid  BGML :  But  the  altitu* 
of  the  solid  EHPO  is  the  same  with  the  altitude  of  thepj- 
ramld  DEFH ;  and  the  altitude  of  the  solid  BGML  is  tW 
tame  with  the  altitude  of  the  pyramid  ABCG :  Therefcre, 
as  the  base  ABC  to  the  base  DEF,  so  is  the  altitude  of  d" 
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pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG :  ^o«*  XIL 
Wherefore  the  bases  and  altitudes  of  the  pyramids  ABCG,   ^"^^^^"^ 
D£FH^  are  reciprocally  proportionals 

Again,  Liet  the  bases  and  altitudes  of  the  pyramids  ABCG, 
D£FH,  be  reciprocally  proportional,  viz.  the  base  ABC  to 
the  base  DEF,  as  the  altitude  of  the  pyramid  DEFH  to 
the  altitude  of  the  pyramid  ABCG :  The  pyramid  ABCG 
b  equal  to  the  pyramid  DEFH. 

^  The  same  construction  being  made,  because  as  the  base 
ABC  to  the  base  DEF,  so  b  the  ahitude  of  the  pyramid 
DEFH  to  the  ahitude  of  the  pyramid  ABCG :  And  as  the 
base  ABC  to  the  base  DEF,  so  is  the  parallelogram  BM  to 
the  parallelogram  EP ;  therefore  the  parallelogram  BM  is 
to  EP,  as  the  altitude  of  the  pyramid  DEFH  to  the  altitude 
of  the  pyramid  ABCG :  But  the  altitude  of  the  pyramid 
DEFH  is  the  same  with  the  altitude  of  the  solid  parallelo* 
piped  EHPO ;  and  the  altitude  of  the  pyramid  ABCG  is 
the  same  with  the  altitude  of  the  solid  parallelopiped  BGML: 
As,  therefore,  the  base  BM  to  the  base  EP,  so  is  the  altitude 
of  the  solid  parallelopiped  EHPO  to  the  altitude  of  the  solid 
parallelopiped  BGML.  But  solid  parallelopipeds  having 
their  bases  and  altitudes  reciprocally  proportional,  are  e- 
mial  ^  to  one  another.  Therefore  the  solid  parallelopiped  ^  S4.  ii. 
BGML  is  equal  to  the  solid  parallelopiped  EHPO.  And 
the  pyramid  ABCG  is  the  sixth  part  of  the  solid  BGML, 
and  the  pyramid  DEFH  is  the  sixth  part  of  the  solid 
EHPO.  Therefore  the  pyramid  ABCG  is  equal  to  the 
pyramid  DEFH.    Therefore  the  bases,  &c.    Q.E.D. 

PROP.  X.    THEOIL 

Every  cone  is  the  third  part  of  a  cylinder  which  has 
,the  same  base,  and  is  of  an  equal  altitude  with  it. 

Let  a  cone  have  the  same  hate  with  a  cylinder,  viz.  the 
<*ircte  ABCD,  and  the  same  altitude.  The  cone  is  the  third 
part  of  the  cylinder ;  that  is,  the  cylinder  is  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone,  it  must  either  be 
greater  than  the  triple,  or  less  than  it.  First,  let  it  be  greater 
than  the  triple ;  and  describe  the  square  ABCD  in  the  circle : 
this  square  is  greater  than  the  half  of  the  circle  ABCD*", 
Upon  the  square  ABCD  erect  a  prism  of  the  same  altitude 
with  the  cylinder ;  this  prism  is  greater  than  half  of  the 
eyliikler ;  because  if  a  square  be  described  about  the  circle, 

*  As  wu  shown  in  Prop.  $.  of  thuBook. 
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I.  afld  a  prism  erected  upon  tlie  square,  of  the  *atte  altitadt 
with  tile  cylinder,  tlie  inscribed  square  is  half  of  that  cir- 
cumscribed ;  and  upon  these  square  bases  arc  erecied  solid 
paf  iillelopipeds,  viz.  the  prisms  of  the  same  altitude ;  iliere- 
fore  the  prism  upon  the  square  ABCD  is  the  half  of  the 
piism  upon  the  square  described  about  the  circle;  Wcausti 

i.iliey  ate  to  one  another  as  their  bases":  And  the  cylinder 
is  less  ihan  the  prism  upon  the  square  deBcribcd  about  tlie 
circle  ABCD :  Therefore  the  prism  upon  the  square  ABCD 
of  the  same  altitude  with  the  cylinder,  is  greater  than  half 
of  the  cylinder.     Bisect  the  circumferences  AB,  EC,  CD, 
'  DA,  in  the  points  E,  F,  G,  H  ;  and  join  AE,  EB,  BF,  FC, 
CG,  GD,  DH,  HA  :  Then,  each  of  the  triangles  AEB, 
BFC,  CGD,  DHA,   is  gicater 
than  the  half  of  the  segment  of 
the  circle  ill  which  it  stands,  as 
was  shomi  in  Prop.  2.  of  this  Book. 
El-ect  prisms  upon  each  of  these 
triangles, of ihesaliie aliitiidc uiih  B j 
the  cylinder;  each  of  these  prisms 
is  greater  than  half  of  the  segment 
of  the  cylinder  in  which  it  is ;  be- 
cause if,  through  the  poinls  E,  F, 
G,  H,  parallels  be  drawn  to  AB, 
BC,  CD,  DA,  and  parallelograms  be  completed   upon 
the  same  AB,  BC,  CD,  DA,  and  solid  |>araltflopipeib 
be  erected  upon  the  parallelograms;  the  prisms  upon  ll* 
triangles  AEB,  BFC,  CGD,  DHA,  are  the  halves  of  the 

I',  solid  parallelopipcds''.     And  the  segments  of  the  cylinrfer 

'■  which  are  upon  the  segments  of  the  circle  cut  off  by  AB, 
BC,  CD,  DA,  are  less  than  the  solid  pamllelopipeds  which 
contain  them.  Therefore  the  prisms  upon  the  triao^n 
AEB,  BFC,  CGD,  DHA,  are  greater  than  half  of  thesw- 
ments  of  the  c)'linder  In  which  they  are;  therefore,  if  eadi 
of  the  cireuniferences  he  divided  into  two  equal  parn,  ind 
straight  lines  be  drawn  from  the  points  of  divisfoft  to  (te 
extremities  of  the  circumference?,  and,  upon  the  Man^l* 
thus  itiadc,  prisms  be  erected  of  the  same  altitude  with  flw 
cylinder,  and  so  on,  there  must  at  length  remain  sofnesre- 

1.  nrents  of  the  cylinder  which  togetlirr  are  less',  than  tM 
excess  of  the  cylinder  above  the  triple  of  lire  cone.  Let 
them  be  those  upon  the  segments  of  the  circle  AE,  EB,  BP, 
PC,  CG,  GD,  DH,  HA.  Therefore  the  rest  of  die  t^Ro- 
der,  tlTat  is,  the  prism  of  which  the  base  Is  the  potygon 
AEBFCGDH,  and  of  which  the  altitude  is  tlie  same  with 


OF   EUCLID. 


203 


tfant  of  tbe  cylioder,  is  grealer  than  the  triple  of  the  cone :  ^^^  ^^^ 
But  ibk  prism  is  tripk^  of  tbe  pymniid  upon  the  ^^^^^^Tn^?^ 
base^  of  which  the  vertex  is  the  some  with  the  vertex  of  the  |  g,    *  ' 
therefone  the  pyramid  npoo  the  bale  AEBFCGDH, 


cone 


¥j 


having  the  same  vertex  with  the  cone,  is  greater  than  the 
cone,  of  which  the  base  19  the  cirde  ABCD  :  But  it  15  also 
less^  for  the  pyramid  is  contained  within  the  cone ;  which 
is  impossible.  Nor  can  the  cylinder  be  less  than  the  triple 
of  the  cone.  Let  it  be  less,  if  pos^le ;  therefore!  inverse- 
Iv,  the  cone  is  greater  than  the  third  part  of  the  cylinders 
in  the  circk  ABCD  describe  a  square:  this  square  is 
greater  than  the  half  of  the  circle :  And  up6ft  the  sqtiare 
ABCD  erect  a  pyramid,  having  tlie  same  vertex  with  the 
cone;  this  pyramid  is  greater  than  the  half  of  the  cone ; 
because,  as  was  before  demonstrated,  if  a  square  be  described 
about  the  circle,  the  square  ABCD  is  tbe  half  of  it:  and  if 
upon  these  squares  there  be  erected  solid  parallelopipeds  of 
the  same  altitude  with  the  cone,. 
which  lire  also  prisms,  the  prism 
u^oa^the  square  ABCD  shall  be 
the  half  of  that  which  is  upon 
the  square  described  about  the 
circle ;  for  they  are  to  one  an- 
other as  their  bases  <^;  as  are  also 
the  third  parts  of  them :  There- 
fore the  pyramid,  the  base  of 
which  is  the  square  ABCD,  is 
half  of  the  pyramid  upon  the 
square  described  about  the  cir- 
cle: But  this  last  pyramid  is  greater  than  the  cone  whidi 
it  contains  5  therefore  the  pyramid  upon  the  square  ABCDi 
having  the  same  vertex  witl^  the  cone,  is  greater  dian  the 
half  of  the  cone.  Bisect  the  circumferetices  AB,  BC,  CD, 
DA,  in  the  points  E,  F,  G,  H,  and  join  A£,  EB,  BF,  FC, 
CG,  GD,  DH,  ha  :  Therefore  each  of  the  triangles  A^ 
BFC>  CGD,  DHA,  is  greater  than  half  of  the  segment  of 
the  ^irde  in  which  it  is :  Upon  each  of  these  triangles  erect 
pjffaimds  having  the  same  vertex  with  the  cone*.  There- 
fore each  of  those  pyramids  is  greater  than  the  half  of  the 
sfgment  of  the  cone  in  which  itisi,  as  before  was  .demon- 
strated of  the  prisms  and  segment^,  of  the  cylinder;  and 
tiapis  4ividiAg  each  of  the  circumferences  into  two  equal 
parts,  and  joining  the  points  of  division  and  their  extremi- 
ties by  straight  lines,  and  upon  the  triangles  erecting  pyra- 
mids having  their  vertices  the  same  with  that  of  the  cone}  and 
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THE   ELEMENTS 

I,  there  must  at  leiijrth  remBin  some  segments  of  the 
cone,wIiicli  toeethersliall.be  less  than  tlie  excess  of  the  cone 
above  the  third  part  of  the  cylinder.  Let  these  be  the  seg- 
ments upon  AE,  EB,  BF,  FC,  CG,  GD,  BH,  HA.  There- 
fore the  rest  of  the  cone,  that  is,  the  pvrauiid  of  which  the 
base  is  the  jwlygon  AliBFCGDH,  and  of  which  t] 
vith  that  of  the 
le,  is  greater  than  the  third 
part'of  the  cylinder.  But  this 
pyramid  is  the  third  part  of  the 
prism  upon  the  same  l)ase 
AEBFCGDH,  and  of  the  same 
altitude  with  the  cylinder. 
Therefore  this  prism  is  greater 
than  the  cylinder  of  which  the 
base  is  the  circle  ABCD,  But 
it  is  also  less,  for  it  is  contain- 
ed within  the  cylinder;  wiiich 
is  impossible.  Therefore  the  cylinder  is  not  less  than  the 
triple  of  the  cone.  And  it  has  been  demonstrated  that  nei- 
ther is  it  greater  than  the  triple.  Therefore  the  cylinderii 
triple  of  the  coue,  or,  the  cone  is  the  third  part  of  the  cy- 
linder.    Wherefore  every  cone,  &c.     Q.  E.  D. 

PROP.  XI.     THEOR. 
seeN-CoNEs  and  cyliii(3ers  of  the  same  altitude,  aieto 
one  anotlier  as  their  bases. 

Let  the  cones  and  cylinders,  of  which  the  bases  are  At 
circles  ABCD,  EFGH,  and  the  axes  KL,  MN,  and  A0, 
EG,  the  diameters  of  their  bases,  he  of  the  same  altitude. 
As  the  circle  ABCDj  to  the  circle  EFGH,  so  is  the  cone 
AL  to  the  cone  EN, 

If  it  be  not  so,  let  the  circle  ABCD  be  to  the  circle 
EFGH,  as  the  cone  AL  to  some  solid  cither  less  than  the 
cone  EN,  or  greater  than  it.  First,  let  it  he  to  a  sohd  lew 
than  EN,  viz.  to  the  solid  X  ;  and  let  Z  he  the  solid  whicb 
is  equal  to  tlie  excess  of  the  cone  EN  above  the  solid  X| 
therefore  the  cone  EN  is  equal  to  the  solids  X,  Z,  toge- 
ther. In  the  circle  EFGH  describe  the  square  EFGH, 
therefore  this  square  is  greater  than  the  half  of  the  cir- 
cle: Upon  the  square  EFGH  erect  a  pyramid  -of  the 
same  altitude  with  the  cone;  this  pyramid  is  greater 
than  half  of  the  cone.  For,  if  a  square  be  descnbeil 
about  the  circle,  and  a'pyrannid  be  erected  upon  itj-J 
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tngthe  MMe  vertex  with  the  cone*,  the  pyramid  in-  BooiXU. 
scribed  ia  the  cone  U  half  of  the  pyramid  circumscribed    ^■■v*' 
abuut  it,  because  they  are  to  one  another  as  their  bases  > ;  *  &  is. 
Buttlieconeis  less  than  the circumscribect  pyramid:  there- 
fore the  pyramid  of  which  the  base  is  the  square  t'.FGH, 
■nd'its  vertex  the  same  with  that  of  the  cone,  is  greater 
than  half  of  the  cone:    Divide  the  circiimfer<;nc?es  EF, 
FG,  GH,  HE,  each  inio  two  equal  parts  in  tlie  points  O, 
P,  II,  S,  and  join  EO,  OF,  FP,  PG,  GK,  RH,  HS,  SE  : 
Therefofe  etch  of  the  tcisngtes  EOF,  FPG,  GRH,  HSE, 


J  S*'ehter  than  hnlf  of  the  segment  of  the  circle  in  which  tt 
^?^-  Upon  each  of  these  triangles  erect  a  pyramid  having 
*^  same  venex  with  the  cone  ;  each  of  tliese  pyramids  is 
S^^Wter  than  the  half  of  the  segment  of  the  cone  in  which 
*  ts:  And  thus  dividing  each  of  these  circumferences  into 
*^  leqnal  parts,  and  from  the  points  of  division  drawing 
'**'*ight  lines  to  the  extremities  of  the  circumference,  aiid 
''poneacli  of  the  triangles  thus  made  erecting  pyramids 
*>*fing  the  same  vitrteic  with  the  cone,  and  so  on,  there 
'nuit  at  length  i-emain  some  segments  of  the  cant  which 
*^  together  less  *>  than  the  solid  Z :  Let  these  be  the  seg-  » 

*  Vralex  h.put  in  place  of  «ltitDde,  which  '»  la  the  Qrcek,  because  ttw 

fjnuid,  ill  whal  folluwiris  supposed-lo  be  ciTcamicriliGd  kboqt  the  coim, 
■uiKi  must  have  the  laioe  verni.  And  tlie  umechaagei*  msdelnKime 
fbcei  lidlowlni;.'   '■ 


fM 
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Bwfc.Kg-  menu  ■pon  EO,  OF,  FP,  PG,  GR«4Ul*aS,4£: :  There* 
^^''^  fore  the  remainder  of  the  cone,  viz.  die  pynmid  of  wbicfa 
die  bMe  it  the  poly«Ki  EOFPQRHS,  and  its  vertex  tfai 
same  with  that  of  the  cone,  is  greater  thha.  die  loiid  X  i 
In  the  circle  ABCD  describe  the  polygon  ATBVCVJDQ 
similar  to  the  potjrgon  £OFPGBHS,  and  upon  it  etetit « 
Bjprainid  having  th«  same  tertex  with  the  cobA>AI<:  Aad 

'  I.  It.  because  Bs  the  square  ofACis  to  the  iq«a>e  of  BO,M* 
B  the  polygon  ATBVCVDQ  to  the  polygon  EOn^RHSi 

^■s.i9.aDdaa  tlte  gquai«  of  AC  to  the  iquare  Of  Ea,sBil^  At 
drcle  ABCD  to  the  circle  EFGH ;  therefore  tbe  drcle 

'11- S-ABCD'btothe  circle  EFGH,BsthepolygoDATBYCVIXl 


\ 

X 

I 

X 

X 

ift  the  polygon  EOFPGRHS :  Hot  as  tbe  circle  ABCDd 
the  cirde  EFGH,  bo  is  ths  cOne  AL  to  the  nlid  X :  ani 
as  the  polygon  ATBYCVDQ  to  the  polygon  EOFPGRBEt 

'e.  is.to  is<^  the  pyramid  of  which  the  base  is  the  first  of  thnepfk 
lygoni,  and  vertex  li,  to  the  pyramid  of  which  tbebMe<> 
the  other  polygon,  and  ita  vertex  N;  Therefore,  vstheCNt 
AL  to  tbe  solid  X,  so  is  the  pyramid  of  which  tbe  bHai> 
the  polygon  ATBYCVDQ,  and  vertex  h,  to  the  pjntai 
the  base  of  which  is  the  polygon  EOFPGRHS,  and  «rtB 
N :  But  the  cone  AL  is  greater  than  the  pynmid  tnotlb- 

'  1 4. ».  ed  in  it  i  therefore  the  solid  X  is  greater  *  than  tiie  M» 
mid  in  the  coQe  EN.    But  it  is  less,  as  was  sbown,  wnici' 
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h  abtordt  Therefore  the  circle  ABCD  is  not  to  the  cirde  ^^^  ^i^- 
EFGHy  w  the  cone  AL  to  any  solid  which  is  less  than  the  ^"^^^''^^ 
eoneEN.     In  the  same  manner  it  may  he  demonstrated) 
that  the  drcle  EFGH  is  not  to  the  circle  ABCD,  ^s  the 
comBN  to  any  tolid  lesft  than  the  cone  ALi   Nor  can  the 
circle  ABCD  be  to  the  circl^e  EFGH,  as  the  cone  AL  to 
iby  solid  g|«ater  than  the  cone  EN  :  For,  if  it  be  possible, 
let  it  be  fib  to  the  solid  I,  which  Is  greater  than  the  cone 
•    EN:  Thenfere,  by  inversion,  as  the  circle  EFGH  to  the 
cireie  ABCD,  so  is  the  solid  I  to  the  cone  AL :  But  as  the 
splid  ito  the  cone  AT^  so  is  the  cone  EN  to  some  solid^ 
which  must  be  less*  than  the  cone  AL,  becausethe  solid  I  •  u.  s 
is  greater  than  the  cone  EN:  Tlierefore,  as  the  circle 
EFGH  is  to  the  circle  ABCD,  so  is  the  cone  EN  to  a  solid 
less  than  the  cone  AL,  which  was  shown  to.be  impossible : 
Therefore  the  circle  ABCD  is  not  to  the  circle  EFGH,  as 
the  c«he  AL  is  to  any  solid  greater  than  the  cone  EN : 
And  it  has  been  demonstrated,  that  neither  is  the  circle 
ABCD  to  the  circle  EFGH,  as  the  cone  AL  to  any  solid 
Jess  than  the  cone  EN  :  Therefore  the  circle  ABCD  is  to 
^he  circle  EFGH,  as  the  cone  AL  to  the  cone  EN :  But 
^  the  cone  is  to  the  cone,  so  ^  is  the  cylinder  to  the  cylin-  k  15.  .s. 
"er,  because  the  cylinders  are  triple^  of  the  cone,  each  to  « 10.  1$. 
each.    Therefore  as  the  circle  ABCD  to  the  circle  EFG  H, 
^  are   the  cylinders   upon   them   of  the  same  altitude. 
Wherefore  cones  and  cylinders  of  the  same  altitude  are  to 
one  another  as  their  bases,     Q,  E.  D. 

PROP.  XIL    tHEOR. 

Similar  cones  feind  cylinders  have  to  one  another  SceN. 
I   ^he  triplicate  ratio  of  that  which  the  diameters  of 
Aeir  bases  have, 

^  Let  the  cones  and  cylinders  of  which  the  bases  are  the 
',  ^a  ABCD,  EFGH,  and  the  diameters  of  the  bases  AC, 
IG^  end  KL>  MN,  the  axes  of  the  cones  or  cylindefs,  be  st« 
fOiif ;  The  cone  of  which  the  base  is  the  circle  ABCD, 
Ml  Teftek  the  point  L^  has  to  the  one  of  which  the  base  is 
(te  errcle  EFGH,  and  vertex  N,  the  triplicate  ratio  of  that 
irlifch  AC  has  to  EG. 

f^rif  the  cone  ABCDL  has  bot  to  the  cone  EPGHN 

Hie  triplicate  ratio  of  that  which  AC  has  to  EG,  the  coDe 

ABCDL  shall  have  the  triplioate  of  that  ratio  to  some  so«- 

Mivhittb  is  Itsa  or  gfcMer  tlMiA  the  eone  EFGHN.    Firtt, 
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Book  XIL  let  it  have  it  to  a  less,  viz.  to  the  solid  X.  Make  the 
same  constructioo  as  iii  the  preceding  proposition,  and  it 
may  be  demonstrated  the  very  same  way  as  in  that  pro- 
position, that  the  pyramid  of  which  the  base  is  the  polygoii 
EOFPGRHS,  and  vertex  N,  is  greater  than  the  solid  X. 
Describe  also  in  the  circle  ABCD  the  polygon  ATBYCV 
DQ  similar  to  the  polygon  EOFPGRHS,  upon  whicb 
erect  a  pyramid  havmg  the  same  vertex  with  the  cooe; 
and  let  LAQ  be  one  of  the  triangles  containing  the  pyia- 
niid  upon  the  polygon  ATBYCVDQ,  the  vertex  of  whicli 
is  L;  and  let  N£S  be  one  of  the  triangles  containing  die 

'L  vN 


•  24Def.l 
*  15. 


£. 


pymmid  upon  the  polygon  EOFPGRHS  of  which  thcDfP' 

tex  is  N;  and  jom  KQ,  MS:  Because  then  the  coDC 

1.  ABCDL  is  similar  to  the  cone  EFGHN,  AC  is^  to  EG  « 

5.  the  axis  KL  to  the  axis  MN ;  and  as  AC  to  EG,  so^  ia  MK 

to  EM ;  therefore  as  AK  to  EM,  so  is  KL  to  M(i) 

and  alternately,  AK  to  KL,  as  EM  to  MN :  And  W 

right  angles  AKL,  EMN,  are  equal :  therefore  the  ti^i^ 

about  these  equal  angles  being  proportionals,  the  triangk 

6  AKL  is  similar ^jto  the  triangle  EMN.    Agam,  beci^ 

AK  is  to  KQ,  as  EM  to  MS,  and  that  these  sides  are 


OF   EUCLID.  fi09 

K>ot  equal  angles  AKQ,  EMS,  because  these  angles  are.  Book  XIL 
ich  ofthem,  the  same  part  of  four  right  angles  at  the    ^^'V^' 
entires   K,  M;    therefore  the   triangle   AKQ  is  simi- 
r*  to  the  triangle  EMS :  And  because  it  has  been  shown  *  <>•  ^« 
iflt  as  AK  to  KL,  so  is  EM  to  MN,  and  that  AK  is  equal 
KQ,  and  EM  to  MS ;  as  QK  to  KL,  so  is  SM  to  MN: 
id  therefore  the  sides  about  the  right  angles  QKL,  SMN, 
iing  pnmortionals,  the  triangle  LKQ  is  similar  to  the  tri- 
;^le  NJmS  :  and  because  of  the  similarity  of  the  triangles 
.L,  EMN,  as  LA  is  to  AK,  so  is  NE  to  EM  :  and  by 
le  similarity  of  the  triangles  AKQ,  EMS,  as  KA  to  AQ, 
>  ME  to  ES ;  ex  aequali  \  LA  is  to  AQ,  as  NE  to  ES. "  2«.  5.  * 
gain,  because  of  the  similarity  of  the  triangles  LQK, 
[SM,  as  LQ  to  QK,  so  NS  to  SM  ;  and  from  the  simila- 
ity  of  the  triangles  KAQ,  MES,^  as  KQ  to  QA,  so  MS  to 
»E :  ex  sequali^,  LQ  is  to  QA,  as  NS  to  SE  :  And  it  was 
»iov^  that  QA  is  to  AL,  as  SE  to  EN  :  therefore,  again, 
sx  squali,  as  QL  to  IjA,  so  is  SN  to  NE :  Wherefore  the 
triangles  LQA,  NSE,  having  the  sides  about  all  their  an- 
gles proportionals,  are  equiangular  <^  and  similar  to  one  an- « 5.  $* 
other:  And  therefore  the  pyramid  of  which  the  base  is  the 
triangle  AKQ,  and  vertex  L,  is  similar  to  the  pyramid  the 
base  of  which  is  the  triangle  EMS,  and  vertex  N,  because 
tlieir  solid  angles  are  equal**  to  one  another,  and  they  are  a  b.  n, 
eoDtained  by  the  same  number  of  similar  planes  :  But  si- 
Qiiiar  pyramids  which  have  triangular  bases  have  to  one 
*nother  the  triplicate  *  ratio  of  that  which  their  homolo-  •  a.  ig. 
gous  sides  have;  therefore  the  pyramid  AKQL  has  to  the 
pyramid  EMSN  the  triplicate  ratio  of  that  which  AK  has 
^0  £M.    In  the  same  manner,  if  straight  lines  be  drawn 
f^m  the  points  D,  V,  C,  Y,  B,  T,  to  K,  and  from  the  points, 
H>  R,  G,  P,  F,  O,  to  M,  and  pyramids  be  elected  upon  the 
^iangles  having  the  same  vertices  with  the  cones,  it  may 
l^  demonstrated  that  each  pyramid  in  the  first  cone  has  to 
^ch  in  the  other,  taking  them  in  the  same  order,  the  tri- 
^cate  ratio  of  that  which. the  side  AK  has  to  the  side 
^1  that  is,  which  AC  has  to  EG :  But  as  one  antece- 
pf^t  to  its  consequent,  so  are  all  the  antecedents  to  all  the 
ISofisequents  ^ ;  therefore  as  the  pyramid  AKQL  to  the  p^-  r  le.  6. 
liiubid  EMSN,  so  is  the  whole  pyramid  the  base  of  whicn  is 
tie  polygon  DQATBYCV,  and  vertex  L,  to  the  whole  pyra- 
mid of  which  the  base  is  the  polygon  HSEOFPGR,  and 
iiertex  N.    Wherefore  also  the  first  of  these  two  last-named 
)yramids  has  to  the  other  the  triplicate  ratio  of  that  which 
LC   has  to  EG.    But,  by  the  hypothesis,  the  com  of 
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>Q0«  Xlf.  iH^ieh'thtt  bast  is  the  circle  AfiCO^tiod  ¥#|4iai  h,  IwHilii 
leVd  X)  thf  tripitcate  nttiQ  of  that  ifvhich  AC  bin  to  EG^ 
t}if  Mfom,  98  tb^  cone  of  which  the  base  is  the  ciroli^  ABS3ii 
and  Tcrtex  L,  is  to  the  solid  X,  so  is  ^e  pymmid  tbe  ixoe 
of  which  is  the  jwlyfon  DQATBYCV,  and  rartexL, totb 
pymmid  the  base  o£  wUch  is  the  polygon  HSBOSPGB^ 
andfcrUslf :  But  the  said  cone  is  greater  than  the  pyrtnid 
*  14>  5.  eoBtained  in  it,  therefore  the  solid  X  is  greater^  two  As 
pynunidy  the  base  of  which  is  the  polygon  HSBCMlV^ 
and  ftrtes  N;  but  it  is  also  less,  which  is  itttposwhh) 
therefore  the  cone,  of  which  the  base  is  the  cirde  ABQ) 


>•»"  R 


X 


l\ 
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and  vertex  L^has  not  to  any  solid  which  is  less  than  tbeflM 
of  which  the  base  is  the  circle  EFGH  and  vertex  N,  the  til* 
plicate  ratio  of  that  which  AC  has  to  EG.    In  the  sini^ 
manner  it  may  be  demonstrated^  that  neither  has  the  torn 
EFGHN  to  any  solid  which  is  le8$  tlian  the  cone  ABCDiiib 
the  triplicate  ratio  of  that  which  EG  has  to  AC.    Nor  et0 
the  cme  ABCDL  have  to  any  solid  which  is  greater  An^ 
the  cone  EFGHN,  the  triplicate  ratio  of  that  which  AGh(j^ 
t9  £<^ :  For,  if  it  be  possible,  list  it  have  it  to  a  gtaater,  m^ 
^  tb#  solid  Z ;  Therefore,  inversely,  the  sdid  Z  has^  to  di^ 
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til 


cone  ABCDL^  the  triplicate  ratio  of  that  wUdrllx  haa  to  B»  Xtt 
AC :  But  a3  the  soUd  Z  is  to  the  cone  ABCDL^  so  is  die   }^'^^'^' 
cone  EFGiHN  to  some  solid,  which  must  be  less  ^  than  the  *  14.  & 
coqe  ABC3>L,  because  the  solid  Z  b  greater  than  the  cbne  ^ 

£FGHN:  Therefore  the  cone  EFGHN  has  to  a  solid 
which  iSflftt  than  the  code  ABCDL  the  triplicate  ratio  of 
that  which  EG  has  to  AC,  which  was  demonstrated  to  be 
inpoasiUe;  theref^ure  the  cone  ABCDL  has  not  to  any. 
Mild  greater  than  the.  cone  EFGHN,  the  triplicate  ratio 
^that  which  AC  has  to  EG;  and  it  was  demonstrated, 
that  it  could  not  have  that  ratio  to  any  solid  less  than  the 
cone  EFGHN :  Therefore  the  cone  ABCDL  has  to  the 
cone  EFGHN,  the  triplicate  ratio  of  that  which  AC  has  to 
EG :  But  as  the  cone  is  to  the  cone,  so^  the  cylinder  to  the  ^  i5. 5. 
cylinder;  for  every  cone  is  the  third  part  of  the  cylinder 
upon  the  samelbase,  and  of  the  same  altitude :  Therefore 
also  the  cylinder  has  to  the  cylinder,  the  triplicate  ratio  of 
that  wlucb  AC  has  to  EG :  Wherefore  similar  cones,  &cw 
Q.E.IX 

PROP.  XIII.    THEOR. 

If  a  cylinder  be  cut  by  a  plane  parallel  to  its  oppo*  See  n. 
site  planes,  or  bases,  it  divides  the  cylinder  into 
tifo  cylinders,  one  of  which  is  to  the  other  as  the 
axis  of  the  first  to  the  axis  of  the  other. 

Let  the  cylinder  AD  hh  cut  by  the 
plane   GH  parallel  to  the  opposite  ^ 
planes  AB,  CD,  meeting  the  axis  EF 
m  the  point  K,  and  let  the  line  GH  be 
the  common  section  of  the  plane  GH 
sad  the  surface  of  the  cylinder  AD: 
Let  AEFC  be  the  parallelogram  in 
atQT  position  of  it,  by  the  revolution  of 
whkh  about  the  straight  line  EF  the  A 
q^inder  AD  is  described :  and  let  GK 
~  fee:  the  common  section  of  the  plane 
fiH,  and  the  plane  AEFC:  And  be* 
eaoae  the  piiraUel  planes  AB»  GH,  are  ^ 
f»  by  the  pla»e  AEKG;  AE,  KG, 
AfAf  common  sections  with  i^  are  pa-  C  ^^^,^r-_^-  ^ 
nlW;  wherefore  AKW  a  parallelo^  ^^^^^  ^     **^•"• 

mm,  and  GK  equal  to  £A  theslnightT 
me  innn  the  centre  of  the  circle  AB : 
For   the  saau  i«asQD>  eadi  of  they 
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3ooK  xn.  straight  lines  drawn  from  tlieT)oinrK  tothc  lineGHmjljr 
^"^^^^^^  be  proved  to  lie  equal  to  those  which  are  ^drawn-^ffem  the 
centre  of  the.  elide  AB  to  its  circumiei'cnce,  «indar6  tHeit- 
fore  all  equal  to  one  another.  Therefore  the  tine  "GH  is 
■  15  Def.  1.  the  circumference  of  a  circle  ^ ;  of  which  the  cMtre  is  (he 
point  K :  1  Lerefbre  the  plane  GH  divides  the  cyliader  AD 
into  the  cylinders  AH,  GD ;  for  they  are  the  same  which 
would  liC  described  by  the  revolution  of  the  )>arallel(^ms 
AK,  GF,  about  the  straight  lines  £K,  KF :  And  it  ii^toie 
shown,  that  the  cylihdif r  AH  is  to  the  cylinder  HQ,  as  the 
axis  EK  to  the  axis  KF. 

Produce  the  axis  Et"  both  ways :  and  take  any  nuisbeTof 
straight  lines  EN,  NL,  each  equal  to  EK  ;^ana  any  nutfi- 
her  FX,  XM,  each  equal  toFK;  and  let 
planes  parallel  to  AB,  CD,  pass  through  Of<^    .    JL 
the  points  L,  N,  X,  M  :  Therefore  the 
common  sections  of  these  planes  with 
the  cylinder  produced  are  circles  the 
centres  of  which  are  the  points  L,  N,  ^ 
X,1VI,  as  was  proved  of  the  plane  GH ; 
and  these  planes  cut  off  the  cylinders 
PR,  RB,  DT,  TQ :  And  because  the  4 
axes  LN,  N£,  EK,  are  all  equal  ;^ 
therefore  the  cylinders  PR,  RB,  BG, 
*  11. 12.  are**  to  one  another  as  their  base? ;  but 

their  bases  are  equal,  and  therefore  the  G 
cylinders  PR,  KB,  BG,  are  equal :  And 
because  the  axes  LN,  NE,  EK,  are  C 
equal  to  one  another,  as  also  the  cylin- 
ders PR,  RB,  BG,  and  that  there  are  T 
as  many  axes  as  cylinders ;  therefore, 
whatever  multiple  the  axis  KL  isofyr 
the  axis  KE,  the  sanrie  multiple  is  the      ^'''**-- — Sh-^'  -^^f 
cylinder  PG  of  the  cylinder  GB:  For  the  sam<  V9)lM 
whatever  multiple  the  axis  MK  is  of  the  axis  KF,  4be  ami 
multiple  is  the  cylinder  QG  of  the  cylinder  Gl>:^AMMf 
the  axis  KL  be  equal  to  the  axis  KM,  the  cylin^^rPQit 
equal  to  the  cylinder  GQ;  and  if  the  axisKL  b^gfi^oMk 
than  the  axis  KM,  the  cylinder  PG  is  greater  thair  thlg^ 
Under  QG ;  and  if  less,  less :  since  therefore  there  are 
four  magnitudes,  viz.  the  axes  EK,  KF,  and  the  cylinders 
BG,  GD,  and  that  of  the  axis  EK  and  cylinder  BG  there- 
has  been  taken  any  equimultiples  whatever,  viz.  the  iwi^ 
KL  and  cylinder  PG;  and  of  the  axis  KF  and  cylindr^ 
GD,  any  equimultiples  whatever,  viau  the  axis  KM  and  cr^ ' 
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liipderGQl  and  it  has  been  democstnited,  if  the  u'u  KL  Bom  xil 
be  grMcr  th^  the  ixis  KM,  the  cyliader  PG  is  greater  ^"v^ 
ttian  tbecylinderGQ]  and  if  equal,  eqtial;  and  if  less,  less: 
Thenfafc' the  axis  £K  is  to  the  axis  KF,  as  tlie  cylinder '^Dof- s- 
BG  to  the  cylinder  GO.    Wherefore,  if  %  cyltndrr,  ftc  ' 


PROP.  XIV.    TH£Oa. 

CoKzs  and  cylinders  upon  equal  bases  are  to  one 
another  u  their  altitudes. 

I^  the  cylinders  EB,  FD,  be  upon  eqnal  basea  AB,  CD: 
As  the  cylinder  EB  to  the  cylinder  FD,  s6  ia  the  axis  GH 
totheaziaKL. 

Piodnce  the  axis  KL  to  the  point  N,  and  nake  LN  eqaal 
to  tba  «»  GH,  and  let  CM  be  a  cylinder  of  which  the  baie 
h  CD,  ud  axis  LN;  and  because  the  cylinders  EB,  CM, 
have  die  same  altitade,  they  are  to  <Hie  another  as  their 
bna':  Bttt  their  bases  are  equal,  therefore  also  the  cylin-  ■ 
Aen  EB,  CM,  are  e^ual : 
And  hecanse  the  cylinder 
FU  u  cat  by  the  plane  CD 
pandld  toits  opposite  planes, 
as  the  cinder  CM  to  -the 
q^nder  FD,  so  is  ^  the  axia 
Uf  totbeaxiBKL:  But  the 
CTfioda  CM  ii  equal  to  tbe 
i^finderEB,  and  the  axis  LN 
toAeaniGH:  Therefore  as 


viiV 


Ab  CTllader  EB  ty  the  cylin-  A' 
deiFD,BO  ii  tbe  axisGH  to 
dwauKL:  And  as  tlie  cylinder  EB  to  the  cylinder  FD, 
ao  b'  the  cone  ABG  to  the  cone  CDK,  because  the  cylin-  c 
leb  ire  ti^le'  of  the  cones ;  llerefore  also  tbe  axis  GH  * 
k  fa'diema  KL,  H  the  cone  ABG  to  the  cone  CDK,  and 
"  "  if  EB  to  the  cylinder  FD.    Wherefore  conts,8cc. 


AeMffnderfi 
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PROP.  XV.    THEOR. 


1 


SmN.  The  bases  and  altitudes  of  equal  cones  and  cylin- 
ders are  reciprocally  proportiooal ;  and  if  the  bases 
and  altitudes  be  reciprocally  proportional,  tbe cones 
and  cylinders  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of  iriilcli 
are  AC,  EG,  be  the  baEc.t,  and  KL,  MN,  the  axes,  as  alw 
the  altitudes,  of  equal  cones  and  cylinders :  and  let  ALC, 
ENG  be  the  cones,  and  AX,  EO  the  cylinders  t  The  bases 
and  altitudes  uf  the  cylinders  AX,  £0  are  reciprocally  pro- 
portional :  that  is,  as  the  base  ABCD  to  the  base  £FGH, 
so  is  the  altitude  MN  to  the  altitude  KL. 

Either  ttic  altitude  MN  is  equal  to  the  altitude  KL,  m 
these  altitudes  are  not  equal.  First,  let  theui  be  equal;  and 
the  cylinders  AX,  EO  being  also  equal,  and  cones  and  C]r> 
linders  of  liie  same  altitude  being  to  one  anuttier  as  that 

'  Vi*!' b^'^s",  therefore  the  base  ABCD  is  equal''  to  the  base 
EFGH  i  and  as  the  base  ABCD  is  to  the  base  EFGH, » 
is  the  altitude  MN  lo  tlie  altitude  KL.  But  kt  the  altitude) 
KL,MN,  be  une- 
qual, and  MN  the 
greater  of  tbe  two, 
and  from  MN  talte 
MP  equal  to  KL, 
and  through  the 
point  I*  cut  the 
cylinder  EO  by 
the  plane  TYb, 
parallel  to  the  op- 
posite planes  of 
the  circles  EFGH, 
RO ;  therefore  the  common  section  of  the  plane  TVS  W* 
the  cylinder  EO  is  a  circle,  and  consequently  ES  is  s  C)' 
linder,  the  base  of  which  is  the  circle  EFGH,  and  alti(u<l^ 
MP :  And  because  the  cylinder  AX  is  equal  to  the  cjli^f' 
'7.  S.  EO,  as  AX  is  to  the  cylinder  ES,  so' is  the  cylinder  EOf» 
the  same  ES :  But  as  the  cylinder  AX  to  the  cylinder  E&s 
so»  is  tlie  base  ABCD  to  the  base  EFGH :  for  the  CTliu— ^ 
ders  AX,  ES  are  of  the  same  altitude ;  and  as  the  cylindrtT' 

*  13.  u.  EO  to  the  cylinder  ES,  so-i  is  the  altitude  MN  to  the  M-f. 
tude  MP,  be«tuse  tbe  cylinder  £0  is  cut  by  the  plane  TV 
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parallel  to  its  opposite  planes.  Therefore  as  the  base  ABCD  Book  XIL 
to  the  base  EFGH,  so  is  the  altitude  MN  to  the  altitude  ^^>^*^ 
MP:  But  MP  is  equal  to  the  altitude  KL;  wherefore  as 
the  base  ABCD  to  the  base  EFGH,  to  is  the  altitude  MN 
to  the  altitude  KL;  that  is,  the  bases  and  altitudes  of  tlie 
equal  cylinders  AX,  EG,  arc  reciprocally  proportional. 

But  let  the  bases  and  altitudes  of  the  cylinden  AX,EO 
be  reciprocally  proportional,  viz.  tbi;  base  ABCD  to  the 
bpse  EFGH,  as  the  altitude  MN  to  the  altitude  KL :  The 
cylinder  AX  is  equal  to  the  cylinder  EO. 

Firs^  Let  the  base  ABCD  be  equal  to  the  base  EFGH ; 
then  because  as  the  base  ABCD  is  to  the  base  EFGH,  so  is 
the  altitude  MN  to  the  altitude  KL ;  MN  is  equal  *>  to  KL,  ^  A.  5. 
and  therefore  the  cylinder  AX  is  equal*  to  the  cylinder  EO.  *  n*  it. 
''  But  let  the  bases  ABCD,  EFGH  be  unequal,  and  let 
ABCD  be  the  greater ;  and  because  as  ABCD  is  to  the  base 
EFGH,  do  is  the  altitude  MN  to  the  altitude  KL;  therefore 
MNil  greater^  than  KL.  Then,  the  same  construction 
being  made  as  before,  because  as  the  base  ABCD  to  the 
base  EFGH,  so  is  the  altitude  MN  to  the  altitude  KL ;  and 
because  the  altitude  KL  is  equal  to  the  altitude  MP ;  there- 
fore the  base  ABCD  is  »  to  the  bas^  EFGH  as  the  cylinder 
AX  to  the  cylinder  ES ;  and  as  the  altitude  MN  to  the  al- 
titude MP  or  KL,  so  is  the  cylinder  £0  to  the  cylinder 
ES :  Therefore  th^  cylinder  AX  is  to  the  cylinder  ES,  as 
the  cjllAder  EO  is  to  the  same  ES :  Whence  the  cylinder 
AX  IS  equal  to  the  cylinder  EO ;  and  the  same  reasoning 
holds  in  cones.    Q«  E.  D. 


PROP.  XVI.    PROB- 

To  describe  in  the  greater  of  two  circles  that  have 
the  same  centre,  a  polygon  of  an  even  nunober  of 
^di^  sides,  that  shall  not  meet  the  lesser  circle. 

''Lot ABCD,*EFGiI  be  two  given  drcles  having  the 
tUttetentie  K :  It  is  required  to  inscribe  in  the  grei^ier 
cSMe-ABGD,  a  polygen  of  an  even  number  of  equal  side% 
thtt  ihrit  not  meet  the  lesser  circle* 

Thttagh  the  centre Kdiaw  the  strught  line  BD, and  from 
^^p^nt  G,  wheie  it  meets  the  eircumferenqe  of  the  lesser 

^mtf  diaw  <3rA  M  ti^t^u^les  ftp  BD,  ao4  VfoifH^p-it  to 
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iiiin  a  cin>m»^ 
and  from 'the 


Bmi  XILC;  therefore  AC  touches^  the  circle  EFCa:  Then,  if  the 
^^^^'^r.  circiiraferencs  BAD  be  bisected,  and  [hi:  halfof  it  be  agkift 

'  bisected,  and  so  on,  there  roust  at  leugtli  n 
"■  T.Emma.  fcreiice  less''  than  AD  :  Let  this  be  LD 
point  L  draw  LM  perpendicu- 
lar to  BD,  and  produce  it  to  N; 
and  join  LD.  DN.     Therefore 
LD  is  equal  to  DN;-  and  be- 
cause LN  is  parallel  to  AC,  and  n 
thiit    AC    touches    tlie    circle  '" 
EFGH ;  therefore  LN  does  not 

meet  the  circle  EFGH.     And         \        ""T?"^     I/'M 
much    less   shall   the  straiglit  ^        "         ^ '' 

lines  LD,  DN,  meet  the  circle 

EFGH :  So  that  if  straight  lines  equal  to  LD  be  ap- 
plied in  the  circle  ABCD  from  tlie  point  L  around  to  N, 
there  shall  be  described  in  the  circle  a  polygon  of  an  cvvti 
number  of  equal  sides  not  meeting  the  lesser  circle.  Which 
was  to  be  done. 


If  twQ  trapeziums  ABCD,  EFGH  be  inscribed  in 
tbe  circles,  tlie  centres  of  whicli  are  the  points  K, 
L;  and  if  tlie  sides  AB,  DC  be  parallel,  as  Quo 
TJV,  HG  ;  and  the  other  four  sides  AD,  BC,  EH, 
FG,  be  all  equal  to  one  another  ;  but  the  side  AB 
greater  than  EF,  and  DC  tireater  than  HG  :  tbc 
straight  line  KA  from  the  ceutre  of  the  cirde  in 
which  the  greater  sides  are,  is  greater  than  the 
straiglit  line  LE  drawn  from  the  centre  to  tbe  ^• 
eumference  of  the  other  circle. 

If  it  be  possible,  let  KA  he  nut  greater  than  LE{  li'D 
KA  must  be  either  equal  to  it,  or  less.  First,  let  KA't* 
equal  to  LE :  Therefore,  because  in  two  equal  drcl«  AD. 
BC,  in  the  one,  are  equal  to  EH,  FG  in  the  other,  Ae'ai' 
*  tS-  3.  cumfereoces  AD,  BC,  are  equal "  to  the  circumferences  Etl> 
FG ;  hut  because  the  straight  lines  AB,  DC  are  respecii'd)  | 
greater  than  EF,  GH,  the  circumferences  AB,  DC*" 
greater  than  EF,  HG :  Therefore  the  whole  circumfcten'* 
ABCD  b  gteater  than  the  whole  EFGH :  but  it  iii^  j 


OF   EUCLID. 

equal  tp  it,  which  is  impossible :  Therefore  the  itralght  *«°'  XII. 

line  KA  ia  not  equal  to  LE.  ^ ' 

fint  let  KA  be  less  thaa  LE,  nnd  make  LM  equnl  to 
KA,  and  from  the  centre  L,  snd  distance  LM,  describe  the 
drde  JtfMOF,  njeetinr  the  aovight  lines  LE,  LF,  LG,  LHj 
io  M,  N,  0,'P ;  find  join  MN,  NO,  OP,  FM,  which  are 
respectively  parallel'  to  and  leas  than  KF,  FG,  GH,  HE :  ■ : 
Tmd  beaausc  EH  is  crrater  than  MP,  AD  is  greater  than 
MP ;  tad  the  circles  ABCD,  MNOP  are  equal;  therefore 


.  .4A.oiraaiiifereace,AD  ii  vreater  than  MP;  for  the  nooe 
leuoa*  the  circurofereoce  BC  is  greater  than  NO ;  and  be- 
.  flpne  the  straight  line  AB  is  greater  than  EF,  which  it 
MenUr  than  MN,  much  more  b  AB  greater  than  MN : 
TliCHrefore  the  circumference  AB  is  greater  tlianMN;  and 
Aw'Ae  same  reason,  the  circumference  ]>C  u  ^eaterthan 
^O  :  Therefore  the  whole  circumfereace  ABCD  is  greater 
thflD  the  whole  MNOP ;  but  it  is  lilcewite  equal  to  it,  which 
Ip  imposuble :  Tlierefore  KA  is  not  less  than  LE ;  nor  it 
&  equal  to  it;  the  straiulit  line  KA  must  theroTore  be 
grekier  than  LE.     Q.  E.  D. 

CoR.  And  if  there  be  an  isosceles  trtangle,  tlie  sides  of 
,'Vfaicfa  are  equal  to  AD,  BC,  but  its  bsse  less  than  AB  the 
•  'gfopts  of  the  two  sides  AB,  DC ;  the  straight  line  KA 
, ;-  |m^  i|i  the  wme  manner,  be  dcmonslratcd  to  be  griater 
! ;  ^l)W  tlic  straight  line  drawn  from  the  centre  to  the  cir- 
i  >«unfi;):^ce  of  the  cifcle  described  about  the  triangle. 


I,  die 


PROP.  XVTI.     PROB.  1    I 

'■■     ,  ;i 
;.  To  describe  in  the  greater  of  two  spberes  wtncb 
have  the  same  centre,  a  solid  polyhedron,  the  su- 
perficies of  «hich  shall  not  meet  the  lesser  sphere.' 

Let  tliere  be  two  spheres  abuut  the  same  centre  A:  itii 
required  to  describe  in  the  greater  a  solid  polyhedroi 
superficies  of  which  shall  not  meet  the  lesser  sphere. 

Let  the  spheres  be  cut  by  a  plane  passing  through  tha 
centre  j  the  cominon  sections  of  it  with  the  spheres  shall  be 
circles;  because  the  sphere  is  described  by  the  revolution 
of  a  semicircle  about  the  diameter  remaining  unmoveable ; 
80  that  in  whatever  position  the  semicircle  be  conceived,  the 
common  section  of  the  plane  in  which  it  is  with  the  super- 
ficies of  the  sphere  is  the  circumference  of  a  circle;  and 
this  is  a  great  circle  of  tlie  sjmere,  because  the  diameter  of 
the  sphere,  which  is  likewise  the  diameter  of  the  circle,  is 

i.  3  greater"  than  any  straight  liiii;  in  the  circle  or  sphere:  Let 
then  the  circle  mnde  by  the  section  of  the  plane  with  the 
irreHter  sphere  be  BCDE,  and  with  the  le&ser  sphere  be 
^  H  i  and  draw  the  two  diameters  BD,  CE  at  right  angles 
10  one  another ;  and  in  BCDE,  the  greater  of  tbe  two  cir- 

.15.  cles,  describe  *'  a  polygon  of  an  even  number  of  equal  sides 
pat  meeting  the  lesser  circle  FGH  ;  and  let  its  sides,  in  BE 
the  fourth  part  of  the  circle,  be  BK,  KL,  LM,  MK ;  joru 
KA,  and  produce  it  to  N ;  and  from  A  draw  AX  st  riglit 
angles  to  the  plane  of  the  circle  BCDE,  meeting  the  su- 
perficies of  the  sphere  in  the  point  X  :  and  let  planes  pws 
through  AX,  and  each  of  the  straight  lines  BD,  KN,  which,        \ 
from  what  has  been  said,  shall  produce  ^reat  circles  on  ilia^        ' 
super(iiiesofthesphere,andletBXD,KXNbe  thesemicir— — 
clea  thus  madeupon  thediameterij  BD,  KN :  Therefore,  be-   ^ 
canseXA  is  at  right  angles  to  the  plane  of  the  circle CCDE       i 
1.  eveiy  plane  which  passes  through  XA  is  at  tiglit"  at^kaic^^^ 
the  plane  of  the  circle  BCDE  j  wherefore  the  semicireX^^^ 
EXi),  KXN  are  at  right  angles  to  that  plane  :  And  becans^^ 
the  semtdreles  BE1\  BXD,  KXN  upon  tiie  .([iial  diame— — 7 
icrs  BD,  KN,  are  eijual  to  one  another,  tlieii  halves  BE-— ^ 
BX,  KX,  are  equal  to  one  another ;  Therefore  as  man^^tf ' 
bid<*  of  the  polygon  as  are  in  BE,  so  many  there  are  jrr^^* 
'■  BX,  KX,  equal  to  the  sides  BK,  KL,  LM,  ME :  Let  tlicw^^ 
(lulygous  be  described,  aud  t\\dt  sides  be  BO,  OP,  pH — ^ 
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RX }  KS,  ST.  TV,  YX;  and  join  OS.PT,RY;  atidlnin  B««  xu. 

the  points  0,S,dnwOV,SQ'perpendiaiUt8  to  AB,AK: ' 

and  because  the  plaa*  BOXD  ia  at  light  aiwlet  to  tb« 
plane  BCDE,  rwI  in  ute  of  tbem  BOXD,  OV  is  dmwn 
perpemlicalar  to  AB  tha  'commtm  section  of  the  plane^ 
tbetefbfeOVb  perpendiciilar*  to  the  plane  BCDE :  Far>4 
tiie  same  tetson  SQ  is  peipeDdicular  to  die  same  pUutc, 
because  the  plane  KSXN  m  at  rigbt  angles'  to  the  plane 
BCDE.  VoinVQ:  and  becsose  in  die  eqnnl  WBUoinlas 


^BXD;  KXN,  the  circamfereaces  BO,  KS  are  equal,  and 
OVj'SQare  perpendicular  to  their  (liaaieters,-tnerdbrad'H.it 
^V-iicqaid  to  SQ^aOdBV  equal  taKa    BatthewhcJe 
^A'ia.'e^BKl  to  the  whids  KA,  therefore  the  remainder  VA 
**'wq»it  to  the  remainder  QA;  As  l^refore  BVis  to  VA* 
^-irKQleQA,  wberebre  VQ  ispnraltel* to  BK:  And*>-«- 
*4tknBe  OV,  SQ-are  axh  of  thent  at  right  anises  to  the 
pUne  of  the  circle  BCDE,  OV  is  pnalIeK  toSQ;  andit'«-U- 
^*B-b6eo  ptored,  thai  it  is  also  equal  to  it ;  therefore  QV, 
^6 ais'tiqaalaiid  parallels-  AodbecauseQVis  pandlelto*3s.  i. 
^O^  iiMldca  to  KB  I  OS  is  parallel  i>  to  BK ;  am)  tbwft-  ^  »■  n- 
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Boq«xa  fijre  BO,  KS^.wUcb  joio  tbaa«f«.ia  A«e  VMRie  ptinr:h^ 
^'W^- which ' these  {mallela  are,  uid.the.^uaj^l^^nl  Sgiut, 
KfiOSuui  one  Dl&Be:.Aadif  BP,  TK  !>«  jwwd»  uhL 
notpcndiciiUrs  he  orawii  fnim  tlu;  puinti  P,  T  V>.^ftiwgfaCL 
iioea  AB,  AK,itJiuty  l>edeuioneinited,^i£TP:i».|i«iiiHel 
to  KB  in  the.  very  aeuie  way  tliat  SO  was  ahowQ  t«  Wmh 
•<>.  ii.ralleltotheWne  KB;  wherefore"  TP u  paiftUel  toSO^.' 
and  tbe  quadrilateral  figure SOPT-ii  inooeplane:  Evtbe: 
suae  rewofi  the  quadrUuertil  TPRY  is  moiieplu?;'.lild 


t.  tbc  figure  YBX  is  also  in  one  plaoe''.  llierefoi^,  if  fiott^ 
the  paiati  O^S,  P,T,  K,  Y,  tliere  be  drawn  straight  linfl 
to  rtie  point  A,  there  sbati  be  formed  a  solid  po^bedM 
between  the  circumferences  BX,  KX,  composed  of  ^l^ 
mids,  the  l^ues  of  which  are  tl)e  quadrilateraja  KPO^ 
fsOFT,  TPRY,  and  the  triangle  YRX,  and  of  which  * 
fomhran  vertex  is_the  ppint  A :  And  if  the  hqx  constnu^ 
lion  he  made  upon  each  of  the  sides  KL,  LM,  MK,  u  Ix* 
l^ecu  (luuc  upon  BK^  aud  the  like  be  done  alto  in  the  odKl- 
iiircc^t^aiL-Kiit^^nd  in  tlkeutijerhemispjicrei  thent*^)^' 
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formed  a  «oltd  pdlyhedron  ^bKribed  in  the  sphere,  com-  &ak  XTL 
p<ji><d/rf  pyrftmids^  the  base»  of  which  are  the  aforesaid  ^^''V"^ 
quv^flidriljiteral  figures,  and  the  triangle  YRX,  and  thosfe 
fo^sied  in  the  like  manner  in  the  rest  of  the  $phei-e,  the 
ci^aximon  vertex  of  them  all  being  the  point  A:  and  the 
sa|»ttficiei  of  thb  solid  poivhcdron  does  not  meet  the  leaser 
&pl%«re  in  which  is  the  circle  FGH :  For,  from  the  |M}int  A 
drnv*  AZ  perpendicular  to  the  plane  ot'  the  quadrilateral'  u  u. 
KBOS,  meeting  it  in  Z,  aud  join  fiZ,  ZK :  And  because 
SZ  is  perpendicular  to  the  plane  KBOS,  it  makes  right 
anf^les  with  every  straii^ht  Hue  meeting  it  in  that  plane ; 
tlierefore  AZ  is  peqx^noiculai  to  BZ  and  ZK :  And  because 
AB  is  equal  to  AK,  and  that  the  squares  of  AZ,  ZB,  ere 
equal  to  the  6':|uare  of  AB ;  and  the  squares  of  AZ,  ZK,  to 
the  square  of  AK^;  thcrcibre  the  squares  of  AZ,  ZB,  are  ^  47.  i, 
equal  to  the  squares  of  AZ,  ZK:  Take  from  th^  equals 
the  square  of  AZ,  tlie  remaining  square  of  BZ  is  equal  to. 
the  retdainiog  square  of  ZK;  and  therefore  tlie  straight 
line  BZ  b  equal  to  ZK :  In  the  like  manner  it  may  be  de- 
oaonstntcd,  tliat  the  straight  lines  drawn  from  the  point  Z 
to  the  points  O,  S,  are  equal  to  BZ  or  ZK :  Therefore  the 
circle  described  from  the  centre  Z,  and  distance  ZB^  shall 
pass^  through.the  points  K,  O,  S,  and  KROS  shall  be  a  qua* 
drilateral  hgure  m  the  circle :  And  because  KB  is  greater 
*      than  QV,  and  QV  equal  to  SO,  therefore  KB  is  greater 
than  SO:  But  KB  is  e(]ual  to  each  oi  the  straight  lines 
i      Bo,  KS ;  wherefore  each  of  the  circumferences  cut  off  by 
I      KB,  BO,  KS,  is  greater  than  that  cut  off  by  OS ;  and  these 
\      three  circumferences,  together  with  a  fourth  equal  to  one 
^^  them,  are  greater  tlian  the  same  three  together  with  that 
cut  oflF  by  OS  ;  that  is,  than  the  whole  circumference  of  tiie 
circle ;  therefore  tiie  circumference  subtended  by  KB  is 
V^^ter  than  the  fourth  part  of  the  whole  circumference  of 
the  circle  KBOS,  and  consequently  the  angle  BZK  at  the 
^ct^re  is  greater  than  a  right  angle :  And  because  the  angle 
B^Knohtose,  the  square  of  BK  is  greater®  than  the  squares  *  ^^'  ^^ 
^^  fiZrZKi.;  that  is,  greater  than  twice  the  square  of  BZ: 
^>Ma'KV,aBd  because  in  the  triangles  KBV,OBV,KB, 
^V^j^re equal  to  OB,  BV,  and  tbat  they  contain  equal  ati- 
Sier).  the  angle  KVB  is  cquaH  to  the  angle  OVB :  And  "**•  ^* 
^Vfi  tsa  right  angle ;  therefore  also  KVB  is  a  right  angle : 
^tvl-because  hD  U  less  than  twice  DV ;  the  rectangle  con- 
fined by  DS,  BV^  is  less  than  twice  the  jrectanglc  DVB  ; 
^su^ii%*  the  square  of  KB  is  less  than  twice  the  square  of  *  8  ti. 
'^V;  But  the  square  ^f  KB  is  greater  than  twice  the  square 
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Boor  XtL  of  BZ ;  therefore  the  square  of  KV  »  greater  thsR 
''"^''^^  the  square  of  BZ :  And  because  BA  is  equSl  to  AK,  »nd 
that  the  squares  of  BZ,  ZA,  are  equal  together  (o  the  sqtiarr 
of'BA,  and  the  squares  of  KV,  VA,  to  tiie  square  of  AK : 
therefore  the  squares  of  BZ,  ZA  are  equal  to  the  squares 
of  KV,  VA ;  anrt  of  these  the  square  of  KV  is  greater  than 
the  Sfjuare  of  BZ ;  tlicrefore  the  square  of  VA  is  leas  than 
the  square  of  ZA,  anil  the  straight  line  AZ  greater  than  V A; 
Much  more  then  is  AZ  greater  tlian  AG ;  because,  io  the 
preceding  proposition,  it  was  shown  that  KV  falls  witliout 
the  circle  FGH  :  And  AZ  is  perpendicular  to  tlie  plane 
KBOS,  and  is  therefore  the  shortest  of  all  the  straight  lines 
that  can  he  drawn  from  A,  the  centre  of  tlic  sphere,  to 
tliat  plane.  Therefore  tlie  plane  KBOS  does  not  meet  the 
lesser  sphere. 

And  tliat  the  other  planes  between  the  quadrants  BX, 
KX,  fall  without  the  lesser  sphere,  is  thus  demonstrated: 
From  the  point  A  draw  AI  perpendicular  to  the  plane  of 
tiie  quadrilHteral  S()P1\  and  join  IO  ;  and,  as  was  demon- 
strated of  the  plane  KBOS  and  the  point  Z,  in  the  same 
way  it  msy  be  sho«^l  that  tlie  point  1  is  the  centre  of  a  cir- 
cle described  about  SOFT :  and  that  OS  is  ijreater  tliSD 
PT;  and  PT  was  shown  to  be  parallel  to  OS  :  Therefore 
because  the  two  trapeziums  KBOS,  SOP T  inscribed  in 
cirdes  have  tiieir  sides  BK,  OS,  parallel,  as  also  OS,  Pt; 
and  their  other  sides  BO,  KS,  OP,  ST,  all  equal  to  OK 
another,  and  that  BK  is  greater  than  OS,  and  OS  greitet 
1. 13.  than  PT,  therefore  the  straight  line  ZB  is  greater*  thanlO. 
Join  AO  which  will  be  equal  to  AB ;  and  because  i30, 
AZB  are  right  angles,  the  squares  of  AI,  IO  are  eqtill  tn 
the  Square  of  AO  or  of  AB;  that  is,  to  the  squares  of  AZ, 
ZB;  and  the  square  of  ZB  is  greater  than  the  square  oF 
IO,  liierefore  the  square  of  AZ  is  less  than  tlie  square  of  Al) 
and  thesiraightlincAZ  less  than  thestraight  line  AI;  ArtI 
it  was  proved,  that  AZ  is  greater  than  AG  ;  much  tno" 
then  is  AI  greater  than  AG:  Therefore  the  plane  SOPT 
falls  wholly  without  the  lesser  spliere.  In  tlie  same  msnn« 
it  may  he  demonstrated,  that  the  plane  TPRV  falls  withoo' 
the  same  sphere,  as  also  the  triangle  YRX,viz.  bytheO- 
of  2d  Lemma.  And  after  the  same  way  it  may  he  dctwo* 
strated,  that  all  the  plaues  which  contain  tlio  solid  poij^ie* 
dron,  fall  without  the  lesser  sphere,  Therefore  in  the  gwttlt 
of  two  spheres,  which  have  the  same  centre,  a  solid  polyh** 
dron  is  described,  the  superficies  of  which  does  BOt  nW^ 
the  lesser  sphere.     Which  was  to  be  done.        "  'i 
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;  But  tbe  straight  line  AZ  My  be  demoDitmted  to  beBoo«  XIL' 

gf^aterthan  A6  othermseyandin  atfaorteriDaiuier,mtl»ii   ^-^▼^^ 

out  Ae  help  of  Prop.  16,  as  follows.    From  the  point  O 

drav  GU  at  right  angles  to  AG,  and  jdln  AU.    If  then  the 

eircamference  BE  be  bisected,  and  its  half  again  bisected, 

and  so  on,  there  will  at  length  be  left  a  eircamference  less 

than  die  circumference  which  is  subtended  W  a  stmiirht 

Kne  equal  to  GU,  inscribed  in  the  drde  BCDE :  Let  Uiis 

be  the  circumference  KB :  TherefiEwe  the  straight  line  KB 

k  less  than  GU :  And  because  the  angle  BZK  is  obtuse,M 

was  proved  in  the  preceding,  therefore  BK  b  greater  than 

BZ :  But  GU  is  greater  than  BK ;  much  more  then  is  GU 

greater  than  BZ,  and  the  square  of  GU  than  the  square  of 

BZ :  and  AU  is  equal  to  AB ;  therefore  the  square  of  AU, 

that  is,  the  squares  of  AG,  GU,  are  equal  to  me  square  d 

AB,  that  is,  to  the  squares  of  AZ,  ZB :  but  the  square  of 

BZ  18  less  than  the  square  of  GU ;  therefore  the  square  of 

AZ  «  gieater  than  the  square  of  AG,  and  the  straight  line 

A2f  consequently  greater  than  the  straight  line  AG. 

Con.  And  if  in  the  lesser  sphere  there  be  described  a  so* 

Kd  polyhedron,  by  drawing  straight  lines  betwixt  the  points 

m  which  the  straight  lines  from  the  centre  of  the  sphere . 

drawn  to  all  the  angles  of  the  solid  polyhedron  in  the  greater 

sphere  meet  the  superficies  of  the  lesser ;  in  the  same  order 

in  which  are  joined  the  points  in  which  the  same  lines  from 

Ae  centre  meet  the  superficies  of  the  greater  sphere ;  the 

loHd  polyhedron  in  the  sphere  BCDE  has  to  this  other  so- 

Ud  pdyliedron  the  triplicate  ratio  of  that  which  the  diame^ 

ter  of  the  sphere  BCDE  has  to  the  diameter  of  the  other 

iphere ;  For  if  these  two  solids  be  divided  into  the  same 

fuunber  of  pyramids,  and  in  the  same  order,  the  pyramids 

Aall  be  similar  to  one  another,  each  to  each :  Because  they 

bite  the  solid  angles  at  their  common  vertex,  the  centre  of 

fre  sphere,  the  same  in  each  pyramid,  and  their  other  solid 

^e  at  the  bases  equal  to  one  another,  each  to  each%  be-  •  B.  ii. 

<VQ&t  they  are  contained  by  three  plane  angles,  each  equal 

to'iacfa ;  and  the  pyramids  are  contained  by  the  same  num« 

^  of  similar  planes ;  and  are  therefore  similar  ^  to  one  an-  ^  1 1  Def.i  i. 

^^^^Kf  eaph  to  each :  But  similar  pyramids  have  to  one  an* 

^4icr  the-triplicate  ^  ratio  of  their  homologous  sides.  There-  c  qq^.  8. 12. 

^'tke  pyramid  of  which  the  base  is  the  quadrilateral 

KBQS^  •and  usertCK  A,  has  to  the  pyramid  in  the  other 

"Piieteof  the  Bame  order,  the  triplicate  ratio  of  their  boi^ 

'''H^lovoiB  sides,  that  is,  of  that  ratio  wiiich  AB  from  the 

^ctitrc  of  the  gittoter  iphersLlias  to  the  stra^ht  line  fron 
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BooaXlI.  rtic  same  centre  to  the  superficies  of  the  les^rsphert. 
'  Afid  in  like  manner,  each  pyramid  in  tlie  greater  iphtn 
has  to  each  df  the  same  orrier  in  the  lesser,  the  iripficatl 
ntiu  of  that  which  AB  )his  tu  the  semidiinnetcr  of  the  lesstr 
sphere.  And  as  one  antecedent  is  to  its  consequeiit,  fo  are 
all  the  antecedents  to  all  the  eonseqnents.  Wherefore  the 
whole  solid  polyhedron  in  tlie  greater  sphere  lias  to  die 
whole  siilid  polyhedron  in  the  other,  the  triplicate  ntlia  of 
thai  which  AB  the  semi  diameter  of  the  jirst  has  to  tlie  sc- 
midinmeter  of  the  other ;  that  is,  which  the  diameter  BD 
of  the  greater  has  to  the  diameter  of  the  other  sphere. 

PROP.  XVIII.     IHEOR. 

Spheres  liave  to  one  another  tlie  triplicate  ratio 
of  that  which  their  diameters  have. 

bet  ABC,  D£F,  be  two  spheres,  of  which  the  diamrtm 
are  BC,  EF.  The  sphere  ABC  has  to  the  sphere  DSX 
the  triplicate  ratio  of  that  which  BC  has  to  EF. 

For,  if  it  )ias  not,  the  sphere  A  BC  sliall  Itave  to  a  sphere 
either  less  or  greater  than  DEF,  the  triplicate  ratio  oftbn 
which  BC  has  to  KF.  First,  let  it  have  that  ratio  to  ak», 
viz,  to  the  sphere  GHK;  and  let  the  sphere  DEF  hive 
the  same  centre  with  OUK  :  and  in  tlie  >;rcaier  spliCK 
"  17.  It.  DEF  descrilie"  a  solid  pci'yhedion,  the  siiperiicies  of  whkh 

L 


does  not  meet  the  lesser  sphere  GHK;  and  in  the  sphere  . 
ABC  descrihe  another  similar  to  that  in  the  sphere  DEF  :  I 
Therefore  the  solid  jmlyhedron  in  the  sphere  ABC  has  to  I 
^„         the  solid  polyhedron  in  the  sphere  DEF,  the  triplicate  ra-  | 
7j'       tic  I- of  that  which  BC  has  to  EF.     But  the  spber*  ABC 
has  to  the  sphere  GHK,  the  triplicate  ratio  of  that  which 
BC  has  to  EF ;  therefore  as  the  sphere  ABC  to  the  sphert 
GHK,  so  is  the  said  polyhedron  in  the  sphere  ABC  to  the 
solid  polyhedron  in  tlie  sphere  DEF :  But  tlie  sphere  ABQ 
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is  greater  than  the  solid  pdrhiedron  in  it :  therefore  ^  also  Book  Xti; 
theq)bef«(HIKbgrcAtermftth^soUdiN)^Iiedcrab  )^ 
epheftDEF:  But  it  is  also  leasbeoauseU  is  eoataiDdl 
witllio  it,  which  is  impossible:  Therefore  the  sphete 
ABC  has  not  to  any  sphere  less  than  DfiP^.  the  triplicate 
Mtb  of  that  which  BC  has  to  EF.  In  the  same  maQner, 
it  may  be  demonstrated,  that  the  qpheve  DBF  has  not  to 
wy  sphere  less  than  ABC,  the  triplicate  jratio  of  that  wbicli 
£F  bfis  to  BCv  Nor  can  the  sphere  ABC  have  to  amr 
apheis  greater  than  D£F,  the  triidicate  ratio  of  that  whi^ 
JSC  has  to  £F:  For,  if  it  cad,  let  it  ha?e  that  ratio  tp« 
greater  sphere  LIViN :  Therefore,  by  inversion,  the  nibm 
I«MN  has  to  the  sphere  ABC,  the  triplicate  ratb  of  tliat 
which  the  diameter  EF  has  to  the  diameter  BC.  But  as 
die  sphere  LMN  to  ABC,  so  is  the  q>here  DEF  to  some 
»herc^  which  must  be  less  ^  than  the  miere  ABC,  because 
the  sphere  LMN  b  greater  than  the  sphere  DEF,  therefore 
the  sphere  DEF  h^  to  a  sphere  less  than  ABC  the  tripli- 
viBBta^atio  of  that  wluch  EF  has  to  BC;  which  was  shown 
to  .be  impassible :  Therefore  the  sphere  ABC  has  not  to 
anj^  sphere  greater  than  DEF  the  triplicate  lado  o(  that 
.wfich  BC  Ins  to  EF:  and  it  was  demonstrated,  that  nei« 
tber  has  it  tfiat  ratio  to  any  sphere  less  than  DEF.  There-^ 
fan  the  sphere  ABC  has  to  the  n>here  DEF,  the  triplicate 
fatboftbat  which  BC  has  to  EF.    aE-D. 
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NOTES,  &c.\^|i^ 


DEFINITION  I.    BOOK  I.  \  '  v^VV' 

I-  ■. .'  f.-  _  X.- 
T  is  neceswry  to  consider  a  solid,  that  h,  a  ma^nituile  ^ 
which  has  len^^h,  breadth,  aod  thickness,  in  order  to  un-  ^ 
derstand  aright  the  definitions  of  a  point,  line,  and  superfi- 
cies ;  for  these  all  arise  from  a  solid,  and  exist  in  it :  The 
boundary,  or  boundaries  which  contain  a  solid  are  called  su- 
perticies,  or  the  boundary,  which  is  coiiunon  to  t\vo  solids 
which  are  contiguous,  or  which  divides  one  solid  into  two 
contiguous  parts,  is  called  a  superficies :  Thus,  if  BCGF  be 
oneoftheboundaneswhich  contain  the  solid  ABCDEFGH, 
or  which  is  the  common  boundary  of  this  solid,  and  the  scriid 
BKLX^FNMG,  and  is  therefore  in  the  one  as  well  as  in  the 
other  solid,  is  called  a  superficies,  and  has  no  thickness : 
For,  if  it  have  any,  this  thicliness  .,  „ 
•""Bt  either  be  a  part  of  theihick-  " ^— 
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nessctf thesolid AG,orof theso-  j,-^ 
lid  BM,  or  a  part  of  the  thickness 
of  each  of  them.  It  cannot  be  a 
part  of  the  thickness  of  }he  solid 
BM;  because  if  this  solid  be  re- 
moved from  the  solid  AG,  the' 
superficies  BCGF,  the  boundary    -  *■  "  *^ 

ol  the  solid  AG,  remains  still  the  same  as  it  was.  Nor  can 
it  be  a  part  of  the  thickness  of  the  solid  AG;  because  if  this 
be  removed  from  the  solid  BM,  the  superficies  BCGF,  the 
hottudary  of  the  solid  BM  does  nevertheless  remain ;  there- 
fore the  superficies  BCGF  has  no  thickness,  but  only  length 
and  breadth. 

The  boundaiy  of  a  superficies  is  called  a  line,  or  a  line  is 
tile  common  boundary  of  two  superficies  that  are  contigu- 
*^us,  or  which  divides  one  superficies  into  two  contiguous 
P««» :  Thus  if  BC  be  one  of  the  boundaries  which  contain 
*lie  superBcies  ABCD,  or  which  is  the  common  boundary  of 
tliis  superficies,  and  of  the  superficies  KBCL  which  is  con- 
tiguous to  it,  this  boundary  BC  is  called  a  line,  and  has  no 
bre«lth:  For  if  it  haveaoy,  thismust  he  part eitherof  the 
^^■^dth  of  the  superficies  ABCD,  or  of  the  superficies 
XBCLi,or  part  of  each  of  them.  It  is  not  part  of  the 
,     ''readth  of  the  superficies  KBC  L :  for,  if  this  superficies  be 
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removed  frim  llic  superficies  ABCD*  lbe~  line  BC*  which 
'  is  the  boundary.oft)iesapeHicicsABCD,Teniaitig  the  same 
as  it  was :  Nor  can  the  breadth  that  BC  is  supposed  Xo  have, 
be  a  part  of  the  breadth  of  the  superficies  ABCD ;  because, 
if  this  be  removed  from  thesuperficies  KBCL,  the  line  BC, 
which  is  the  boundarv  of  tlie  superfic'ies  KBCL,  does  ne- 
vertheless remain  :  Therefore  the  lineBC  has  no  breadth: 
And  because  the  line  BC  is  iu  a  superBcics,  and  that  a  su- 
pcrScieg  has  no  thickness,  as  was  shown,  therefore  a  line  bat 
Deidier  breadth  nor  thickness,  but  only  length. 

The  boundary  of  a  line  is  called  apoint,  orapoint  iBlbe 
Gomifion  boundary  or  extfemity 
of  two  lines  that  are  conti^^us : 
Thus,  if  B  be  the  extremity  of 
the  line  AB,  or  the  common  ex- 
tremity of  the  two  lines  AB,  KB, 
this  extremity  is  called  a  )>oint, 
and  has  no  length  Tor  if  it  have 
any,  this  length  must  eitlwr  be  — 
partoftheiengtlioftheline  AB,  '*■ 
or  of  the  line  KB.  It  is  not  part  of  the  length  of  KB;  far 
if  the  line  KB  be  removed  from  AB,  the  point  B  which  is 
th^  extremity  of  the  line  AB  remains  the  samcaa  itwn: 
Moris  it  part  of  the  leifgthof  theline  AB;  for,if  ABbcre- 
moved  froDi  the  Uoe  KB,  thepointB,  which  is  theextreo^ 
of  the  line  KB,  does  nevertheless  remain ;  TTierefore  W 
point  B  hfts  no  length :  And  because  a  point  is  in  a  line^ 
and  a  line  has  neither  breadth,  nor  thickness,  therefore  ■ 
point  lias  no  length,  breadth,  nor  thickness.  And  in  this 
manner  the  definitions  of  a  point,  line,  and  superficiea,  tn 
to  be  understood. 

DEF.VII.    B.I. 

Instead  of  this  definition  as  it  is  in  the  Greek  soplei,! 
more  distinct  one  is  given  from  a  property  of  a  plane  sup^ 
ticies,  which  is  manifestly  supposed  in  the  KleineiHSt  viz> 
that  a  straight  line  drawn  from  any  point  In  a  plane  la  tu^ 
other  in  it,  is  wholly  in  that  plane. 

DEF.VIU.  B.  1. 
It  seems  tlutt  he  who  made  this  defiuiticm  designrj]  ibil 
it  should  comprehend  not  only  a  plane  angle  ceqtalned  I9 
two  straight  lines,  hut  likewise  the  angle  which  some  con- 
ceive to  he  made  by  a  straight  line  and  a  curve,  or  by  two 
curve  lines  whicb  meet  one  another  iti  a  plane :  Bu^  thovi)> 
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tHe  meaning  of  the  words  ^  ivBtia^  that  Is,  in  a  straight  ^^'J^* 
Hoe,  or  in  the  same  direction,  be  plain,  when  two  straight 
lines  are  said  to  be  in  a  straight  line,  it  does  not  appear 
what  ought  to  be  understood  by  these  words,  when  a  straight 
line  and  a  curve,  or  two  curve  lines,  are  said  to  be  in  the 
same  direction;  at  least  it  cannot  be  explained  in  this 
place;  which  makes  it  probable  that  this  definition,  and  that 
of  the  angle  of  a  segment,  and  what  is  said  of  the  angle  of 
a  semicircle,  and  the  angles  of  segments,  in  the  16th  and 
81st  propositions  of  Book  3,  are  the  additions  of  some  less 
skilful  editor :  On  which  account,,  especially  since  they  are 
quite  useless,  these  definitions  are  distinguished  from  the 
rest  by  inve^^^d  double  commas. 

DEF.  XVIL    B.  1. 

Tub  words  '^  which  also  divides  the  circle  into  two  equal 
**  parts**  are  added  at  the  end  of  this  definition  in  all  the  c6- 

Eies,  but  are  now  left  out  as  not  belonging  to  the  definition, 
eiog  only  a  corollary  from  it.  Proclus  demonstrates  it  by 
conceiving  one  of  the  parts  into  which  the  diameter  divides 
Hie  circle,  to  be  applied  to  the  other ;  for  it  is  plain  they 
nust  coincide,  else  the  straight  Tines  from  the  centre  to  the 
circumference  would  not  be  all  equal :  'The  same  thing  is 
easily  deduced  from  the  8  ist  Prop,  of  Book  3,  and  the  24th 
cf  the  same ;  from  the  first  of  which  it  follows,  that  semi- 
circles are  simitar  segments  of  a  circle ;  and  from  the  other, 
^at  they  are  equal  to  one  another. 

DEF.XXXIU.    B.I. 

This  definition  has  one  condition  more  than  is  necessa* 
^ ;  because  every  quadrilateral  figure  wliich  has  its  opposite 
^ides  equftl  to  one  another,  has  likewise  its  opposite  angles 
^^tial ;  and  on  the  contrary. 

^  Let  ABCD  be  a  quadrilateral  figure,  of  which  the  oppo* 
•ite  sides  AB,  GD,  are  equal  to  one  another ;  as  also  AD 
^nd  EC :  Join  BD  j  the  two  sides  AD, 
DB  are  equal  to  the  two  CB,  BD,  and 
^he  base  AB  is  equal  to  the  base  CD ; 
therefore,  by  Prop.  8.  af  Book  1 .  the 
^Ugle  ADB  is  equal  to  the  angle  CBD ;  ,t= 
?nd,  by  Prop.  4.  B.  1 .  the  angle  BAD  " 
's  equal  to  the  angle  DCB,  and  ABD  to  BDC;  and  there- 
fore also  the  angle  ADC  is  equal  to  the  angle  ABC. 

U2 
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Buoi  I,        j\(,j  if  ihe  angle  BAD  be  equal  to  tlie  opposite  angle 
^■^^•""^   BCD,  and  the  angle  ABC  to  ADC ;  the  opposite  sides  are 
equal :  Because,  by  Prop.  'A2,  B,  I .  all  ihe  angles  of  (he 
quadrilateral  figure  ABCD  are  loge-  -^ 

ther  equal  to  four  right  angks,aiid  the      -**-  —A/ 

two  angles  BAD,  ADC  are  together 
equal  to  the  two  angles  BCD,  ABC : 
Wherefore  BAD,  ADC  are  the  half  of  -^ 
all  the  four  angles  j  that  is,  BAD  and 
ADC  are  equal  to  two  right  angles :  and  therefore  AB, 
CD  are  iiaralleis  by  Prop.  28.  B.  I .  In  the  same  manner, 
AD,  EC  are  parallels :  Tlierefore  ABCD  is  a  parallelogram, 
and  its  opposite  sides  are  equal,  by  34th  Prop,  B.  I . 

PROP.  VII.     B.  I. 

Theue  arc  tivo  cases  of  this  proposition,  one  of  which  is 
not  in  the  Greek  text,  but  is  as  necessary  as  tbe  other  t  Ajid 
that  the  case  left  out  has  been  formerly  in  the  text,  appears 
plainly  from  this,  that  the  second  part  of  Prop.  J.  which  ij 
necessary  to  the  demonstration  of  this  case,  can  be  of  no 
use  at  all  in  the  Elements,  or  any  where  else,  but  in  this 
demonstration  ;  because  the  second  part  of  Prop.  5.  clearlf 
follows  from  tbe  first  part,  and  Prop.  13.  B.  1.  Thbpui 
must  therefore  have  been  added  to  Prop.  5.  upon  account 
of  some  proposition  betwixt  the  5th  and  ISth,  but  nooeof 
these  stand  in  need  of  it  except  the  7th  Proposition,  oD  ic* 
count  of  which  it  has  been  added  ;  Besides,  the  traosUlioa 
from  the  Arabic  has  this  case  explicitly  demonstrated.  And 
Proclus  acknowledges,  that  the  second  Part  of  Prop.  5.  wu 
added  upon  account  of  Prop.  7-  but  gives  a  ridiculous  rea- 
son for  It,  "  that  it  might  afford  an  answer  to  objection^ 
"  made  against  the  7tfii"  as  if  the  case  of  the  7th,  which  is 
left  out,  were,  as  he  expressly  makes  it,  an  objection  againB 
the  proposition  itself.  Whoever  is  curious  may  read  trfu' 
^  Proclus  says  of  this  in  his  commentary  on  the  jthandTl)! 
Propositions;  for  it  is  not  worth  while  to  relate  hh  trifle 
at  full  length. 

It  was  thought  proper  to  change  the  enunciation  of  ih" 
7th  Prop,  so  as  to  preserve  the  very  same  meaning;  tl" 
literal  translation  from  the  Greek  being  extremely  tMBl"! 
and  difficult  to  he  understood  by  beginners. 
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PROP.  XL    B.I.  ^J^. 


A  COROLLARY  IS  added  to  this  pVoposilioni  which  is  neces- 
saiy  to  Prop.  1.  B.  XI.  and  otherwise. 

PROP.  XX.  and  XXL    B.  I. 

Proclus,  in  his  commentary, relates,  that  the  Epicureans 
derided  this  proposition,  as  being  manifest  even  to  asses,  and 
needing  no  demonstration ;  and  his  answer  is,  that  though 
the  truth  of  it  be  manifest  to  our  senses,  yet  it  is  science 
which  must  give  the  reason  why  two  sides  of  a  triangle  are 
greater  thim  the  third :  But  the  right  answer  to  this  objec- 
tion against  this  and  the  21st,  and  some  other  plain  propo- 
sitionsy  is,  that  the  number  of  axioms  ought  not  to  be  in- 
creased without  necessity,  as  it  must  be  if  these  propositions 
be  not  demonstrated.  Mons.  Clairault,  in  the  Preface  to 
his  Elements  of  Geometry,  published  in  French  at  Paris, 
anno  17"^ i>  says.  That  Euclid  has  been  at  the  pains  to 
prov^  that  the  two  sides  of  a  triangle  which  is  included 
within  another,  are  together  less  than  the  two  sides  of  the 
triangle  which  includes  it;  but  he  has  forgot  to  add  this 
cxmditioo,  viz.  ,that  the  triangles  must  be  upon  the  same 
base  :  because,  unless  this  be  added,  the  sides  of  the  in- 
cluded triangle  may  be  greater  than  the  sides  of  the  trian- 
gle which  includes  it,  in  any  ratio  which  is  less  than  that 
of  two  to  one,  as  Pappus  Alexandrinus  has  demonstrated 
in  Prop.  3.  B.  3.  of  his  mathematical  collections. 

PROP.XXIL    B.L 

SoMB  authors  blame  Euclid  because  he  does  not  demon- 
strate that  the  two  circles  made  use  of  in  the  construction 
of  this  problem  must  cut  one  another:  But  this  is  very 
plldn  from  the  determination  he  has  given,  viz.  that  any 
twp,  of  the  straight  lines  DF, 
PG,  GH,  must  be  greater 
tlian  the  third.  For  who  is 
so  dull,  though  only  begin- 
ning to  learn  the  Elements, 
as  not  to  perceive  that  the  rTlyT 
circle  described  from  the 
centre  F,  at  the  distance  FD,  must  meet  FH  betwixt  F 
and  H,  because  FD  is  less  than  FH;*  and  that,  for  the  like 
reason,  the  circle  described  from  the  centre  G,  at  the  di- 
stance GH  or  GM,  must  meet  DG  betwixt  D  and  G;  and 
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Book  I.  that  these  cirdes  mtist  meet  one  another,  because  FD  and 
GH  are  togethergreater  than 
FG?  And  this  determination 
is  easier  to  be  understood 
thian  that  which  Mr.  Thomas 
Simpson  derives  from  it^and 
puts  instead  of  Euclid's,  in  rv  luf 
the  49th  page  of  his  Ele-   ^  ^  ^ 
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ments  of  Geometry,  that  he  may  supply  the  omission  he 
blames  Euclid  for,  which  determination  is,  that  any  of  the 
three  straight  lines  must  be  less  thkn  the  sum,  but  greater 
than  the  difference  of  the  other  two :  From  this  he  sliows 
the  circles  must  meet  one  another,  in  one  case ;  and  says, 
that  it  may  be  proved  after  the  same  manner  in  any  other 
case :  But  the  straight  line  GM,  which  he  bids  take  from 
GFmay  be  greater  than  it,  as  in  the  figure  here  annexed ;  in 
which  case  his  demonstration  must  be  changed  into  another. 

PROP.  XXIV.    B.I. 

To  this  is  added, ''  of  the  two  sides  D£,  DF,  let  Dfi;  be 
<*  that  which  is  not  greater  than  the  other  ;**  that  b,  take  that 
side  of  the  two  DE,  DF  which  is  not  greater  than  the  cftbeff 
in  order  to  make  with  it  the  angle  |>. 
EDG  equal  to  BAG ;  because  with-  ^< 
out  this  restriction  there  might  be 
three  different  cases  of  the  proposi- 
tion, as  Campanus  and  others  make. 

Mr.  Thomas  Simpson,  in  p.  262 
of  the  second  edition  of  his  Ele- 
ments of  Geometry,  printed  anno 
1 760,  observes  in  his  notes,  that  it 
ought  to  have  been  shown,  that  the 
IX)int  F  falls  below  the  li^e  EG. 
This  probably  Euclid  omitted,  as  it  is  very  easy  to  perceive^ 
that  DG  being  equal  to  DF,  the  point  G  is  in  the  circum- 
ference of  a  circle  described  from  the  centre  D  at  the  (fis- 
tance  DF,  and  must  be  in  that  part  of  it  which  is  above 
the  straight  line  EF,  because  DG  falls  above  DF,  the  angle 
EDG  being  greater  than  the  angle  EDF. 

PROP.XXDt.    B.L 

Thji  proposition  which  is  usyially  called  the  5th  postu- 
late, or  L  Itn  a^iom,  by  some  the  12th,  on  which  this  29th 
depends,  has  given  a  great  deal  to  do,  both  to  ancient  and 
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modetiD ''geometers :  It  seems  not  to  be  properly  placed  Boot  I. 
among  the  axioms,  as  indeed  it  is  not  self-evident;  but  it  ^"^v^^ 
may  be  demonstrated  thus : 

DEnNITION  I. 

The  distance  of  a  point  from,  a  straight  line,. is  the  per- 
pendicular drawn  to  it  from  the  point. 

DEF.  2. 

One  straight  line  is'said  to  go  nearer  to,  or  further  from^ 

another  straight  line,  when  the  distances  of  the  points  of  the 

first  from  the  other  straight  line  become  less  or  greater  than 

they  were ;  and  two  straight  lines  are  said  to  keep  the  same 

distance  from  one  another,  when  the  distance  of  the  points 

of  one  of  them  from  the  other  is  always  the  same. 

AXIOM. 

A  STRAIGHT  line  cannot  first  come  nearer  to  another 
straight  line,  and  then  go  fur-      a  r^ 

-ther  from  it,  before  it  cuts  it;        — -        ^  ^ 

And,  in  like  manner,  a  straight  D 
line  cannot  go  i\irther  from  an-      |r 
either  stY^ght  line,  and  then 

<x>ine  nearer  to  it;  nor  can  a  straight  line  keep  the  same 
distance  from  another  straight  line,  and  then  come  nearer 
to  it,  or  go  further  from  it ;  for  a  straight  line  keeps  always 
Xhe  same  direction. 

For  example,  the  straight  line  ABC  cannot  first  come 
-nearer  to  the  straight  line  DE,  as  -. 

from  the  point  A  to  the  point  B,  ^ — ^ — — ^C  See  the 

aind  then,  from  the  point  B  to  the  ^  E,  a^^® 

S^int  C,  go  further  from  the  same  F  Q     ^"^^^H    ^^^^' 

E:  And,  in  like  mai^ner,  the 
straight  line  FGH  cannot  go  further  from  DE,  as  from  F 
to  G,  and  then  from  G  to  H,  come  nearer  to  the  same 
DE :  And  so  in  the  last  case,  as  in  fig.  2. 

PROP.  I. 

If  -two  equal  straight  lines  AC,  BD,  be  each  at  right 
angles  to  the  same  straight  line  AB  :  If  the  points  C,  D  be 
joined  by  the  straight  line  CD,  the  straight  hne  EF  drftwn 
from  any  point  E  in  AB  unto  CD,  at  right  angles  to  AB, 
shall  be  equal  to  AC,  or  BD. 

If  EF  be  not  eqiial  to  AC,  one  of  them  must  be  greater 
than  the  other ;  let  AC  be  the  greater :  then,  because  FE 
is  less  than  CA,  the  straight  line  CFD  is  nearer  to  the 
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Booft  X    stmigbt  liue  AB  at  the  point  F  than  at  the  point  Cy that  ib^ 

^^"'^^'^  CF  comes  aearer  to  AB  from 
the  point  C  to  F :  But  because 
DB  is  greater  than  FE,  the  C 
straight  line  CFD  is  further 
froDi  AB  at  the  point  D  than  at 
F,  that  is,  FD  goes  further  from 
AB  from  F  to  D :  Therefore  the 
straight  line  CFD  first  conies 
nearer  to  the  straight  find  AB,  and  then  goes  further  from 
it,  before  it  cuts  it :  which  is  impossible :  U  FC  be  said  to 
be  greater  than  CA,  or  DB,  the  straight  line  CFD  ficst 
goes  further  from  the  straight  line  AB,  and  then  comes 
nearer  to  it,  which  is  also  impossible.  Therefore  F£  is 
not  unequal  to  AC,  that  is,  it  k  equal  to  it. 

PROP.  II.* 

If  two  equal  straight  lines  AC,  BD  be  each  at  right  ao* 
gles  to  the  same  straight  line  AB ;  the  straight  line  QD 
which  joins  their  extremities  makes  right  angles  witli  AC 
and  BD. 

Join  AD,  BC ;  and  because,  in  the  triangles  CAB,DBA| 
CAy  AB  are  equal  to  DB,  BA,  and  the  angle  CAB  equal 

•  4. 1.  to  the  angle  DBA ;  the  base  BC  is  equal  ^  to  the  base  AD^ 

And  in  the  triangles  ACD,  BDC,  AC,  CD  are  equal  to  BD, 
DC,  and  the  base  AD  is  equal  to    Q  ^  j^ 

the  base  BC.     Therefore  the  an-     '  ^ 

*  8. 1.  gle  ACD  is  equal  ^  to  the  angle 

BDC  :  From  any  point  E  in  AB 
draw  EF  unto  CD,  at  right  angles 
tp  AB ;,  therefore  by  Prop.  1 .  EF 
is  equal  to  AC,  or  BD  ;  wherefore,  as  has  been  just  now 
shown,  the  angle  ACF  is  equal  to  the  angle  EFC  :  Iq  the 
s^me  manner,  the  angle  BDF  is  equal  to  the  angle  EFD; 
but  the  angles  ACD,  BDC  are  equal ;  therefore  the  angles 
« 10  Def.  1.  EFC  and  EFD  are  eqpal,  and  right  angles*' ;  wherefore 
also  the  angles  ACD,  BDC  are  right  angles. 

Cor.  Hence,  if  two  straight  lines  A B,  CD  be  at  right 
angles  to  the  same  straight  line  AC,  and  if  betwixt  them  i 
straight  line  BD  b©  drawn  at  right  angles  to  either  of  them 
as  to  AB ;  then  BD  is  equal  to  AC,  and  BDC  is  a  righ 
angle. 

If  AC  be  not  equal  io  BD,  take  BG  equal  to  AC,  and  joica 
CG :  Therefore,  by  this  proposition,  the  angle  ACQ  isarighc 
angle ;  but  ACD  is  also  a  right  angles  wherefore  the  angles 
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ACD,  ACG,  are  «qual  to  one  another,  which  is  impossible.  Boos  I., 
Therefore  BD  is  equal  to  AC;  and  by  this  proposition  ^"^"V^^ 
BDC  is  a  right  angle. 

PROP.  3.  f 

If  two  straight  lines  which  contain  an  angld  be  pro- 
duced, there  may  be  found  in  either  of  tliein  a  point  from 
which  the  perpendicular  drawn  to  the  other  shall  be  greater 
than  any  given  straight  line. 

Let  AB,  AC  be  two  straight  lines  which  make  an  an- 
gle wkh  one  another,  and  let  AD  be  the  given  straight 
lioe ;  a  point  may  be  found  either  in  AB  or  AC,  as  in  AC, 
from  which  the  perpendicular  drawn  to  the  other  AB  shall 
be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  £F  per|)endicular  to 
AB :  produce  AE  to  G,  so  that  EG  he  equal  to  AE ;  and 
produce  FE  to  H,  and  make  EH  equal  to  FE,  and  join 
H6.  Because,  in  the  triangles  AEF,  GEH,  AE,  £F,  are 
equal  to  GE,  EH,  each  to  each,  and  contain  equal^  angles,  •  15, 1. 
the  angle  GHE  is  therefore  equal**  to  the  angle  AFEfc4,i, 
which  is  a  right  angle  :  Draw  GK  perpendicular  to  AB ; 
aiid  because  the  straight  lines  FK,  HG  are  at  right  angles 
to    FH,     and       A  y  jr  t> 

KG    at   right   Jf- ^ '^^^^ ^ 

angles  to  FK,    ^^ 
KG  is  equal  to    0 
FH^byCor.Pr.   D 
2.  that  is,    to    p 

the  double    of   ^  !# 

P£»     In  the  same  manner  if  AG  be  produced  to  L,  so 

that  GL  be  equal  to  AG,  and  LM  be  dniwn  perpendicular 

^o  AB,  then  LM  is  double  of  GK,  and  so  on.    In  AD 

^^Jike  AN  equal  to  FE,  and  AO,  equal  to  KG,  that  is,  to  the 

double  of  FE,  or  AN ;  also  take  AP,  equal  to  LM,  that  is, 

^^^the  double  of  KG,  or  AO ;  and  let  this  be  done  till  the 

^straight  line  taken  be  greater  than  AD:  Let  this  straight 

^ine  so  taken  be  AP,  and  because  AP  is  equal  to  LM, 

'therefore  LM  is  greater  than  AD.     Which  was  to  l)e 

^ne. 

PROP.  4.  .  . 

If  two  straight  lines  AB,  CD  make  equal  angles  EAB 
ECD  with  another  siraight  line  EAC  towards  tlic  same 
parts  of  it:  AB  and  CD  are  at  right  angles  to  some 
vtrai^kt  line. 
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Book  I.       Bisect  AC  in  F,  and  draw  FG  perpendiciiilar  to  AB ; 
'''^'^t^   take  CH  in  the  straight  line  CD  equal  to  AG,  and  on  lit- 

contrary  side  of  AC  to  that  on  which  AG  is,  and  join  FH: 

Therefore,  in  the  triangles  AFG,  CFH,  the  sides  FA,  AG 

are  equal  to  FC,  CH,  each  to  each,  and  the  angle  FAG, 
^  15. 1.  that^  is  EAB,  is  equal  to  the  angle 
•»  4. 1.  FCH ;  wherefore^  the  angle  AGF 

is  equal  to  CHF,  and  AFG  to  the 

angle  CFH:  To  these  last  add  the 

common  angle  AFH ;    therefore 

the  two  angles  AFG,  AFH  are 

equal    to  the   two  angles   CFlti, 

HFA,  which  two  last  are  equal 
c  13. 1.  together  to  two   right    angles*^: 

therefore  also  AFG,  AFH  are  equal 
*  14. 1.  to  two  right  angles,  and  consequently^  GF  and  FH  are  in 

one  straight  line.    And  because  AGF  is  a  right  aogle^ 

CHF  which  is  equal  to  it  is  also  a  right  angle:  ThentoR 

the  straight  lines  AB,  CD  are  at  right  angles  to  GH. 

PROP.  5. 

If  two  straight  lines  AB,  CD  be  cut  by  a  third  ACE^ » 
as  to  make  the  interior  angles  BAC,  ACD,  on  the  larM 
side  of  it,  together  less  than  two  right  angles ;  AB  and  CD 
))eing  produced,  shall  meet  one  another  towards  the  pvtt 
on  which  are  the  two  angles,  which  are  less  than  twoi^ 
angles. 

*S3. 1.  At  the  point  C,  in  the  straight  line  CE,  make^  the  angle 
ECF  equal  to  the  angle  EAB,  and  draw  to  AB  the  stnight 
line  CG  at  right  angles  to  CF:  Then,  because  thean^ 
ECF,  EAB  are  equal  to  one  another,  and  that  the  aoglef 
ECF,  FCA  ^re  toge- 

••13.  i.gether  equal  *^  to  two 
right  angles,  the  an- 
gles EAB,  FCA  are 
equal  to  two  right  an- 
gles.   But  by  the  hy- 
pothesis,  the    angles 
EAB,  ACD  are  toge- 
ther    less    than    two 
right  angles;    there- 
fore the  angle  FCA  is  greater  than  ACD,  and  CD  fells  b^ 
tween  CF  and  AB :  And  because  CF  and  CD  make  W 
angle  with  one  another,  by  Prop.  3.  a  point  may  be  fouflJ 
in  either  of  them   CD,  from  which  the  perpendiculsf 
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awn  to  CF  shall  be  greater  than  the  straight  line' CG.   Boor  I. 

ct  this  point  be  H,  and  draw  HK  perpendicular  to  CF,   ^••nr^^ 

i^edng  AR  in  L :  And  because  AB,  CF  contain  equal  an- 

t^  with  AC  on  the  same  side  of  it,  by  Prop.  4.    AB  and 

IP  are  at  right  angles  to  the  straight  line  MNO,  which  bi- 

!cts  AC  in  N,  and  is  perpendicular  to  CF  :  Therefore  by 

or.  Prop.  2.  CG  and  KL,  which  are  at  right  angles  to' 

!P,  are  equal  to  one  another :  And  HK  is  greater  than 

)G,  and  therefore  is  greater  than  KL,  and  consequently 

)e  point  H  is  in  KL  produced.    Wherefore  the  straight 

De  CDH,  drawn  betwixt  tlie  points  C,  H,  which  are  on 

»ntrary  sides  of  AL,  must  necessarily  cut  the  straight  line 

PROP.  XXXV.    B.  L 

Thb  demonstration  of  this  Proposition  is  changed,  be- 
\ise  if  the  method  which  is  used  in  it  was.followedi 
ere  would  be  three  cases  to  be  separately  demonstrated, 
is  done  in  the  translation  from  the  Arabic ;  for,  in  the 
lemeots,  no  case  of  a  Proposition  that  requires  a  different 
monstration  ought  to  be  omitted.  On  this  account,  we 
tve  chosen  the  method  which  Mons.  Clairault  has  given, 
«  first  of  any,  as  far  as  I  know,  in  his  Elements,  page  21, 
id  which  afterwards  Mr.  Simpson  gives  in  his,  page  32. 
ut  whereas  Mr.  Simpson  makes  use  of  Prop.  26.  B.  L 
Mn  which  the  equality  of  the  two  triangles  does  not  im- 
ediately  follow,  because,  to  prove  that,  the  4th  of  B.  I. 
vt  likewise  be  made  use  of,  as  may  be  seen  in  the  very 
nie  case' in  the  34th  Prop.  B.  I.  it  was  thought  better  to 
«kt  use  only  of  the  4th  of  B.  I. 

PROP,  XLV.    B.  L 

The  straight  line  KM  is  proved  to  be  parallel  to  FL 
QBi  the  33d  Prop,  whereas  KH  is  parallel  to  FG  by  con- 
raction,  and  KHM,  FGL  have  been  demonstrated  to  be 
raight  lines.  A  corollary  is  added  from  Coinmandine, 
3  being  often  used. 

PROP.  XIIL    B.  IL 

!ir  this  proposition  only  acute  angled  triangles  are  inen«^  Book  IL 
oned»;  whereas  it  holds  true  of  every  triangle;  and  the  dem- 
onstrations of  the  cases  omitted  are  added:  Commandine 
id  Clavius  liave  likewise  given  their  demonstrations  <jf 
cse  cases. 
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^^^^  PROP.  XIV.  B.  n.  ^ 

In  the  demonstration  of  this,  some  Greek  editor  has  ig- 
norant ly  inserted  the  words,  "  but  if  not,. one  of  the  two 
"  BE,  ED,  is  the  greater :  Let  BE  be  the  greater,  and 
"  produce  it  to  F :"  as  if  it  was  of  any  consequence  whether 
the  greater  or  lesser  be  produced :  Therefore,  instead  of 
these  words,  there  ought  to  be  read  only,  "  but  if  not, 
«  produce  BE  to  F." 

PROP.  I.    B.  III. 

Bom  III.  Sevkral  authors,  especially  among  the  modern  matheraa- 
ticians  and  logicians,  inveigh  too  severely  against  indirect 
or  a[)ogogic  demonstrations,  and  sometimes  is^nonmtly 
enough;  not  being  aware  that  there  are  some  things  that 
cannot  be  demonstrated  any  other  way  :  Of  this  the-prc- 
sent  proposition  is  a  very  clear  instance,  as  no  direct  de- 
monstration can  be  given  of  it :  Because,  besides  the  defi- 
nition of  a  circle,  there  is  no  principle  or  property  ititefing 
to  a  circle  antecedent  to  this  problem,  from  whijch  either  a 
direct  or  indirect  demonstration  can  be  deduced  :  Where- 
fore it  is  necessary  that  the  point  found  by  the  construction 
of  the  problem  be  proved  to  be  the  centre  of  the  circle,  by 
the  help  of  this  definition,  and  some  of  the  preceding  i^iro- 
]X)sition^ :  And  because,  in  the  demonstration,  this  propo- 
sition must  be  brought  in*,  viz.  straight  lines  from  the  cen- 
tre of  a  circle  to  the  circumference  are  equal,  and  (hat  Ac 
point  found  by  the  construction  cannot  be  assumed  as  the 
centre,  for  this  is  the  thing  to  be  demonstrated  ;  it  is  ma- 
nifest some  other  point  must  be  assumed  as  the  centre :  and 
if  from  this  assumption  an  absurdity  follows,  as  Euclid  &• 
monstrates  there  must,  then  it  is  not  true  that  the  point  ais- 
sumed  is  the  centre ;  and  as  any  point  whatever  was  itf- 
samed,  it  follows  that  no  point,  except  that  found  by.  the 
construction,  can  be  the  centre,  from  which  the  necessity 
of  an  indirect  demonstration  in  this  case  is  evident. 

PROP.  XIIL    B.  III. 

As  it  is  much  easier  to  imagine  that  two  circles  way 
touch  one  another  within  in  more  points  than  one,  upon 
the  same  side,  than  upon  opposite  sides;  the  figurt^  of 
that  case  ought  not  to  have  been  omitted;  but  the  <k«i- 
struction  in  the  Greek  text  would  not  have  suited  i^iih 
this  figure  so  well,  because  the  centres  of  the  ciretes  mtfet 
have  been  placed  near  to  the  circumferences;  on' Which 
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account  another  qonstruction  and  demonstration  is  given,  ^*'^*  J'/- 
winch  is  the  same  with  the  second  part  of  that  which  Cam- 
panus  has  translated  from  the  Arabic,  where,  without  any 
reason,  the  demonstration  is  divided  into  two  parts, 

PROP.  XV.    B.  III. 

Thb  converse  of  the  second  part  of  this  proposition  is 
wanting,  tliougli  in  the  preceding,  the  converse  is  added, 
in  a  like  case,  both  in  the  enunciation  and  demonstration  ; 
and  it  is  now  added  in  this.  Besides,  in  the  demonstration 
of  the  first  part  of  this  fifteenth,  the  diameter  AD  (see 
Conninandine's  figure),  is  proved  to  be  greater  than  the 
straight  line  BC  by  means  of  another  straight  line  MN ; 
whereas  it  may  be  better  done  without  it;  on  which  ac- 
counts we  have  given  a  different  demonstration,  like  to 
that  which  Euclid  gives  in  the  preceding  14th,  and  to 
that  which  Theodosius  gives  in*  Prop.  6.  B.  1.  of  his 
Spherics,  in  this  very  affair. 

PROP.  XVI.    B.  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin 
translation  literally,  but  have  given  what  is  plainly  the 
meaning  of  the  proposition,  without  mentioning  the  angle 
of  the  semicircle,  or  that  which  son[ie  call  the  cornicular 
jipgle,  which  they  conceive  to  be  made  by  the  circumfe- 

J^Dce  and  the  straight  line  which  is.at  right  angles  to  the 
lameter,  at  its  extremity;  which  angles  have  furnished 
matter  of  great  debate  between  some  of  the  modern  geome- 
ters^ and  given  occasion  of  deducing  strange  consequences 
from  them,  which  are  quite  avoided  by  the  manner.. in 
which  we  have  expressed  the  proposition.  And  in.  like 
ipnanner,  we  have  given  the  true  meaning  of  Prop.  31.  B.  3. 
without  mentioning  the  angles  of  the  greater  or  lesser  seg- 
ments. These  passages  Vieta,  with  good  reason,  suspects 
to  be  adulterated  in  the  58()th  page  of  his  Oper.  Math. 

PROP.  XX.    B.  111. 

Thk  first  words  of  the  second  part  of.this  demonstration, 
'**  KcxXacrSo;  $7}  ira^^y  "  are  wrong  translated  by  Mr.  Briggs 
and  Dr.  Gregory,  '*  Rursus  indinetur ;''  for  the  translation 
ought  to  be  *^  Rursus  inflectatur;"  as  Commandine  has  it: 
A  straight  line  is  said  to  be  inflected  either  to  a  straight,  or 
c  Crrve  Ime,  when  a  straight  line  is  drawn  to  this  line  fr^om 
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Book  III.  a  point,  and  from  the  point  in  which  it  meets  it,  astfatrht 
'^^^"^^'^^   line  making  an  angle  with  the  former  is  diawn  to  abotner 
point,  as  is  evident  from  the  QOlh  prop,  of  Euclid's  Data: 
For  thus  the  whole  line  betwixt  the  first  and  last  points  is 
inflected  or  broken  at  the  point  of  inflection,  where  the 
two  straight  lines  meet.    And  in  the  like  sbnse  two  straight 
lines  are  said  to  be  inflected  from  two  points  to  a  third 
point,  when  they  make  an  angle  at  this  point :  as  may  be 
seen  in  the  description  given  by  Pappus  Alexismdrimis  of 
Apollonius's  Books  de  Locis-^lanis,  in  the  preface  to  tbe 
7th  Book :  We  have  made  the  expression  fuller  from  the 
90th  Prop,  of  the  Data. 

PROP.  XXI.    B.  Ill, 

There  are  two  cases  of  this  proposition,  the  second  of 
which,  viz.  when  the  angles  are  in  a  segment  not  greater 
than  a  semicircle,  is  wanting  in  the  Greek  :  And  of  this  a 
more  simple  demonstration  is  given  than  that  which  is  io 
Commandine,  as  being  derived  only  from  the  first  case, 
without  the  help  of  triangles. 

PROP.  XXIII.  and  XXIV.    B.  III. 

In  proposition  24  it  is  demonstrated  that  the  segment 
AEB  must  coincide  with  the  segment  CFD  (see  Coriimio- 
dine's  figure),  and  that  it  cannot  fall  otherwise,  as  CGt)jiO 
as  to  cut  the  other  circle  in  a  third  point  G,  from  this, 
that,  if  it  did,  a  circle  could  cut  another  in  more  points 
than  two :  But  this  ought  to  have  been  proved  to  be  im- 
possible in  the  23rd  prop,  as  well  as  that  one  of  the  seg- 
ments cannot  fall  within  the  other.  This  part,  theo,  rs 
left  out  in  the  24th,  and  put  in  its  proper  place,  the  23id 
proposition. 

PROP.  XXV.     B.  III. 

This  proposition  is  divided  into  three  cases,  of  which 
two  have  the  same  construction  and  demonstration ;  there- 
fore it  is  now  divided  only  into  two  cases. 

PROP.  XXXIII.    B.  III. 

Th^s  also  in  the  Greek  is  divided  Into  three  oas^.cK 
whicbf  two,  viz.  one,  in  which  the  given  angle  is  a  Ht^^ 
and  the  other  in  which  it  is  obtuse,  have  e?[actly  the  saiP^ 
coDstructioQ  and  demonstration;  on  which  account,  th^ 
demonstration  of  the  last  case  is  l«ft  out,  as  quite  superfld-^ 
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IS,  and  the  addition  of  some  unskilful  editor ;  besides  the  Book  III. 
tmonstratjon  of  the  case  when  the  angle  given  is  n  right 
igle^  is  done  a  round-about  way,  and  is  therefore  changed 
a  more  simple  one^  as  was  done  by  Clavlus. 

PROP.  XXXV.    B.  Jir. 

As  the  25th  and  33rd  propositions  are  divided  into  more 
ses,  so  this  85th  is  divided  into  fewer  cases  than  are  ne- 
ssary.  Nor  can  it  be  supposed  that  Euclid  omitted  them 
K»use  they  are  easy ;  as  he  has  given  the  case,  which  by 
r  is  the  easiest  of  them  all,  viz.  that  in  which  both  the 
raight  lines  pass  through  the  centre :  And  in  the  follow- 
g  proposition  he  separately  demonstrates  the  case  in 
aich  the  straight  line  passes  through  the  centre,  and  that 

which  it  does  not  pass  through  the  centre :  So  that  it 
cms  THeon,  or  some  other,  has  thought  them  too  long 

insert :  But  cases  that  require  different  demonstrations, 
kQuld  not  be  left  out  in  the  Elements,  as  was  before  taken 
3tiqe  of:  These  cases  are  in  the  translation  from  the  Ara- 
ic,  and  are  now  put  into  the  text. 

PROP.  XXXVII.    B.  III. 

At  the  end  of  this,  the  words  "  in  the  same  manner  it 
may  be  demonstrated,  if  the  centre  he  in  AC,'*  are  left 
at  as  the  addition  of  some  ignorant  editor. 

DEFINITIONS  OF  BOOK  IV. 

Vhbn  a  point  is  in  a  straight  line,  or  any  other  line,  this. Book  IV. 

•oint  is  by  the  Greek  geometers  said  diTT&r^on^  to  be  upon    " — "^ 

[  in  that  line,  and  when  a  straight  line  or  circle  meets  a 

trcle  any  way,  the  one  is  said  anYt trja;,  to  meet  the  other : 

^t  when  a  straight  line  or  circle  meets  a  circle  so  as  hot 

>  cut  it,  it  is  said  sfaifrsar^at,  to  touch  the  circle ;  and  these 

■^o  terms  are  never  promiscuously  used  by  them  :  There- 

f^jin  the  5th  definition  of  B.  4.  the  compound  e^oLir'hffoLi 

list  be  read,  instead  of  the  simple  iitfrjrai :  And  iri  the 

[9  2d,  3d,  and  6th  definitions  in  Commandine*s  trans- 

lon,  "  tangit,''  must  be  read  instead  of  "  contingit :" 

'd  in  the  2d  and  3d  definitions  of  Book  3.  the  same 

^nge  must  be  made;  But  in  the  Greek  text  of  proposi- 

^^8  nth,  12th,  13th,  1 8th,  19thj  Book  3.  the  compoimd 

*b  is  to  be  put  for  the  simple. 
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Book  ly.  PROP.  IV.     B.  IV. 

In  this,  as  also  in  the  8th  and  13th  proposition  of  this 
book,  if  is  demonstrated  indirectly,  that  tlie  circle  touches 
a  straight  line ;  whereas  in  the  i7th,  83rd,  and  87tb  pro- 
positions of  Book  3.  the  same  thing  is  directly  demonstra- 
ted :  And  this  way  we  have  chosen  to  use  in  the  proposi- 
tions of  this  book,  as  it  is  shorter. 

PROP.  V.    B.  IV. 

The  demonstration  of  this  has  been  spoiled  by  some  un- 
skilful  hand :  For  he  does  not  demonstrate,  as  is  necessary, 
that  the  two  straight  lines  which  bisect  the  sides  of  the  tri- 
angle at  right  angles  must  meet  one  another ;  and,  without 
any  reason,  he  divides  the  proposition  into  three  cases: 
whereas,  one  and  the  same  construction  and  demonstratiqD 
serves  for  them  all,  as  Campanus.  has  observed ;  which  use- 
less repetitions  are  now  left  out :  The  Qreek  te^t  also  in 
the  corollary  is  manifestly  vitiated,  where  mention  is  made 
of  a  given  angle,  though  there  neither  is,  nor  can  b^.aoy 
thing  in  the  proposition  relating  to  a  given  angle. 

PR;0P.  XV.  and  XVI.    B.  IV. 

In  the  corollary  of  the  first  of  these,  the  words  equiii- 
teral  and  equiangular  are  wanting  in  the  Greek;  taxi  iB 
prop.  16.  instead  of  the  circle  ABCD,  ought  to  be  read  the 
circumrerence  ABCD:  \yhere  mention  is   made  of  iti 

containing  fifteen  equal  parts. 

DEF.  III.    B.  V. 

* 

Book  V.  Many  of  the  modern  mathematicians  reject  this  defioitioi: 
The  very  learned  Dr.  Barrow  has  explained  it  at  large  at 
the  end  of  his  third  lecture  of  the  year  16G6^  in  which  ab9 
he  answers  the  objections  made  against  it  as  well  as  thenb- 
ject  (vould  allow :  And  at  the  end  gives  his  opinion  opofi 
the  whole  as  follows : 

"  I  shall  only  add,  that  the  author  had,  perliaps,  no  other 
^^  design  m  making  this  definition,  than,  (that  he  iiii|^ 
"  more  fully  explain  and  embellish  his  subject)  to  give  a 
**  general  and  summary  idea  of  ratio  to  beginners,  by  pie* 
*^  mising  this  metaphysical  definition,  to  the  moreaccurtie 
*'  definitions  of  ratios  that  are  the  same  to  one  anotl^r,or 
*'  one  of  which  is  greater,  or  less,  than  the  other :  I  call  it% 
*'  metaphysical,  for  it  is  not  properly  a  mathematical,  defi- 


notes:  m 

*<  Ditkliy'  stiee  nothing  l»  nmtfaeDMtied  dfip/to/k:  od    «&  ^<^  ^ 

*^  Off  Ib  dbduced,  nor,  as  1  judge,  can  be  jfcdittcdlWH.i^; 

^  And  the  dcfiahion  of.  analog,  whidi  ftMom^  viz.    Aimh 

*<  Iqgjr  ii  die  stmilitude  of  ratios,  is  cf  the  same  kind,  aiiA 

^  can  serve  for  no  purpose  in  maithefliaties^but  pnly  to-gitiat 

<<  bqfiimen  some  general,  though  gron  aad;.eoDf|iied|.kfeo* 

^  tion  of  analogy :  But  the  whole  of  the  doctrine  4£ 

*'  ratios,  and  the  whole  of  mathematics,   depend  upon 

'^  the    accurate   mathematical    definitions   which  follow 


^  tUs ;  To  dwse  we  ought  principally  t»  atlefldy  as  |he 
^  doctrine  of  ratios  is  more  perfectly  explained  by  theapi ;. 
^  tins  tbird,  and  others  like  it,  may  be  entirely  spared  4ritlw 
**  out  any  loss  to  geometry ;  as  we  see  in  the  Jth  bdok  of 
^  the  Elementi,  wlicre  the  proportion  of  nambers  to  one 
.  *  another  is  defined,  and  treated  of,  yet  without  giving  anjt 
^  definltioD  of  the  ratio  of  numbers;  though  such  a  ctefini- 
*^  tioD  was  as  necessary  and  useful  to  be  given  in  tHiat  book 
^  aa  in  this ;  But  indeed  there  is  scarce  any  seed  of  it  im 
^  ekfaer  of  them  :  ThougKI  think  that  a  thing  of  sogenemb 
**  and  abstracted  a  nature,  and  thereby  the  more  difficult  to* 
^  be  coDoeived  and  explained,  cannot  be  more  oommodi- 
^  OBsly  defined  than  as  the  author  has  dbne:  Upon  whicb 
^  account  I  thought  fit  to  expkin  it  at  large,  and  defend  it 
**  against  the  captious  objections  of  those  who  attack  it.^ 
To  this  citation  of  Dr.  Barrow  I  have  nothing  to  add,  ex* 
cept  that  I  fully  believe  the  3d  and  8th  definitions  are  not 
SucUd's,  but  added  by  some  unskilful  editor. 

DEF.  XI.    B.  V. 

It  was  necessary  to  add  the  word  ^^  continual  *'  before 
^ proportionals "  in  thb  definition;  and  thus  it  is  cited  in 
the  SSd  prop,  of  Book  11. 

After  this  definition  ought  to  have  followed  the  deflni- 
tioB  of  compound  ratio,  as  this  was  the  proper  place  for  it;  du- 
pGctte^ma  triplicate  ratio  being  species  of  compound  ra- 
tio:. But  Theon  has  made  it  the  5th.  def.  of  B.  G.vrhere  he 
l^fes  an  absurd  and  entirely  useless  definition  of  compound 
alio:  For  this  reason  we  have  placed  another  definition 
of  it  betwixt  the  11th  and  12th  of  this  book,  which,  no 
doubt,  Euclid  gave;  for  he  dtes  it  expressly  in  Prop.  2S. 
B.  6.  and  which  Clavius,  Herigon,  and  Barrow,  have  like- 
vise  given,  but  they  retain  alsoTheon's,  which  they  ought 
^  hsice  left  out  of  the  Elements. 

•  DEF.  XUL    B.  V. 

"^        Tots,  and  the  rest  of  the  definitions  following,  contain 


■HOTBS. 

sliarpen  one's  genius   to  invent  others  like  itt   wherats 
there  Is  not  the  least  diflerence  between  the  two  d«noD9tra- 


tions,  except  a  single  word  in  t!ie  construction,  which  veiy 
probably  has  been  owing  to  an  unskilful  librarian.     Claviua 
likewise  gives  both  the  ways ;  bui  neither  he  nor  Mctarius  . 
takes  notice  of  the  reason  why  the  one  is  preferable  to  the 
other. 

PROP.  VL     E.  V. 
There  are  two  cases  of  this  proposition,  of  which  onl]r   ; 
the  first  and  simplest  is  demonstrated  io  the  Greek.     And    , 
it  Is  probable  Theon  thought  it  was  sufficient  to  give  this    i 
one,  since  he  was  to  make  use  of  neither  of  tliem  in  his 
mutilated  edition  of  the  5lh  book ;  and  he  might  as  well 
have  left  out  the  other,  as  also  the  fifth  proposition,  for  the 
same  reason.     The  demonstration  of  the  other  case  is  now 
added,  because  both  of  them,  as  also  the  5fh  proposition, 
are  necessary  to  the  demonstration  of  the  18th  proposition 
of  this  book.    The  translation  from  the  Arabic  gives  bolli 
cases  briefly. 

PROP.  A.  B.  V. 
This  proposition  is  frequently  used  by  geometers,  and  it 
is  necessary  in  the  25th  prop,  of  this  book,  3  Itt  of  the  6th, 
and  34th  of  the  1  Ith,  and  I5th  of  the  I2th  book :  It  seem* 
to  have  been  taken  out  of  the  Elements  by  Theon,  because 
it  appeared  evident  enough  to  him,  and  others,  who  substi- 
tute the  confused  and  indistinct  idea  the  vulgar  have  of 
proportionals,  in  place  of  ttiat  accurate  idea  which  is  to  te 
got  from  the  5th  def.  of  this  book.  Nor  can  thete  be  ttj 
doubt  that  Eudoxus  or  Euclid  gave  it  a  place  in  the  Ele- 
ments, when  we  see  the  'JtU  and  !^th  of  the  same  book  de- 
monstrated, though  they  are  quite  as  easy  and  eviileDt  U 
thJE.  Alphonsus  Borellus  takes  occasion  fi-om  this  pn^ 
sition  to  censure  the  5th  definition  of  this  book  very  se- 
verely, but  most  uniustly.  In  p.  12G.  of  his  EucKd  St- 
stored,  printed  at  Pisa  in  1658,  he  says,  "  Nor  can  even 
"  this  least  degree  of  knowledge  be  obtained  from  the  {ok- 
"  said  property,"  viz.  that  which  is  contained  Id  5th  M 
5.  "  That,  if  four  magnitudes  be  proportionals,  the  thW 
"  must  necessarily  be  greater  than  the  fourth,  wlien  iHt 
"  first  is  greater  than  the  second  ;  as  Clavlus  acknowled^ 
"  in  the  1 6th  prop,  of  the  3th  book  of  the  Elements." 
But  though  Clavius  makes  no  such  acknowledgement  a- 
pressly,  be  lias  given  Borellus  a  handle  to  sa;  this  of  |pi«j 


NOTES. 

'because  wlieo  Clavius,  in  ihe  above-cited  place,  censures  i 
-Command inc,  and  (hat  very  justly,  for  demonstrating  this  ' 
(proposition  by  help  of  the  l^ch  of  the  5thi  yet  he  himself 
igivesno  demonstntion  of  it,  but  thinks  tt  pinin  from  the 
'Vature  of  proportionals,  as  he  writes  in  the  end  of  the  14th 
Tiad  Itith  Prop.  B.  5.  of  his  edition,  and  is  followed  by 
Herignn  in  Scliol.  1,  Prop,  4.  B.  5,  as  if  there  was  any  na- 
teire  of  proportionals  antecedent  to  that  which  is  to  be  de- 
nved  and  understood  from  the  definition  of  them :  And 
'^ideed,  though  it  is  very  cfisy  to  give  a  right  demonstration 
i«f  it,  nobody,  as  far  as  I  know,  has  given  one,  except  the 
Reamed  Dr.  Barrow,  who,  in  answer  to  Borellus's  objec- 
1,  demonstrates  it  indirectly,  but  very  briefly  and  clearly, 
Inm  the  5th  definition,  in  the  yJ2d  page  of  his  Lect.  Ma- 
bem.  from  which  definition  it  may  also  be  easily  dcmon- 
Ciated  directly  ;  On  which  account  we  have  placed  it  next 
Dithe  propositions  concerning  equimultiples. 

^'(     ',   ,  PROP.  B.     B.  V. 

CThIS  also  is  easily  deduced  from  the  £th  def,  B.  5,  and 
therefore  is  placed  ne\t  to  the  other ;  for  it  was  very  igno- 
TBDtly  made  a  corollary  from  the  4tii  Prop,  of  this  Book. 
iSee  the  aote  on  that  corollary. 

PROP.  C.  B.  V. 
j„  This  is  freqoetilly  made  use  of  by  geometers,  and  is  ne- 
Mssary  to  the  5th  and  6th  Propositions  of  the  lOth  Book. 
Clavius,  in  his  notes  subjoined  to  the  8th  def.  of  Book  5. 
demonstrates  it  only  In  numbers,  by  help  of  some  of  the 
propositions  of  the  7th  Book ;  in  oroer  to  demonstrate  the 
property  contained  in  the  5tli  definition  of  the  5th  Book, 
F^jplien  iqjplied  to  numbers,  from  the  property  of  proportion- 
"  ~ls  contained  in  the  liOth  def.  of  the  7th  Book :  And  most 
I  the  commentators  judge  it  difficult  to  prove  that  four 
;aitudcs  which  are  proportionals  according  to  the  20ih 
of  "ih  Book,  are  also  proportionals  according  to  the  5th 
it.  of  oth  Book.  But  this  is  easily  made  out  as  follows : 
It,  if  A,  B,  C,  D,  be  four  magnitudes,  such  that  A 
!  same  multiple,  or  the  same 
tof  B,  which  C  is  of  D;  A,  B,   ] 

/roportioiials :  This  is  de- 
in  proposition  C. 
^  Secondly,  if  AR  contain  the  same 
ainsofCDthat  EFdoesofGH;  in 
^is  case  likewise  AB  is  to  CD,  as  EF 
oGH. 
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'  Let  CK  be  a  part  of  CD,  and  iJL  tlie  same  paifl  of  OH) 

anil  M  AB'be  tlie iaWe  mWllple  of  CK,  (hat  fiP  Is  of  GL: 

Therefore,  by  Proji.  C,  of  oih  Book,     ' 

AB  is  to  CK,  as  EF  to  GL 1  And  CD, 

GH,  nre  cquimulttptes  of  CK,  GL, 

fbe  second  and  fourth ;  wliercforp,  by  -I^ 

Cor.  Prop,  4.  Book  5.  AB  is  lo  CD, 

(isEFtoGH.  K. 

'  And  if  four  rengfiitudf?  be  pro- 
portionals according  to  ibe  5lh  def.  of 
Book  5.  they  are  also  proportionals      A      C       E      f J 
according  to  ihe  20th  def.  of  Book  7- 

,iFir=t,  if  A  he  to  B,  as  C  lo  D ;  then  if  A  be  anj  muW- 
nie  di^jiart  of  B,  C  is  the  same  multiple  or  part  of  D,  by 
KlJp.  D.ofB.  5. 

^'^est,  if  AB  be  to  CD,  as  EF  to  GH  :  then  if  AB  " 
contains  any  parts  of  CD,  EF  contains  the  satne  pRhs 
of  GH:  For  let  CK  be  a  part  of  CD,  and  GL  the 
eanie  part  of  GH,  and  let  AB  lie  a  multiple  of  CK : 
EFis  the  same  multiple  ofGL:  Take  M  tlie  same 
multiple  of  GLthat'  AB  is  ofCK  ;  therefore,  by  Prop.' 
C.  of  B.  5.  AB  is  to  CK,  as  M  to  GL :  and  CD,  ' 
GH,  are  equimulliples  of  CK,  GL;  wherefore,  by 
Cor.  Prop.  4.  B.  5.  AB  is  lo  CD,  as  M  to  GH. 
And,  by  llie  liypothesis,  AB  is  to  CD,  as  EF  to  GH ; 
therefore  M  is  equal  to  EF  by  Prop.  y.  Book  5.  and  " 
consequently  EF  is  the  same  multiple  of  GL  that  AB  it  of 
CK. 

PROP.  D.     B.  V. 

This  is  not  unfrequently  used  in  tiie  demonitntklfrtlf 

other  propositions,  and  is  necessary  in  tliat  ofPrc^.i).  &0l 

It  seems  Theon  has  kft  it  out  for  ihe  reasons  meDtiooed  iB 

the  notes  at  Prop.  A. 

PROP.  VIII.  B.  V. 
In  the  demoiistralJon  of  this,  as  it  is  now  in  the  Gted, 
there  are  two  cases  (sec  the  demonstration  in  Hervagiiis,  of 
Dr.  Gregory's  edition,)  of  whicii  ilie  first  is  iliat  in  wbitl 
AEis  less  thai)  KB  ;  and  in  tliis  it  necessarily  follows,  ibil 
H0  the  multiple  of  EB 1^  greater  ihan  ZH  the  same  inuli'i- 
pie  of  AE,  which  li»st  multiple,  by  the  construction^  is 
greater  than  A;  whence  also  H©  must  be  greater  thaiiA: 
But  in  the  second  case,  viz,  that  in  Avhich  EB  is  Ie«s  thSQ 
AE,  though  ZH  be  greater  than  A,  yet  H9  may  be  Ie» 
than  the  same  A;  so  that  there  cannot  be  taken  a  nialtlr 
pie  of  A  which  is  the  first  that  is  greater  than  K  or  H9,  be- 
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becMie  A  itaelf  is  greater  than  it:  Upon  this  accobht,   ?<*<>'▼■ 

the  author  of  this  demoostnitioa  found  it  necessaty  to 

change  one  part  of  the  construction  that  was  made  use  of 

in  the  first  case:    But  he  has,  without  any  necessity, 

dhanged  dso  another  part  of  i^  viz.  wbea  he  orders  to 

take  N  that  multiple  of  A 

nrhich  is  the  first  that  H 

greater  than  ZH  ;  far  he 

might  have  taken    that 

multiple  of  A  which  is  ^      j^ 

the  mt  that  is  greater 

than  RBj  or  K,  as  was  £•  jj^ 

dkme  in  the  first    case: 

Ele  likewise  brings  in  this 

K  into  the  demonstration 


H 


G    B   A     ® 


E 


A 


of  both,  cases,  without  any  reason  ;  for  it  serves  to  no  pur- 
pose but  to  lengthen  the  demonstration.  There  i»  also  a 
tldid  case  which  is  not  mentioned  in  this  demonstration, 
vis.  that  in  which  A£  in  the  first,  or  EB  in  the  second  of 
the  two  other  cases,  is  greater  than  D ;  and  in  this  any 
equimultiples,  as  the  doubles  of  AE^  BB,  are  to  be  taken, 
as  is  done  in  this  edition,  where  all  the  cases  are  at  once 
demonstrated :  And  from  this  it  is  plain  that  Thcon,  or 
some  otlier  unskilful  editor,  has  vitiated  this  pix^position. 

PROP.  IX.    B.  V. 

Of  this  there  is  ^iven  a  more  explicit  demonstration  than 
ihat  which  is  now  m  the  Elements.     - 

PROP.  X.    B.  V, 

Ir  was  necessary  to  give  another  demonstration  of  this 
pnqposition,  because  that  which  is  in  the  Greek  and  Ijatin, 
or  other  editions,  is  not  legitimate  :  for  the  words  greater, 
the  9amej  or  equals  lesser,  have  a  quite  different  meaning 
when  applied  to  magnitudes  and  ratios,  as  is  plain  from  the 
5th  and  7(h  definitions  of  Book  5.  By  the  help  of  these 
let  us  examine  the  demonstration  of  the  10th  Ptop.  which 
proceeds  thus :  ^*  Let  A  have  to  C  a  greater  ratio  man  B  to 
<<  C:  I  say  that  A  is  greater  than  B :  for  if  it  is  not  greater, 
<<  it  b  either  equal  or  less.  But  A  cannot  be  equal  to  B, 
^  because  then  each  of  them  would  have  the  same  ratio  to 
^C}  but  they  have  not.  Therefore  A  is  not  equal  to  B.** 
rhe  force  of  which  reasoning  is  this :  If  A  haa  to  C  the 
same  ratio  that  B  has  to  C,  then  if  any  equimultiples 
whatever  of  A  and  B  be  taken,  and  any  multiple  whatever 


NOT.E*. 

^"O'  ^-  ofC;  if  ihe  multiple  of  Abe  sreatCTtlM»D,tlwMi»Ui(*»=i»( 
C,  thee,  bjr  the  5th  dcf.  of  Boole  0,  the  multiple  «(  Bb 
alsogreater  than  thxt  of  C  ;  but,  from  tlic  hypwlicti-s  (bit 
A  has  a  greater  ratio  to  C,  than  B  l)»s  to  C,  ikure  mu^t, 
faiy  the  7ih  dcf.  of  Book  ii.  be  certain  uquImuUipW  of  A 
and  B,  and  eome  miiltijile  of  C  siu'h.  Uiat  the  multiple  of 
A  is  greater  than  the  multiple  of  C,  but  the  multiple 4)f  B 
is  not  greater  than  the  same  muhipie  of  C ;  And  this  |»TO- 
position  directly  contradicts  the  preceding;*  whcrefoK  A  is 
notequaltoB.  The  demonstretion ofihe  )Oih  pwp.  gne> 
op  thus :  "  But  neither  is  A  \ess  than  B ;  b(;L-»a<e  then  A 
"  would  hatea  less  ratio  to  Cthafl  B  lias  to  it;  But  it  hat 
"not  a  less  ratio,  therefore  A  ia  not  less  tliau  B,"  &c. 
Here  it  is  said,  that  "  A  would  have  a  less  ratio  toC  itua 
'^  R  lias  to  C,"  or,  which  is  the  same  thing,  that  B  would 
have  a  greater  ratio  to  C  than  A  to  C ;  that  is,  by  7tU  defi 
Book  5,  there  must  be  some  equimultiples  of  B  and  A,  Hcid 
some  multipte  of  C,  such  that  the  multiple  of  B  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  A  is  not  greater 
than  it ;  And  it  ought  to  have  been  proved,  that  this  can 
rwver  happen  if  the  ratio  of  A  to  C  be  greater  than  the  r»« 
tio  of  B  to  C ;  that  Is,  it  should  have  be^i  proved,  that,  ia 
tkis  case,  the  multiple  of  A  is  always  greater  than  the  mul- 
tiple of  C,  whenever  the  multiple  of  B  is  greater  tliao  tht 
inuliiplc  of  C;  for  when  this  is  demonstrated,  it  will  be 
evident  that  B  cannot  have  a  greater  ratio  to  C,  than  A  hu 
to  C,  ofi  which  is  the  same  thing,  that  A  cannot  have  a 
less  ratio  to  C  tlian  B  has  to  C.  But  this  is  not  at  itl 
proved  in  the  10th  proposition  :  But  if  the  lOih  were  once 
demonstrated,  it  would  immediately  follow  from  it,  but  mn- 
not  witiiout  !t  be  easily  demonstrated,  as  he  that  tries  t9  do 
it  will  find.  Wherefore  the  10th  proposition  is  not  cuiE- 
ciently  demonstrated.  And  it  seems  that  he  who  has  pnn 
the  demonstration  of  the  1 0th  proposition  as  we  now  have  it, 
tnsteadof  that  which  Eudoxusor  Euclid  luid  given,  has  been 
deceived  in  applying  what  is  manifest,  when  understood  of 
magnitudes,  unto  ratios,  viz.  that  a  magnitude  canoot  be 
both  greater  and  less  than  another.  That  tlK>se  things  which 
are  equal  to  the  same  are  equal  to  one  another,  is  a  most  evi- 
dent aidom  when  understood  of  magnitudes ;  yet  Euclid 
does  not  make  use  (^  it  to  infer,  that  thoBe  ratios,  which 
are  the  same  to  the  same  ratio,  are  the  same  to  one  another; 
but  explicitly  demonstrates  this  in  Prop,  11.  of  Boob  5. 
The  demonstration  we  have  given  of  the  10th  prop-  is  00 
doubt  the  samowiih,  tbw  jof  Eudoxus.or  ,|;iM'" 


NOTES, 

as  inuflQieidSatelj  and  directly  derived  from  the  definitiop  of 
ia  gitaler  ratio,  viz.  the  7th  of  the  5th. 

the  aboye-mentioned  projpositiony  viz.  If  A  have  to  C  a 
gmMr  ratio  than  B  to  C ;  and  if  of  A 
0«d'B  there  be  taken  eettain  equimul- 
tipkBy-.^nd  some  multiple  of  C ;  then  if 
t»e  multiple  of  B  be  greater  than  the 
AMllipJe  at  Cf  the  multiple  of  A  is  also 
gfatlig  than  the  same,  is  thus  demon*  A      fj;     U 

Ldt  b,  is,  be  equimultiples  of  A,  B,  p      F     E 
AodP  a  omitiple  of  C,  sueh,  that  £  the 
BSlddple  of  B  IS  greater  than  F ;  D  the 
arfvIUple  of  A  is  also  greater  than  F. 

•  Becaase  A  has  tf  grelater  ratio  to  C, 
Ihao  B'  to  C,  A  is  greater' than  B,  by  the 
IOtkA»p.B.  5,  thereforeD  the  multiple 
of  A'ia  greater  than  E  the  same  multiple 
ctB  i  And  B  is  greater  than  F:  much 
IMM  Ikerefore  D  is  greater  than  F. 

'  "  PROP.  XIII.    B.  V. 

hi.  Commandine*8y  Briggs's,  and  Gregory's  translations,  at 
dlAb^j|inning  of  thb  demonstration,  it  is  said,  ^^  And  the 
''  iptlltiple  of  C  is  greater  than  the  multiple  of  D ;  but  the 
^mitfiple  of  E  is  not  greater  than  the  multiple  of  F :" 
lyUch  words  are  a  literal  translation  from  the  Greek :  But 
t!l^.  sense  evidently  requires  that  it  be  read,  ^'  so  that  the 
*',|i|filt]ple  of  C  be  greater  than  the  multiple  of  D;  but 
<*  j^.multiple  of  £  be  not  greater  than'  the  multiple  of  F.^' 
Aod  thus  this  place  was  restored  to  the  true  reading  in  the 
first  jtf  itions  of  Commandine's  Euclid,  printed  in  8vo.  at 
Oxford  J  But  in  the  later  editions,  at  least  in  that  of  17^7f 
ihtf^mr  of  the  Greek  text  was  kept  in. 

Jbere  is  a  corollary  added  to  prop.  13,  as  it  is  necessary 
tpUie  i20th  and  2i8t  prop,  of  this  book,  and  is  as  useful  as 
the  proposition. 

PROP,  XIV.    B.  V. 

iS^B  two^cases  of  this,  whidi  ar^  not  in  the  Greek,  are 
added  ;^.  the  demonstration  of  them  not  being  exactly  the 
8atb'(6*wlth  that  of  the  first  case. 

PROP.  xvir.    B.  V. 

ThI  Older  of  the  words  in  a  clause  of  this  is  changed  to 
one  more  natural :  As  was  also  done  in  prop.  1 1. 


314  NOTES. 

Boo*  V. 
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PROP.  XVIH.    B.  V.  ^ 

The  domonstiation  of  thU  is  none  of  Kue\\A*§faot-kk 
legitimate ;  for  id  depends  upon  this  hypothesis^' tkattewiy 
three  magnitudes^  two  of  whioh,  at  least,  are  of  dwb  iaoie 
kind,  tliere  may  be  a  fourth  proportional  3  which^  if  not 
proved,  the  demonstration  now  in  the  text  is  of  no  force: 
JBut  this  is  assumed  without  any  proqf ;  nor  eiAnit^'a^^hf  as 
I  am  able  to  discern,  be  demonstrated  by  the  propdlhiotos 
preceding  this :  so  far  is  it  from  deserving  to  t be  redooned 
an  auom,  as  Clavius,  after  other  commentators,  wouldbafe 
it,  at  the  end  of  the  definitions  of  the  5th  1xx)k.    Eoelid 
does  not  demonstrate  it,  nor  doesKlie  show  how  Co  sod  the 
fourth  proportional,  before  the  I2th  prop,  of  the  6th  hook : 
And  he  never  assumes  any  thing^in  the  demonstnitioD  of  a 
proposition,  which  he  luul  nott  before  demonstnCid^  «t 
feast,  he  assumes  nothing  the  existence  of  which  is  not^ri- 
dently  possible ;  for  a  certain  conclusion  can  never  be-de- 
duced  by  the  means  of  an  uncertain  proposition:  Upbothii 
account,  we  have  given  a  legitimate  demonstration  of  this 
proposition  instead  of  that  in  the  Greek  and  other  ^tjons, 
which  very  probably  l*heon,  at  least  soipe  other^  has  pot  in 
the  place  of  Euclid  s,  because  he  thought  it  too  prol^  And 
as  the  17th  prop,  of  which  this  18th  is  the'converse,  h  de- 
monstrated by  help  of  the  first  and  second  propositions  of 
this  book ;  so,  in  the  demonstration  now  given  of  the  18di, 
the  5th  prop,  and  both  cases  of  the  6th  are  necessaiyj  and 
these  two  propositions  are  the  converses  of  the  1st  and  2d* 
Now  the  5th  and  Gth  do  not  enter  into  the  demonstratioa 
of  any  proposition  in  this  book  as  we  now  have  it :  Nor  can. 
they  he  of  use  in  any  proposition  of  the  Elements,  except 
in  this  ISth,  and  this  is  a  manifest  proof,  that  EucUd  mad^5 
use  of  them  in  his  demonstratioti  of  it,  and  that  the  demor^  - 
stration  now  given,  which  is  exactly  the  converse  of  tb^a^ 
of  the  17th,  as  it  ought  to  be,  differs  nothing  from  tkastt 
of  Eudoxus  or  Euclid :  For  tlie  5th  and  Gth  have  undoubte- 
dly been  put  into  the  5th  book  for  the  sake  of  some  pro- 
positions in  it,  as  all  the  other  propositions  about  equimmi^ 
tiples  have  been. 

Hieronynius  Saccherius,  in  his  book  named  ^'  Eadides 
^  ab  omni  nsevo  vindicatus,"  printed  at  Milan,  ann.  l/^ 
in  4to,  acknowledges  thb  blemish  in  the  demonstration  of 
the  Idth ;  and  that  he  may  remove  it,  and  render  the  de- 
monstration we  now  have  of  it  legitimate,  he  endeavours  to 
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^emonttrete  the  following  proposition,  wliich  is  in  page  115  ^^^  y{ 
of  hb  book,  viz.  .      -  ^ 

^  Let  A,  B,  C,  P,  be  four  magnitudes  of  which  the  two 
^  first  are  of  6ne  kind,  and  also  the  two  others  either  of 
"  the  same  kind  with  the  two  first,  or  of  some  other  the 
^^  9^me  -kind  with  one  another.  I  say  tjie  ratio  of  the  third 
<*C  te  the  fonrth  D,  is  either  equal  to,  or  greater,  or  less, 
^  thala  the  ratio  of  the  first  A  to  the  second  B." 

Aild  iJter  two  propositions  prenysed  as  lemmas,  he  pro-' 
oeedbthos: 

^  Either  among  all  the  possible  equimultiples  of  the  first 
^  A>  and  ^f 'the  third  C,  and,  at  the  same  time,-among  all 
^  the  possible  equimultiples  of  the  second  B,  and  of  the 
**  fourth  D,  there  can  be  found  some  one  multiple  EF  of 
^  the  first  A,  and  one  IK  of  the  second  B,  that  are  equal  to 
^  one  another ;  and  also  (iu  the  same  case)  some  one  muU 
<<  tiple  6H  of  the  third  C  equal  to  LM  the  multiple  of  the 
^  finifth  D,  or  such  equality  is  no  where  to  be  found.    If 

^iheftttcase  a r^ » 

« happen,  [i.e. -^  ^  ^ 

^  it  such    e-  ;g i ^ 

«qiHilityis  to  -"  ^  JV 

*  be  found]  it  ^n, ^ -- 

•la    n&nifest  ^  ^  ^ 

«*  ftom  what  is -.  -. 

«r  before     de-  ^ ^-' M 

^  n&onstrated,  that  A  is  to  B,  as  C  to  D;  but  if  such  simulta- 

*  iieous  equality  be  not  to  be  found  upon  both  sides,  it  will 
'^befound  either  upon  one  side,  as  upon  the  side  of  A  [and 
•B];  or  it  will  be  found  upon  neither  side.  If  the  first 
*1»{^n  tlierefore  (from  Euclid's  definition  of  greater  and 
•fcssefr  ratio  foregoing)  Alias  to  B  a  greater  or  less  ratio 
''tbm  C  to  D  ;  according  as  GH  the  multiple  of  the  third 
**  G  ia  less,  or  greater,  than  LM  the  multiple  of  the  fourth 

*  D :  Bat  if  the  second  case  happen;  therefore  upon  the 
^  one  nde,  as  upon  the  side  of  A  the  first  and  B  the  second, 
^  it  niay  happen  that  the  multiple  £F  [viz.  of  the  first] 
^  may  be  less  than  IK  the  multiple  of  the  second,  while,  on 
^  the  contrary,  upon  the  other  side  [viz.  of  C  and  D],  the 
.?  multiple  GH  [of  the  third  C]  is  greater  than  the  other 
•multiple LM  [of  the  fourth  D]  :  And  then  (from  thesame 

*  definition  of  Euclid)  the  ratio  of  the  first  A  to  the  second 

*  B  is  less  than  the  ratio  of  the  third  C  to  the  fourth  D ;  or 
^on  the  contrary. 


Sljflf  NOTES, 

BAo»y.       **  Therefore  the  axiom  [i.  e.  the  proposition  before  Rt 
*^  down]  remains  demonstrated,"  &c. 

Not  io  the  least;  but  it  still  remains  und^monitr^tid: 
For  what  he  says  may  happen,  may,  in  innumerable  tti^ 
never  happen;  and  therefore  his  demonstration' does i|ot 
hold :  For  example,  if  A  be  the  side,  and  B  the  diameter  of 
a  square  ;  and  C.  the  side,  and  D  the  diameter  of  another 
squai'e;  there  can  in  no  case  be  any  multiple  of  A  eouid'to 
any  of  B ;  nor  any  one  of  C  equal  to  one  of  D,  :ai  n  weD 
known  ;  and  yet  it  can  never  happen  that  when  aor  multi- 
ple of  A  is  greater  than  a  multiple  of  B,  the  multiple  efC 
can  be  lets  than  the  multiple  of  D,  nor  when  the  'multiple 
of  A  is  less  than  that  of  B,  the  multiple  of  C  calk  be  greater 
than  that  of'  D,  viz*  taking  equimultiples  of  A  and  C,  and 
equimultiples  of  B  and  D  :  For  A,  B,  C,  D,  are  («ropor- 
tiooals,  and  so  if  the  multiple  of  A  be  greater,  &c.  than  tbat 
of  B,  so  mtet  that  of  C be  greater,  &c.  than  that  <rfD ;  by 
5th  Def.  b.  6, 

The  same  objection  holds  good  against  the  demomtrafioii 
which  some  five  of  the  first  prop,  of  the  6th  bocdc,  whii^i 
we  have  ma^  against  this  of  the  18th  prop,  because  it  de* 
pends  upon  the  same  insufficient  foundation  with  tb^  edier. 

PROP.  XIX.    B.  V. 

A  COROLLARY  IS  added  to  this,  which  is  as  frequently 
used  as  the  proposition  itself.    The  corollary  which  is  sub- 
joined to  it  in  the  Greek,  plainly  shows  that  the  Stb  bool^ 
has  been  vitiated  by  editors  who  were  not  geonneters :  For 
the  conversion  of  ratios  does  not  depend  upon  this  \9i\h 
and  the  demonstration  which  several  of  the  commentators 
on  Euclid  give  of  conversion  is  not  legitimate,  as  Clavius 
has  rightly  observed,  who  has  given  a  good  demonstration 
of  it  wbidh  we  have  put  in  proposition  E ;  but  he  mallei  it 
a  corollary  from  the  I9th,  and  begins  it  with  the  vioiih 
^*  Hence  it  easily  follows,''  though  it  does  not  at  all  follofr 
from  it. 

PROP.  XX.  XXI.  XXII.  XXIII.  XXIV.    B.  V. 

Thb  demonstrations  of  the  20th  and  2 1st  prppositionsi 
are  shorter  than  those  Euclid  gives  of  easier  propo6>itiaQB| 
either  in  the  preceding  or  following  books.  Wheuefore  it 
was  proper  to  make  them  more  explicit,  and  the  22i  and 
23d  propositions  are,  as  they  ought  to  be,  extended  to  any 
number  of  magnitudes :  And,  in  like  manner,  may  the  24tl\ 
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be,  as  is  iiken  notice  or  in  the  oocoUtry  *,  and  another  co-  Boo«  y. 
ixdlary  M  added,  as  useful  as  the  proposition,  and  the  words  '  -  -"^ 
^  any.  whatever''  are  applied  near  the  end  of  prop,  23,  which 
aie  wanting  in  the  Greek  text,  and  the  translations  from  it 
-Jo  a  paper  writ  hy  Philippus  Naudaeus,  and  published 
after  his  death,  in  the  History  of  the  Royal  Academy  of 
Sciences  of  Berlin,  anno  l/^^y  page  50,  the  23d  prop,  of 
the  5th  book  is  censured  as  being  obscurely  enunciated, 
«Q^  because  of  this,  prolixly  demonstrated :  The  enuncia* 
tioD.  there  given  is  not  Euclid's  but  Tacquet's,  as  he  ao 
knowMlgeSy  which,  though  not  so  well  expressed,  is,  upon 
the  il^er,  the  same  with  that  which  is  now  in  the  £le- 
BieDts. .  Nor  is  there  any  thing  obscure  in  it,  though  the 
author  of  tlie  paper  has  set  down  the  proportionals  in  a  dia* 
advantageous  order,  by  which  it  appears  to  be  obscure :  But 
lo  doubt  Euclid  enunciated  this  23d,  as  well  as  the  22d,  so 
as  to  ei;tefid  it  to  any  number  of  magnitudes,  which,  talcen 
twc  and  two,  are  proportionals,  and  not  of  six  only ;  and  to 
tfaos  general  case  the  enunciation  which  Naudasus  gives, 
cannot  be  well  applied. 

The  demonstration  which  is  given  of  thb  23d,  in  that 
panefy  is  quite  wrong ;  because,  if  the  proportional  magni* 
tuoes  be  plane  or  solid  figures,  there  can  be  no  rectangle, 
(which  he  improperlv  calls  a  prodwct),  conceived  to  be 
made  by  any  two  of  them  :  And  if  it  should  be  said,  that 
in  thb  case  straight  lines  are  to  be  taken  which  are  propor- 
tional to  the  figures,  the  demonstration  would  this  way  be- 
come much  longer  than  Euclid's :  But,  even  though  his 
demonstration  had  been  right,  who  does  not  see  that  it 
could  not  be  made  use  of  in  the  5th  hodk  ? 


V      ' 


PROP.  F,  G,  H,  K.    B.  V, 

Thbsb  propositions  are  annexed  to  the  5th  book,  because 
they  are  frequently  made  use  of  hy  both  ancient  and  modem 
geometers :  And  in  manvcases^  cc»npound  ratios  cannot  be 
brought  into  demonstration,  without  making  use  of  them. 

Whoever  desires  to  see  the  doctrine  of  ratios  delivered  in 
this  5th  book  solidly  defended,  and  the  arguments  brought 
against  it  by  And.  Tacquet,  Alph.  Borellus,  and  others, 
fully  refuted,  may  read  Dr.  Barrow's  mi^ematical  lectures, 
viz.  the  7th  and  8th  of  the  year  1666. 

The  5th  book  being  thus  corrected,  I  must  readily  agree 
to  what  the  ieerned  Dr.  Barrow  says*,  **  That  there  is  no- 

•PageSSe. 
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9oe»  V.  «  thing  in  the  whole  bodj  of  the  Elemeata  of  a  more  sabtik 
^"^^"^^  ^  iavention,  notbinff  more  solidly  eilRbli«b#df  w4?hpok 
<<  accurately  haodlea^  than  the  doctrine  of  prq|Mirtifmb^'' 
And  there  is  some  ground  to  hope,  that  geooiefimwiU 
thinly  that  this  could  not  have  been  said  with  aa;gQpd:rea* 
son,  since  Theon's  time,  till  the  present  ,.    :  : : 

DEF.  U.  and  V.  of  B.  VI.  ''   ,! 

■       ■ « * 

Book  VI.  T^s  ^  definition  does  not  seem  to  be  Euclid's  bot'eoBO 
unskilful  editor's :  For  there  is  no  mention  made  by  Euclid 
nor,  as  fiar  as  I  know,  by  any  other  geometer,  of  reciprocal 
figures :  It  is  obscurely  expressed,  which  made  it  proper  to 
render  it  more  distinct :  It  would  be  better  to  pot  tbe'^- 
lowing  definition  in  place  of  it,  vizJ 

DEF.  II.  ■•.■-.   V 

Two  magnitudes  are  said  to  be  reciprocally  projpartioMi 
to  two  others,  when  one  of  the  first  is  to  one  of  the  otihei^ 
ifiagnitudes,  as  the  remaining  one  of  the  last  two  is  to  the 
remaining  one  of  the  first. 

But  the  5th  definition,  which,  since  Theon^s  time^  has 
been  kept  in  the  Elements,  to  the  great  detriment  of  leim- 
ers,  is  now  justly  thrown  out  of  them,  for  the  reasons  given 
in  the  notes  on  the  23d  prop,  of  this  book. 

PROR  1.  and  II.    B.  VI. 

To  the  first  of  these  a  corollary  is  added,  which  is  oftea 
used :  And  the  enunciation  of  tlie  second  is  made  morpg^ 
neral.  li 

PROP.  III.    B.  VI. 

A  SECOND  case  of  this,  as  useful  as  the  first,  is  ^ven  in 
prop.  A  ;  viz.  the  case  in  which  the  exterior  angle  of  a  tri- 
angle is  bisected  by  a  straight  line :  The  demonstratioaW 
it  is  very  like  to  that  of  the  first  case,  and  upon  this  accouirt 
may,  probably,  have  been  left  out,  as  also  the  enunciadoOy 
by  some  unskilful  editor.  At  least  it  is  certain,  that  Pap- 
pus makes  iise  of  this  case,  as  an  elementary  propositioDi 
without  a  demonstration  of  it,  in  Prop.  39,  of  his  Jthfiook 
of  Mathematical  Collections. 


in  demonstration, 


PROP.  VI.   B.  VL 

added  which  occurs  not  unfrequeotly 
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•     .a     j^i  >PAOe.:^U.    B.  VI.  Boo»Vt 

'  '  IVtMrna*  (dain  that  ^ome  editor  has  changed  the  demon* 
sthltlon  that^  Euclid  gave  of  this  proposition :  For,  after  he 
liiil'dAtMii^trated  that  the  triangles  are  equiangular  to  one 
afMtiier^  he  particularly  shows  that  their  sides  about  the 
equal  angles  are  proportionals,  as  if  this' had  not  been  done 
in  the  demonstration  of  the  4th  prop,  of  this  book :  This 
superfluous  part  is  not  found  in  tlie  translation  from  the 
Ambia^^and  is  now  left  out. 

PROP.  IX.    B.  VI. 

•■  ■  » 

Tula  is  deiQonstratcd  in  a  particular  case,  viz.  that  iu 
Mrhioh  the  third  part  of  a  straight  line  is  required  to  be  cut 
off;  which  is  not  at  all  like  Euclid's  manner :  Besides,  the 
author  of  the  demonstration,  from  four  magnitudes  being 
{mnxMtionals,  concludes  that  the  third  of  ihem  is  the  same 
multiple  of  the  fourtli,  which  the  first  is  of  the  second ; 
how,  tlus  is  no  where  demonstrated  in  the  5th  book,  as  we 
now  have  it;  but  the  editor  assumes  it  fn)m  the  confused 
DOtion  which  the  vulgar  have  of  proportionals :  On  tliis 
acoount  it  was  necessary  to  give  a  general  and  legitiquitc 
demonstration  of  this  proposition^ 

PROP.  XVIII.    B.  VI. 

The  demonstration  of  this  seems  to  be  vitiutud.  For  the 
proposition  is  demonstrated  only  in  the  case  of  quadrilate- 
ral Dgures,  without  mentioning  how  it  may  be  extended  to 
figmt»  of  five  or  more  sides :  Besides,  from  two  triangles 
b^kig  equiangular,  it  is  inferred,  that  a  side  of  the  one  is  to 
the  homologous  side  of  the  other,  as  another  side  of  the  first 
is  to  the  side  liomologous  to  it  of  the  other,  without  permu- 
tation of  thd  proportionals :  which  is  contrary  to  Euclid's 
iqanner,  as  is  clear  from  the  next  proposition :  And  the 
same  fiiult  occura  again  in  the  conclusion,  where  the  sides 
about  the  equal  angles  are  not  shown  to  be  proportionals, 
by  reason  of  again  neglecting  permutation.  On  these  ac- 
counts,  a  demonstration  is  given  in  Euclid's  manner,  like 
to  that  he  makes  use  of  In  the  20th  prop,  of  tins  book ;  and 
it  is  extended  to  five-sided  figures,  by  which  it  may  be  seen 
how  to  extend  it  to  figures  of  any  number  of  £:ides. 

PROP.  XXIII.    B.  VI. 

NoTHl^G  is  usually  reckoned  more  difficult  in  the  elements 
of. geometry  by  learners,  thnn  the  doctrine  of  c(m)))ound  ra- 
tio^ which  Theon  has  rendered  absurd  and  uu^eonietrical. 
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Booi  VI.  by  substituting  the  5t!i  definition  of  ihe  (!th  book  in  place 
"""^^^^    of  the  right  ilelinilion,  whicli  without  doubt  Eudoxusor 
Euclid  gave,  in  its  proper  place,  after  the  deSmtioD  of  tri- 
plicate ratio,  StL.  in  the  5tli  book.  Theon'i  definition  is  this ; 
a  ratio  is  said  to  be  compounded  of  ratios  oroLy  al  rm  x^aiy 

Which  Commandine  thus  translates :  "  Quando  ratioDiim 
"  quantitates  inter  se  multiplicai^e  aliquam  efheieot  ratio- 
"  ncni ;"  that  is,  when  the  quantities  of  the  ratios  being 
multiplied  by  one  another  make  a  certain  ratio.  Dr.  WallJs 
translates  the  word  mj^itonjret  «  rationem  exponentes," 
the  exponents  of  the  ratios  ;  and  Or.  Gregory  renders  tJie 
last  words  of  the  definition  by  "  illius  facit  quantitftfem," 
makes  the  quantity  of  that  ratio :  But  in  whatever  sense 
the  "quantities"  or  "exponents  of  the  ratios,"  and  their 
"  multiplication,"  be  taken,  the  definition  will  be  UDgeo- 
metrical  and  useless :  For  there  can  be  no  niultipliation 
but  by  a  number :  Now  the  quantity  or  exponent  of  a  ratio 
(according  to  Eutochius  in  his  Comment  on  Prop,  4. Book 
2.  of  Arch,  de  Sph.  et  Cyl.  and  as  the  modems  explain  that 
term)  is  the  number  which  multiplied  into  the  conseqonu 
term  of  a  ratio  produces  the  antecedent,  or,  which  is  the 
same  tiling,  the  number  which  arises  by  dividing  the  ante- 
cedent by  the  consequent;  but  there  are  many  ratios  sucb, 
that  no  number  can  arise  from  the  division  of  the  antece- 
dent by  the  consequent;  ex.  gr,  the  ratio  which  the  diame- 
ter of  o  square  has  to  the  side  of  it ;  and  the  ratio  which  the 
circumference  of  a  circle  has  to  its  diameter,  and  such  llhe. 
Besides,  that  there  is  not  the  lenst  mention  made  cf  this 
definition  in  the  writings  of  Euclid,  Archimedes,  ApADo* 
nius,  or  Other  ancients,  though  they  frequently  make  aw  ot 
compound  ratio:  And  in  this  23a  prop,  of  the  6A  boot, 
where  compound  ratio  is  Qrst  mentioned,  there  is  not  odt 
word  which  can  relate  to  this  definition,  though  here,  if  in 
any  place,  it  was  necessary  to  be  brought  in  ;  but  the  righ! 
dennition  is  expr^ly  cited  in  these  words :  "  But  the  nw 
"  of  K  to  M  is  compounded  of  the  ratio  of  K  In  L,  and  of 
"  the  ratio  of  L  to  M."  This  definition  therefore  of  Tbtan 
is  quite  useless  and  absurd  :  For  that  Theon  brought  it  ilh 
to  tlie  Elements  can  scarce  be  doubted;  as  it  is  tobefiniBJ 
iu  his  commentary  upon  Ptolemy's  ME^a^<;  Ziivra^if,  p^e 
62,  where  he  also  gives  a  childish  explication  of  it,as  4gKf- 
ing  only  to  such  ratios  as  can  be  expressed  by  numbet)' 
and  from  this  place  the  definition  and  explicatioo  have  been 
exactly  copied  and  prefixed  to  the  definitions  of  iktlt^ 
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Y  -'boott,  as  appears  from  Herragius's  edition :  But  Zanibertaa  ^ 
d  Commandinc,  in  their  Latin  translations,  subjoin  the 
me  to  these  deSnltions.  Neither  Campanus,  nor,  as  it 
ttOi,  tbe  Arabic  manutcripts  from  wliJcli  he  made  )ii« 
Ibnslafion,  have  this  defiaition.  Clavius,  in  his  observa- 
fons  upon  it,  rightly  judges  that  the  definition  of  com- 
Ebund  ratios  might  have  been  made  after  the  same  manner 
_n  vrhiali  the  definitions  of  duplicate  and  triplicate  ratio  are 
fc3P™'*'  "'*■  "  '^""  "^ '"  several  magnitudes  that  are  conti- 
K*riual  OTonortionalg,  Euclid  named  the  ratio  of  the  first  to 
•*  the  third,  the  duplicate  ratio  of  the  first  to  the  second; 
f'and  the  ratio  of  the  first  to  tlie  fourth,  the  triplicate  ratio 
"of  the  fint  to  the  second;  that  is,  the  ratio  compounded 
^of  two  or  three  intermediate  ratios  that  are  equal  to  one 
^'Baa^r,and  soon:  so,  in  like  manner,  if  there  be  several 
Ffltagnitudes  of  the  same  kind,  following  one  another, 
•  which  are  not  continual  proportionals,  the  first  is  said  to 
e  to  the  last  the  ratio  compounded  of  all  the  interme- 

le  ratios, only  for  this  reason,  that  these  interme- 

te  ratios  are  interposed  betwixt  ihe  two  extremes,  vi^. 
■Jibe  firet  and  last  magnitudes ;  even  as,  ia  the  10th  defi- 
Fnition  of  tlie  5th  book,  the  ratio  of  the  first  to  the  third 
*wks  called  the  duplicate  ratio,  merely  upon  account  of 
"wo  ratios  being  interposed  helwixt  the  extremes,  that  are. 
il  to  one  another :  so  that  there  is  no  diffcrence  be- 
t  the  compounding  of  ratios,  and  tiie  duplication  or 
xiplication  of  them  wlilch  are  defined  In  the  5ih  book, 
tut  that  in  the  duplication,  triplication,  &c.  of  ratios,  all 
Bie  interposed  ratios  arc  equal  to  one  another;  whereas, 
'n  the  compounding  of  ratios,  it  is  not  necessary  that  the 
Fbtermediate  ratios  should  be  equal  to  one  another." 
S  Mr.  Edmund  Scarhurgh,  in  his  English  Uanslation  of 
"  Bt  six  hooks,  pages  23S,  266,  expressly  affirms,  that 
h  definition  of  the  6th  book  is  supposititious,  and  that 
tie  deSnitiou  of  compound  ratio  is  contained  in  the 
\\  ilefinition  of  the  Slh  book,  viz.  the  definition  of  du- 
;  ratio,  or  to  be  understood  from  it,  to  wit,  in  the 
e  manner  as  Clavius  has  ejiplained  it  in  the  preceding 
■  '  Yet  the^c,  and  the  rest  of  the  moderns,  do  nut- 
Jing  retain  tilts  Sth  def.  of  the  6th  book,  and  it- 
rale  and  explain  it  by  long  commentaries,  when  they 
t  rather  to  have  taken  it  quite  away  from  the  Ele- 

fror,  by  pnmparing  def.  5,  book  S,  with  yirop.  5,  hook  3, 
will'cfearly  appetf'thut  thi^  definition  hsis  been  put  into 
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<  VI.  the  £lem«iits  in  place  of  the  right  one,  which  hn  been 
taken  out  of  them :  Because,  ia  prop.  5,  book  8,  it  is  de- 
monstrated, that  the  plane  number  of  which  the  (ides  arc 
C,  D,  has  to  the  plane  cumber  of  which  the  sides  are  E, 
Z,  {see  Hervagius's  or  Gregory's  edition,]  the  ratio  which . 
is  compounded  of  the  ratios  of  their  sides ;  that  is,  of  the 
ratios  of  C  to  £,  aod  D  to  Z ;  aod  by  def.  5,  book  6,  and 
the  explication  pven  of  it  by  all  the  commentators,  the 
ratio  which  is  compounded  of  the  ratios  of  C  to  E,  aod  D 
to  Z,  is  the  ratio  of  tlie  product  made  by  the  multiplication 
of  the  antecedents  C,  D,  to  the  product  by  the  consequents 
£,  Z,  that  is,  the  ratio  of  the  plane  number  of  which  the 
^idesare  C,  I>,  to  the  plane  number  of  which  the  sides  are 
E,  Z.  Wherefoic  the  proposition  which  is  the  4th  def,  of 
book  6,  ia  the  very  tame  with  the  5th  prop,  of  book  8,  and 
therefore  it  ought  necessarily  to  be  cancelled  in  one  of 
these  places ;  because  it  is  absurd  that  the  same  proposllioD 
should  stand  as  a  definition  in  one  place  of  the  Elements, 
and  be  demonstrated  in  another  place  of  them.  Now,tliei<e 
is  no  doubt  that  prop.  5,  book  B,  should  have  a  place  in 
the  Elements,  as  the  same  thing  is  demonstrated  in  it  con- 
cerning plane  numbers,  which  is  demonstrated  in  prop.  33, 
book  6,  of  equiangular  parallelt^rams ;  wherefore  a^,  5, 
book  G,  ought  not  to  be  in  the  Elements.  And  from  this 
it  is  evident  that  thisdefinition  is  not  Euclid's,  but  Thecai'i, 
or  some  otlicr  unskilful  geometer's. 

But  nobody,  as  far  as  I  know,  has  hitherto  shown  the  tnie 
use  of  compound  ratio,  or  for  what  purpose  it  has  been  in- 
troduced into  geometry;  for  every  proposition  in  which 
compound  ratio  is  made  use  of,  may  without  it  be  both-^ 
enunciated  and  demonstrated.     Now  the  use  of  compoUsuLJ 
ratio  consists  wholly  in  this,  tliat  by  means  of  it,  circumlo-  -^ 
cutions  may  be  avoided,  and  thereby  propositions  may 
more  briefly  either  enunciated  or  demonstrated,  or  botl~a 
may  be  done;  for  instance,  if  tliis  23d  proposition  of  tht 
6th  book  were  to  be  enunciated,  without  mentioning  com— » 
pound  ratio,  it  might  be  done  as  follows :  If  two  paraltele— 
grams  be  equiangular,  and  if  as  a  side  of  the  first  to  a  tide 
of  the  second,  so  any  assumed  straight  line  be  made  to  a 
second  straight  line  ;  and  as  the  other  side  of  the  6rrt  to 
the  other  side  of  the  second,  so  the  second  straight  lixi«%e 
made  to  a  third :  Ttie  first  parallelogram  is  to  the  second, 
u  the  first  straight  line  to  the  third.     And  the  demonstn- 
tion  would  be  exactly  the  same  as  we  no 
flie  ancient  geometers,  when  they  observe 


NOTES. 

tton  could  be  made  shorter,  by  giving  n  name  to  the  rwio  Book  VI. 
whidi  ihe  first  stntlglit  line  has  (o  the  last,  by  which  name  '■•'V"** 
th«  intermediate  ratios  might  likewise  be  signihed,  of  the 
flfsl  to  the  second,  and  of  lite  second  to  the  third,  and  so  I 

Ml,  if  there  were  more  of  them,  they  called  this  ratio  of  the  I 

first  to  the  last,  the  ratio  compounded  of  the  ratio  of  the  1 

first  to  tbe  second,  and  of  the  second  to  the  third  straight 
Hoe;  that  is,  in  the  present  example,  of  the  ratios  which 
tire  Uie  seme  with  the  mlioe  of  the  sides,  and  by  this  ttiey 
cotpresaed  the  proposition  more  briefly  thus :  If  there  be 
two  ecpiiangular  parallelograms,  they  have  to  one  another 
(he  ratio  which  is  the  same  with  that  which  is  compounded 
ti  ratios  that  are  the  same  with  the  ratios  of  ilie  sides ; 
irhich  is  shorter  than  the  preceding  enunciation,  but  has 
{precisely  the  same  meaning.  Or  yet  shorter  thus ;  E^ui- 
Mnguiar  parallelograms  have  to  one  another  the  ratio  which 
*  uie  »Bine  with  that  which  is  comiMunded  of  the  ratios  of 
.sides.  And  these  two  enunciations,  the  (irst  espe- 
lUy,  agree  to  tlie  demonstration  which  is  now  in  the 
^redi-  The  proposition  may  be  more  briefly  demonstra- 
4*d,  as  Candallu  does,  thus :  Let  ABCD.CICPG,  be  two 
ianKular  parallelograms,  and  complete  the  pnral I elogram 
HG:  then,  because  there  are  three  parallelograms, 
>  CH,  CF,  the  first  AC  (by  the  definiiion  of  compound 
tio)hB9to  the  thirdCF,thera- 
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which  is  compounded  of  the 
of  the  first  AC  to  the  second 
CH,  and  of  the  ratio  of  CH  to 
4m  third  CF;  but  the  parallelo- 
min  AC  is  to  the  parallelof^ram 
JISJ,  as  the  straight  line  BC  to 
And  the  parallelogram  CH 
to  CP,  as  ilie  straight  line  CD 

to  CE  ;  therefore  the  [« rail  elogram  AC  hn^  to  CF  the 
:Eo  which  is  compounded  of  ratios  that  are  lite  ^anie  with 
ratios  of  the  sides.  And  to  this  demon'-iratiou  agrees 
enuiaciation  which  is  at  present  in  the  text,  viz.  equian- 
ar  parallelograms  have  to  one  another  the  ratio  which 
compounded  of  the  ratios  of  Ihe  sides ;  for  the  vulgar 
ling, "  which  is  compounded  of  their  sides,"  is  alnurd. 
in  this  edition,  we  have  kept  the  demonstration  which 
the  Greek  text,  ihougli  not  so  short  as  Caod&lki's  ; 
luse  the  way  of  finding  the  ratio  which  is  compounded 
'.the  ratio  of  the  sides,  that  is,  of  finding  the  ratio  of  pa- 
iboWD  ui  that,  hut  not  in  Candalb's  de- 
Y2 
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BookVL  numstratioD )  wheieby  b^giDMntiiajikhSiffii^'UiKke  cates, 
how  to  fibd  Uie  utio  which  b  compoundfid  of  two  or  more 
given  ratios. 

.    From  what  has  been  siud,  it  may  be  observed^  that  in 
any  magnitudes  whatever  of  the  same  kind,  Ay-B*  C,D,  &c. 
the  ratio  compoutided  of  the  ratios  o£  the.  first  to  the  se- 
cond, of  the  second  to  the  third,  and  ao  on  to  the  1ast»  is 
only  a  name  or  expression  by  which  the  ratio  mrhich  the 
first  A  has  to  the  lalst  D  b  -  signified,  and  by  which  at  the 
same  time  the  ratios  of  all  tlie  magnitudes  A  to  B,  B  to  C, 
C  to  D|  from  the  first  to  tlie  last,  to  one  another,  whether 
they  be  the  same,  or  be  not  the  same,  are  indicated ;  as  in 
magnitudes  which  are  continual  proportionals  A,  B^  C,  D, 
&c.  the  duplicate  ratio  of  the  first  to  the  second  is  only  a 
name,  or  expression  by  which  the  ratio  of  the  first  A  to  the 
third  C  is  signified,  and  by  which,  at  the  same  time,  is 
shown,  that  there  are  two  ratios  of  the  magnitudes  firom 
the  first  to  the  last,  viz.  of  the  first  A  to  the  second  B,  and 
of  the  second  B  to  the  third  or  last  C,  which  are  the  nunc 
with  one  another;  and  the  triplicate  ratio  of  the  first  to  the 
second  is  a  name  or  expression  by  which  the  ratio  of  the 
first  A  to  the  fourth  D  is  signified,  and  by  which,  at  the 
same  time,  is  shown,  that  there  are  three  ratios  of  the 
magnitudes  from  the  first  to  the  last,  viz.  of  the  first  A  to 
the  second  B,  and  of  B  to  the  third  C,  and  of  C  to  the 
fourth  or  last  D,  which  are  all  the  same  with  one  another; 
and  so  in  the  case  of  any  other  multiplicate  ratios.     And 
that  this  is  the  right  explication  of  the  meaning  of  these 
ratios  is  plain  from  the  definitions  of  duplicate  and  tripli- 
cate ratio,  in  which  li^uclid  makes  use  of  the  word  XsyeroA, 
is  said  to  be,  or  is  called;  which  word  he,  no  doubt,  made, 
use  of  also  in  the  definition  of  compound  ratio,  which Theoo, 
or  some  other,  has  expunged  from  the  Elerpents ;  for  the 
very  same  word  is  still  retained  in  the  wrong  definition  of 
compound  ratio,  which  is'now  the  5th  of  the  6th  book  i 
But  in  the  citation  of  these  definitions  it  is  sometimes  re- 
tained, as  in  the  demonstration  of  prop,  ig,  hook  6',  ^^  the 
^'  first  is  said  to  have,'  e%£iv  Xfysra*,  to.  the  third  the  dupli- 
"  cate  ratio,"  &c.  which  is  wrong  translated  by  Comman- 
dine  and  others,  "  has"  instead  of  "  i$  said  to  have,"  and 
bometimes  it  is  left  out,  as  in  the  demonstration  of  prop; 
^3,  of  the  1 1th, book,  in  which  we  find,  "  tbe  first. has,  i;^ 
"  to  tlie  third  the  triplicate  ratio;'*  but  \yithout doubt  B^jsi; 
*^  has,"  in  this  place  signifies  the  same  as  sx/ity  ^fycrcijtis 
iaid  to  have:  so  likewise,  in, Prop.  ?3»B«.6rW)r'fi^^his 
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eitiitioB^  ^  hut  tfas  ntio  of  K  ta  M  b  compounded^  citfKurau  BdoE  V£ 
<<  of  the  ratio  of  K  ID  L,  aod  the  ntio  of  L  to  M,**  which  it 
a  shorter  way  of  expressing  the  same  thing,  which,  acoord-> 
log  to  the  definition,  ought  to  have  been  expressed  by 
ejifp^Mrim  kp/rrau^  is  said  to  be  compounded. 

Fitiui  these  remarks,  together  with  the  propositions,  sub< 
joined  to  the  5th  book,  aU  that  is  found  concerning  com* 
pound  ratio,  either  in  the  ancient  or  modem  geometers, 
may  be  ondentood  and  explained. 


PROP.  XXIV.    B.  VI. 

It  seems  that  some  unskilful  editor  has  made  up  this  de* 
monstredon  as  we  now  have  it,  out  of  two  others ;  one  of 
which  0iay  be  made  from  the  -id  prop,  and  die  other  frooi 
the  4th  of  this  book.  For  after  he  has,  ironi'  the  2d  of  this 
bouk,and  composition  and  permutation,  demonstrated,  that 
the  sides  about  the  angle  common  to  the  two  parallelograms, 
are  proportionals,  he  might  have  immediately  concluded, 
that, the ^ides  about  the  other  equal  angles  were  proportion- 
als, viz.  froni  Prop.  34,  B.  1.  and  Prop.  7»  B.  .5.  This  he 
does  nut,  but  proceeds  to  show,  that  the  triangles  and  pa- 
rallelugrams  are  equiangular:  apd  in  a  tedious  way,  by 
help  of  Prop.  4.  of  this  book,  and  the  22d  of  book  5,  de* 
duces  the  same  conclusion :  From  which  it  is  plain,  that 
this  ilUcomposed  demonstration  is  not  Euclid's :  These  su- 
perfluous things  are  now  left  out,  and  a  more  simple  de- 
inoustration  is  given  from  the  4th  prop,  of  this  book,  the 
sf^ine  which  is  in  the  translation  from  the  Arabic,  by  help 
of  the  .2d  prop,  and  composition ;  but  in  this  the  author 
neglects  permutation,  and  does  not  show  the  parallelo- 
grams to  be  equiangular,  as  is  proper  to  do  for  the  sake  of 
beipumers. 


PROP.  XXV.    B.  VI. 

It  is  very  evident,  that  the  demonstration  which  Euclid 
had  given  of  this  proposition  has  been  vitiated  by  some  un- 
skilful hand :  For,  after  this  editor  had  demonstrated,  that 
^  as  the  rectilineal  figure  ABC  is  to  the  rectilineal  fi^re 
<<  K6H,  so  is  the  parallelogram  BB  to  the  parallelogram  EF;*' 
nothing  more  should  have  been  added  but  this,  *^  and  the 
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Boos  VI.  "  rectilineal  figure  ABC  is  equal  to  the  paiBllelograiR  BE ; 

""^"^"^   "  therefore  the  reclilioeal  KGH  is  equal  to  the  paiallela- 

"  gram  EF,"  viz.  from  prop.  1 4,  book  5.  Bnt  betirort  these 

two  sentences  he  lia?  inserted  this,  "  wherefore,  by  permu- 

"  tation,  as  the  rectilineal  figure  ABC  to  the  parallelogram 

"  BE,  so  ii  ihe  rectilineal  KGH  to  the  parallelogram  EF ;" 

hy  which  it  is  plain,  he  thought  it  was  not  so  evident  to 
conclude,  that  the  second  of  four  proportions  is  e(]iial  to  the 
fourth  from  the  equality  of  tlie  6rst  and  third,  which  is  a 
thing  demonstrated  in thel4thprop.of  B,5,as toconclude 
that  the  third  is  equal  to  the  fourth,  from  the  equality  of 
the  first  and  second,  which  is  no  where  demoastrated  in 
the  Elements  as  we  now  have  them :  But  though  this  pro- 
position, viz.  the  third  of  four  proportiooals,  is  equal  to  the 
fourth,  if  the  first  he  equal  to  the  second,  had  been  giTcn 
in  the  Elements  by  Euclid,  as  very  proijably  it  was,  yet  he 
would  not  have  made  use  of  it  in  this  place,  because,  as  was 
said,  the  conclusion  could  have  been  immediately  deduced 
without  this  superfluous  step  by  permutation :  'Fhis  we  have 
shown  at  the  greater  length,  both  because  it  affords  a  cer- 
tain proof  of  the  vitiation  of  the  text  of  Euclid  ;  for  the 
Very  same  blunder  is  found  twice  in  the  Greek  text  of  prop. 
23,  hook  1 1,  and  twice  in  prop.  2,  book  12,  and  in  the  5, 

11,  12,  and  18th  of  that  book;  in  which  places  of  boct 

12,  except  the  last  of  them,  it  is  rightly  left  out  in  the  Ox- 
ford edition  of  Commandine's  translation  :  And  also  that 
geometers  may  beware  of  mating  use  of  permutation  in  the 
like  cases :  for  the  moderns  not  nnfrequently  commit  this 
mistake,  and  among  others  Commandine  himself  in  hiK- 
eommentary  on  prop.  5,  book  3,  p.  fi.  b.  of  Pappus  Alesan — 
drinus,  and  in  other  pkces :  The  vulgar  notion  of  propor^ 
tionals  has,  it  seems,  preoccupied  many  so  much,  that  the^a 
do  not  sufEciently  understand  the  true  nature  of  them. 

Besides,  though  the  rectilineal  figure  ABC,  to  which 
other  is  to  he  made  similar,  may  be  of  any  kind  whate»_ 
yet  in  the  demonstration  the  Greek  text  has  "  triai^l^^ 
instead  of  "  rectilineal  figure,"  which  error  is  corrected  "^ 
the  above- named  Osford  edition. 


PROP.  XXVII.    B.  VL 

The  second  case  of  this  has  aXXwf,  otherwise,  prefixerf 
to  it,  as  if  it  was  a  different  demonstration,  which  probab// 
httbeefldfane  by  tome  liiidtUfiil  tifa»riao.    Dr.  Cr^i} 


h«s  rightly  led  it  out  i  The  scheme  of  this  second  cast  ^'*°' 
ought  to  be  marked  with  the  same  letters  of  the  alphabet  ^"^ 
wluoll  are  in  tlie  scheme  of  the  fiist,  as  is  now  done. 


PROP.  XXVIII.  »nd  XXIX.     B.  VI. 

-  These  two  problems,  to  the  first  of  which  the  27th  prop. 
is  necesssry,  arc  the  most  gcnerel  and  useful  of  all  in  the 
Blements,  and  are  most  frequently  made  use  of  by  tlie  an- 
cient geometers  in  the  Bolution  of  other  problems;  and 
iheremre  are  very  ifjnorantJy  left  out  by  Ttcquet  and  Dc- 
eliales  in  their  editions  of  the  Elements,  who  pretend  that 
they  are  scarce  of  any  use  :  The  cases  of  these  problems, 
wherein  it  is  required  to  apply  a  rectangle  nhich  shell  be 
'  «qiial  to  a  given  square,  to  a  given  straiglit  tine,  either  de- 

^  Bcient  or  exceeding  by  a  square  ;  are  very  often  made  use 
•f  by  geometers  :  And,  on  this  account,  it  is  thought  pro-, 
per,  for  the  sake  of  beginners,  to  give  their  constructloRff 
■s  follows : 

) .  To  apply  a  rectangle,  which  shall  be  equal  to  a  given 
Ifjuare,  to  a  given  straight  line,  deficient  by  a  square :  B'al 

"tile  given  square  must  not  be  greater  than  that  upon  the 

JKir  of  the  given  line. 

.    Let  ABbe  the  given  straight  line,  and  let  thcs  square 

iJNpon  the  given  straight  line  C  be  that  to  which  the  rectan- 

fie  to  be  applied  must  be  equal,  and  this  square  by  the  de- 

'term  in  at  ion  is  not  greater  than  that  upon  half  of  the  straight 

joe  AB. 

',-,  Bbect  AB  in  D,  and  if  the  square  upon  AD  be  equal  to 

Ae  square  upon  C,  the  thing  required  is  done  ;  But  if  it 

Ik  not  equal  to  it,  AD  must 

Rw  greater  than  C,  accord- 

tpg  to  the  determination  : 
ta.w  Dli  at  right  angles  to 
B,  and  make  it  equal  to 
J  produce  ED  to  F,  so 

ttat  BP  he  equal  to  AD  or 

K>B,  and  from  the  centre  E, 
It  the  distance  EF,describe 


1 


m  circle  meeting  AB  in  G, 
*'-  and  upon  GB  describe  the  se 


1  upon  UB  describe  the  square  GBKH,  and  complete 
t^e  rectangle  AGHL;  also  join  EG;  And  beciu^e  AB  is 
bisected  in  D,  the  rectangle  AG,  GB,  together  with  the 

e<of  PC,  is  equal' to  (the  iquare  of  DB,.  tlut  u,er>A.e. 


NOTES., 


»  VL  EF  or  £G,  that  is,  to)  ilie  squarea  of  ED,  DG:  Tal«  away 
the  square  of  DG  from  each  of  these  equals;  therefore  the 
remaining  rectangle  AG,  GB,  is  equal  to  the  square  of  ED, 
that  is,  of  C :  But  the  rectangle  AG,  GB,  is  the  rectangle 
AH,  because  GH  is  equal  to  GB ;  therefore  the  rectaogle 
AH  is  equal  to  the  given  square  upon  the  straight  line  C. 
Wherefore  the  rectangle  AH,  equal  to  the  given  square 
upon  C,  has  been  applied  to  the  given  straight  line  AB, 
deficient  by  the  square  GK.     Which  was  to  be  done. 

2.  To  apply  a  rectangle  which  shall  be  equal  to  a  given 
square,  to  a  given  straight  line,  exceeding  by  a  square. 

Let  AB  be  the  given  straight  line,  and  let  the  square 
upon  the  given  straight  line  C  be  that  to  which  the  rect- 
angle to  be  applied  must  be  equal. 

Bisect  AB  in  £>,  and  draw  BE  at  right  angles  to  it,  to 
'that  BE  be  equal  to  C;  and  having  joined  DE,  from  tlia 
e  Dat  the  distance  DE  describe  a  circle  meeting  AB 
produced  in  G;  upon  EG  describe  the  square  BGHK,  and 
complete  the  rectangle  AGHL-  And  because  AB  is  bi- 
sected in  D,  and  produced  to 
G,  the  rectangle  AG,  GB, 
together  with  the  square  of 
0.  s.  DB,  is  equals  to  (the  square 
of  DG,  or  DE,  tJiat  is,  to) 
the  squares  of  EB,  BD. 
From  each  of  these  equals 
lake  the  square  of  DB;  there- 
fore the  remaining  rectangle 
AG,  GB,  is  equal  to  the 
square  of  BE,  that  is,  to  the  square  upon  C.  But  theiect* 
angle  AG,  GB,  is  the  rectangle  AH,  because  GH  isequU 
to  GB.  Therefore  the  rectangle  AH  is  equal  to  the 
(.quare  upon  C.  Wherefore  the  rectangle  AH,  equal  to 
the  given  squaie  upon  C,  has  been  applied  to  the  giveii . 
btraight  line  AB,  exceeding  by  the  squai'e  GK,  Wilidl 
was  to  be  done.  -.  ,i  i,. 

3.  To  apply  a  rectangle  to  a  given  straight  Viae  wUelv: 
shall  be  equal  to  a  given  rectangle,  and  be  deOdent  b]fii 
t^quare.  But  the  given  rectangle  must  not  be  greater  tal[L 
the  square  upon  the  half  of  the  given  straight  line,      i .  .    > 

Let  AB  be  the  given  straight  line,  and  let  (he  givearecl- 
angle  he  that  which  is  contained  by  the  straight  liees  C^' 
D,  which  is  Dot  greater  than  the  square  upon  the  htUfi^i 
AB ;  it  is  required  to  apply  to  AB  a  rectangle  cqu^to4h&> 
rectangle  C,  D,  deficient  by  a  square,  ■  ■  -i  «  ti<.«M^  l 


NOTES. 


S29 


BnrarAE,  BFyatriglitang)e9.toAB»ttpon the satne side  Boot  VL 
ityMdmake  Afi  equal  to  C,  and  BF  to  D ;  join  EF» 
id  bbect  it  in  O }  and  from  the  cientre  G,  at  the  distance 
E^tecrtbe  a  circle  meeting  AB  again  in  H:  Join  HF, 
id  dnw  GK  pantUel  to  it,  and  GL  parallel  to  AE,  meet- 
fi^AB  in  L.  ' 

Because  the  angle  EHF  in  a  semicircle  is  equal  to  the 
rht  iogie  BAB^  AB  and  HF  are  parallels,  and  AH  and 
F  are  pnnillels^  wherefore  AH  is  equal  to  BF,  and  the 
Gtangle  £A,  AH,  equal  to  the  rectangle  £A,  BF,  that  is, 
the  rectangle  C,  D :  And  because  EG,  GF  are  equal  to 
le  another,  and  AE,  LG,  BF  parallels ;  therefore  AL  and 
B  are  equal,  also  EK  is  equal  to  KH*  and  the  rectangle  •  3.  s. 

D,  from  the  determination,  is  not  K^ater  than  tne 
uafe  of  AL^  the  half  of  AB ;  wherefore  the  rectangle  E A, 
El,  is  not  greater  than  the  square  of  AL,  that  is,  of  KG  : 
M  to  each  the  square  of  KE ;  therefore  the  square  ^  of  >»  6.  t. 
K  it  not  greater  than  the  squares  of  EK,  KG,  that  is, 
an  the  square  of  EG,  and 
»Daequently  the  straight  line 
K  or  GL  is  not  greater 
an  GE.  Now,  if  GE  be 
ual  to  GL,  the  circle  EHF 
iiches  AB  in  L,  and  there- 
re  the  square  of  AL  is<^ 
ual  to  the  rectangle  EA, 
rl,  thatis,  to  the  given  rect-  H 
igle  C,  D,  and  that  which  a 
IS  required  is  done:  But 
EG,  GL,  be  unequal,  EG 
ost  be  the  greater:  and  O 
erdbre  the  circle  EHF  cuts  the  stnught  line  AB :  let  it 
It  it  in  the  points  M,  N,  and  upon  NB  describe  the  square 
BOP,  and  complete  the  rectangle  ANPQ  :  Because  LM 
equal toit>  LN,  audit  has  been  proved  that  AL  is  equal  to  *  3. ». 
iB;  therefore  AM  is  equal  to  NB,  and  the  rectangle  AN, 
IB,  equal  to  the  rectangle  NA,  AM,  that  is,  to  the'rectan- 
;le«  EA,  AH,"or  the  rectangle  C,  D :  But  the  rectangle  •Cor.  36. s. 
jiN^NB,  is  the  rectangle  AP,  because  PN  is  equal  to  NB : 


36,  3, 


y  tbe  square  BP.     Which  was  to  be  done. 
4.  To  apply  a  rectangle  to  a  given  straight  line  that  shall 
'  ^ual  to  a  given  rectangle,  exceeding  by  a  square. 


NOTES. 
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BnoE  VI<'     Let  AB  be  the  given  straight  line,  and  the  rectaogleC, 
'-'V-"'   D,  the  given  recungtc,  it  is  required  to  apply  a  rectangle 
to  AB  equal  to  C,  D,  exceeding  by  a  square. 

Draw  AE,  BP,  at  right  angles  to  AB,  on  the  contrary 
sides  of  it,  and  make  A£  equal  to  C,  and  BF  equal  to  D : 

Join  EF,  and  bisect  it  in  G ;  and  from  the  centre  G,  at 

the  distance  GE,  describe  a  circle  meeting  AE  again  id  H  ; 
join  HF,  and  draw  GL  parallel  to  AE;  let  the  cirde  meet 
AB  produced  in  M,  N,  and 
upon  BN  describe  the 
square  BNOP,  atid  com- 
plete the  rectangle  ANtV; 
because  the  angle  EHP  in 
>  semiciri'ie  is  cqu^l  to  the 
right  angle  KAB,  AB  and 
HFnrepar;il1cls,aiidlluTc- 
fore  AHand  BFare  eqwil, 
and  the  reciangle  EA,  AH, 
equal  to  the  ittlaiigle  EA, 

BF,  that  K,  to  ihe'reetatinie  C,  D:  And  bccaufeMLfc 
equal  toL,  N,aiid  ALto  LB,  therefore  MA  Jsequiil  foBi?, 
•  35.  3.  and  the  recianirle  AN,  NB,  to  MA,  AN,  thai  ia,»  to  the  rect- 
angle EA.  AH,  or  the  rectangle  C,  D  :  Therefore  ihe 
rectangle  AfV,  NB,  that  is,  AP,  is  eqnal  to  the  rectawk 
C,  U  ;  and  to  the  given  stniight  line  AB  the  rectangle  AP 
has  been  applied  equal  to  the  given  rectangle  C,  I^a- 
ceeding  hy  the  square  BP.     Which  was  to  be  done. 

Willebrordus  Sncllius  was  the  first,  as  far  as  I  know,  ulio 
gave  these  constructions  of  tlie  3d  aud  tth  Problems  ia  Ml 
Apollonius  Baiavus :  And  afterwards  the  learned  Dr.  Hfi' 
ley  gave  them  in  the  Scholium  of  the  18th  Pf«p.«f  At 
ah  Book  of  Apolkinius's  Conies  restored  hy  him. 

The  3d  Problem  is  otherwise  enunciated  thus  :  Te  cut 
a  given  straight  line  AB  in  the  point  N,  so  as  to  maketbt 
rectangle  AN,  NB,  equal  to  a  given  space:  Or,  whichil 
the  same  thing,  having  given  AB  the  sum  of  the  aides ofl 
rectang'ife,  and  the  magnitude  of  it  being  likewise  given)  tt 
find  its  sides. 

And  the  4th  Problem  is  the  same  with  this :  To  fiml  i 
pobit  N  in  the  given  straight  line  AB  produced,  so  Uito 
luaVe  the  rectangle  AN,  NB,  equal  to  it  given  space  :  Ofi 
which  is  the  same  thing,  having  given  AB  the  difference  of 
the  udes  of  a  rectangle,  and  the  tnagnitudc  of  it,  to  find  the 
lidfiB. 


NOTB& 
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PROP,  XXXI.    B.  VI. 

lit  dM^  dmoDstnitkni  of  this,  the  iDvenioii  of  propor- 
tiomiii  ni  twice  neglected,  and  is  now  added,  that  the  eon* 
cfpmon  may  be  legitimately  made  by  help  of  the  24th 
nop.  of  B.  5^  as  Clavius  had  done. 


Baas  VL 


PROP.  XXXII.    B.  VI. 

Tbe  enunciation  of  the  preceding  26th  Prop,  is  not  ge- 
neral enough ;  because  not  only  two^milar  paraUelogcams 
that  have  an  angle  common  to  both,  are  about  the  same 
diameter;  but  likewise  two  similar  parallelograms  that 
have  vertically  opposite  angles,  have  their  diameters  in  the 
ipane  straight  lines  :  But  there  seems  to  have  been  another, 
ud  that  a  direct,  demonstmtion  of  these  cases,  to  which 
this  38d  Proposition  was  needful :  And  the  S2d  may  be 
otherwise,  and  something  more  briefly,  demonstrated,  as 
fidlows: 


PROP.  xxxn.  R  VI, 

If  two  triangles  which  have  two  sides  of  the  one,  &c. 

lieC  GAF,  HFC,  be  two  triangles  which  have  two  sides 
AG^  GF»  prcHsortional  to  the  two  sides  FH,  HC,  viz.  AG 
to  GF,  as  FH  to  HC;  and  let  AG  be  parallel  to  FH,  and 
OF  to  HC ;  AF  and  FC  are  in  a  C!  ]> 

a  rtnught  line. 

Dmw  CK  paraOel*  to  FH, 
and  let  it  meet  GF  produced  in  E 
K:  Sscause  AG,  KC,  are  each 
tf  them  parallel  to  FH,  they  are 
MisHel^  to  one  another,  and    vj 
toeiefoig   the   alternate  angles 
AGP,  FKC«  are  equal:  And  AG  is  to  GF,  as  (FH  to  HC» 
tfiat  is<^  CK  to  KF ;  wherefore  the  triangles  AGP,  CKP « 


•31.1. 


30.1. 


34.1. 


equiangular"^,  and  the  angle  AFG  equal  to  the  angle  * «.  «. 

€3FK :  But  GFK  is  a  straight  lim^  therefore  AF  and  FC 
s  in  a  straight  line  \  .       •  14.  i. 

The  26th  Frop.is  ^monstnited  fonnthe  22d,  as  follows : 
If  two  simibir  and  similarly  placed  parallelograms  havcf 
angle  common  to  both,  or  vertically  opposite  angles  ^ 

their  diameters  are  in  the  same  stiaight  line. 


332  NOT£S. 

Book  v.       First,  let  the  parallelograms  ABCD,  AEFG,  have  the 
^"^^^^"^^  angle  BAD  coannon  to  hath,  and  be  similar,  and  similar* 
ly  placed :  ABCD,  AEFG  are  ahoiit  the  same  diameter. 

iVoduce  EF,  GF,  to  H,  K,  and  join  FA,  fCj  then  be- 
cause  the  parallelograms  ABCD,  AEFG  are  amilfir,  DA 
is  to  AB,as  GA  to  AE :  Where-   a  G  J) 

•  Cor.  19. 5.  fore  the  remainder  DG  is^  to  the     ^"^         " 
remainder  £B,  as  GA  to  AE : 
But  DG  is  equal  to  FH,  EB  to 
HC,  andAEtoGF:  Therefore 
as  FH  to  HC,  so  is  AG  to  GF; 

and  FH,  HC  are  parallel  to  AG,  

GF;    and  the  triangles  AGF,    "*  K  O 

FHC  are  joined  at  one  angle  in  the  point  F ;  wherefore 
■*  o2. 6.  AF,  FC  are  in  the  same  straight  line^. 

Next,  Let  the  parallelograms  KFHC,  GFEA,  whii6h  &re 
similar  and  similarly  placed,  have  their  angles  KFH,  GFK 
vertically  opposite;  their  diameters  AF,  FC  are'in  tte^ 
same  straight  line 

Because  AG,  GF  are  parallel  to  FH,  HC ;  and  tliat 
AG  is  to  GF,  as  FH  to  HC ;  therefore  AF,  FC  arc  In  the 
same  straight  line  \ 


PROP.  XXXIII.    B.  VL 

The  words  "because  they  are  at  the  centre,**  attliS 
out  as  the  addition  of  some  unskilful  hand. 

In  the  Greek,  as  also  in  the  Latin  translation,  the  Words 
d  rtux^i  "  any  wliatever,"  are  left  out  in  the  demonstration 
of  both  parts  of  the  proposition,  and  are  now  added' as 
quite  necessary ;  and,  in  the  demonstration  of  the  jsecoad 
part,  where  the  triangle  BGC  is  proved  to  be  equal  to  CGK| 
the  illative  particle  ofa,  in  the  Greek  text,  ought  %o  b« 
omitted. 

The  second  part  of  the  proposition  is  an  additioD  of, 
Theon's,  as  he  tells  us  in  his  commentary  on  Ptolen/* 


■  > 


McyaAij  Xuvraji^,  fp,  50. 


. ...  -If 

...        -p       -. 


PROP.  B,  a  D.    B,  VL 

Tbbse  three  propositions  are  udded,  because  th^aieto' 
quently  made  use  of  by  geometers.  •     *    -^^ 


NOTES- 


DEF.  IX.  and  XL    B.  XL 

The  similitude  of  plane  figures  is  defined  from  the  equa- 
lity oF  their  angles,  and  the  proportionality  of  the  sides 
about  the  equat  angles ;  for  from  the  proportionality  of  the 
sides  only,  or  onhr  from  the  equality  of  the  angles,  the  si- 
militude.of  the  figures  does  not  follow,  except  in  the  case 
i;vhen  the  figures  are  triangles :  the  similar  position  of  the 
sides  which  contain  the  figures,  to  one  another,  depending 
partly  upon  each  of  these:  And  for  the  same  reason,  those 
are  similar  solid  figures  which  have  all  their  solid  angles 
equal,  each  to  each,  and  are  contained  by  the  same 
number  of  similar  plane  figures :  For  there  are  some  solid 
figures  contained  by  similar  plane  figures,  of  the  same 
number,  and  even  of  the  same  magnitude,  that  are  neither 
similar  nor  equal,  as  shall  be  demonstrated  after  the  notes 
on  the  10th  definition  :  Upon  this  account  it  was  necessary 
to  amend  the  definition  of  similar  solid  figures;  and  so 
place  the  definition  of  a  solid  angle  before  it:  And 
from  this  and  the  lOth  definition,  it  is  sufficiently  plain 
how  much  the  Elements  have  been  spoiled  by  unskilful 
editors. 

DEF.  X.    B.  XI. 

SiNCfi  the  meaning  of  the  word  **  equal"  is  known  and 

established  before  it  comes  to  be  used  in  this  definition ;. 

therefore  the  proposition  which  is  the  10th  definition  of 

diis  book,  is  a  theorem,  the  truth  or  falsehood  of  which 

oill^t  to  be  demonstrated,  not  assumed ;  so  that  Theon,  or 

soiDe  other  editor,  has  ignorantly  turned  a  theorem,  which 

qygbt  to  be  demonstrated,  into  tiiis  iOth  definition.    That 

fimorea  ^re  similar,  ought  to  be  proved  from  the  definition 

of  aimilar  figures ;  that  they  are  equal,  ought  to  be  demon* 

stra^ted  from  the  axiom,  *^  Magnitudes  that  wholly  eoiu- 

*<  cide  are  equal  to  one  another;''  or  from  Prop.  A.  of 

Qook  5».  tir  the  9th  Prop,  or  the  14tli  of  the  same  Book, 

ftoin  one  of  which  the  equality  of  all  kinds  of  figures  must 

ultimately  be  deduced.    In  the  preceding  books,  Euclid 

lias  given  no  definition  of  equal  figures,  and  it  is  certain  he 

did  not  give  this:  For  wliat  is  called  tlie  first  def.  of  the 

third  book,  is  really  a  theorem  in  which  those  circles  arc 

said  to  be  equal,  that  have  the  straight  lines  from  the  cen- 

tfes  t&tUe  circumferences  equal,  which  is  plain  from  the 

defioidou  of  a  circle;  and  therefore  has  by  some  editor 


NOTES. 

been  Improperly  placecl  anaoDg  the  iJeGoitioDs.  Tlie  eqoi- 
lity  of  figures  ought  not  to  be  defined,  but  demoDstrated : 
Therefore,  though  it  were  true,  that  solid  figures  contained 
by  the  same  number  of  similar  and  equal  plane  fignres  an 
eqiui  to  one  another,  yet  he  would  justly  deserve  to  be 
bknted  who  would  make  a  definition  of  this  propwltioo, 
which  ought  to  be  demonstrated.  But  if  this  proposition 
be  not  true,  must  it  not  be  confessed,  that  geometere  Yixve, 
for  these  thirteen  hundred  years,  been  mistaken  in  ihisefe- 
raentHry  matter }  And  this  should  teach  us  modesty,  and  U) 
acknowledge  how  litlle,  through  the  weakness  of  out 
minds,  we  are  able  to  prevent  mistakes,  even  io  the  princi- 
ples of  sciences  which  are  justly  reckoned  anuuigct  tkt 
most  certain ;  fur  that  the  proposition  b  not  UDWotalh 
true,  can  be  shown  by  many  examples ;  The  ddlnrim  n 
sufficient: 

Let  there  be  any  plane  rectilineal  figure,  as  th<  lnni|^ 
'  ABC,  and  from  a  point  D  within  it  draw*  tbe  ittu^ 
line  DE  at  right  angles  to  tbe  plane  ABC;  in  DE  takt 
DE,  DF,  equal  to  one  another,  upon  the  opposite  sidei  of 
the  plane,  and  let  G  be  any  |)oint  in  EF;  jma  DA,  0^ 
DC;  EA,  EB,  EC ;  FA,  FB,  FC;  GA,  GB,  GC:  be- 
cause the  straight  line  EDF  is  at  right  angles  to  the  dIbik 
ABC,  it  makes  right  angles  with  DA,  DB,  DC,  whcb  it 
meets  in  that  plane;  and  in  the  triangles  EDB,  FDB,EO 
and  DB  are  equal  to  FD  and  DB,  each  to  each,  and  tb«y 
contain  right  angles;  therefore  tbe  base  EB  is  equal^l* 
the  base  FB;  in  the 
same  manner  EA  is 
equal  to  FA,  and  EC 
toFC:  And  in  the  tri- 
angles EBA,  FBA, 
EB,  BA,  are  equal  to 
FB,  BA,  and  the  base 
EA  is  equal  lotbe  base 
FA;  wherefore  tbe  an- 
gle EBA  is  equal  «  to 
the  angle  FBA,  and  the 
triangle  EBA  equal  l* 
to  the  triangle  FBA, 
and  the  other  angles 
equal  to  tlie  other 
angles;  therefore  these 
triangles  are  similar'':  In  the  same  manner  the  trlRB^ 
KBC  a  siqiilar  to  the  triangle  FBC,  and  the  m'anglBHAC 
to  FAC;  therefore  theie  are  two  solid  figures,  each  d 
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"wfaichiif  icoBtained  by  ax  trianglet,  one  of  them  by  thnse  |^J^ 
tAm^mihc  common  vntiex  of  which  is  the  point  6,  and  ^^ 
theirtees  the  straight  lines  AB,  BC^  CA,  and  by  three 
!oih€t  tringles,  the  oommoB  i^rtex  of  which  is  the  point 
J^  aod^thoir  bi^  die  same  lints  AB,  BC,  CA :  The  other 
^sfid  is  contained  by  the  same  ihree  triangles  the  common 
vertOK  of  which  16  G,  and  their  bases  AB,BC,  CA :  and  by 
jdisee  other  triangles  of  which  the  common  vertex  is  the 
pcmit  F,  and  their  bases  the  same  straight  Hoes  AB,  BC» 
£▲  s  J(fow  the  three  triangles  GAB,  GBC,  GCA,  are  oom* 
IBOO  t9  both  solids,  and  the  three  others  EAB,  EBC,  EGA, 
^..ibe  first  solid,  have  been' shown  equal  and  similar  to 
Aa  three  others,  FAB,  FBC,  FCA,  of  the  other  solid,  each 
tdi  cadi :  therefin^  these  two  solids  are  contained  by  the 
siapse  nasnber  of  equal  and  similar  planes :  But  tliat  they 
are  mM  equal  is  manifest,  because  the  first  of  them  is  con- 
laimed.  in  the  other :  Therefore  it  is  not  universally  true 
diBfcsolida  are  equal  which  are  contained  by  the  same  mus- 
bcr  of  equal  and  similar  planes. 

Cos.  From  this  it  appears  that  two  uneqoal  solid  angles 
may  be  ccmtained  by  the  same  number  of  equal  plane  an- 
flea. 

For  the  solid  angle  at  B,  which  is  contained  by  the  four 
(iane  angles  EBA,  £BC,  GB A,  GBC,  is  not  equal  to  the 
idid  angle  at  the  same  point  B  which  is  contained  by  the 
bar  plane  angles  FBA,  FBC,  GBA,  GBC ;  for  this  last 
contains  the  other :  And  each  of  them  is  contained  by  * 
faur  plane  angles,  which  are  equal  to  one  another,  each  to 
each,  or  are  the  self-same,  as  has  been  proved ;  And  in* 
deed  there  may  be  innumerable  solid  angles  all  unequal  to 
one  another,  which  are  each  of  them  contained  by  plane 
an^es  that  are  equal  to  one  another,  each  to  each :  It  b 
Ukewise  manifest,  that  the  before-mentioned  solids  are  not 
timilar,  since  their  solid  angles  are  not  all  equal. 

And  t)ikt  tliere  may  be  innumerable  solid  angles  all  un»> 
€qual  y>  one  another^  which  are  each  of  them  contained  by 
tlie  sfo^e  plane  angles  disposed  in  the  same  order,  will  be 
plajO'finom  the  three  following  propositions. 

V'       -  - 

PROP.  I.    PROBLEM. 

Th&ike  magnitudes.  A,  B,  C,  being  given,  to  find  a 
fourth  such,  that  every  three  shall  be  greater  than  the  r^  . 

libiiinDg  me.       /  ' 

^ALet'Dbe  the  fourth :  t^erdore  D  must  be  less  than  A, 
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2'  B.  C,  together :  Of  the  three  A,  B,  C,  let  Abe  that  which 
is  not  less  than  either  of  the  two  B  and  C :  And  firet,  let  B 
and  C  together  be  not  less  than  A ;  therefore  B,  C,  D,  to- 
iretlier  are  greater  than  A  :  And  because  A  is  not  less  than 
B ;  A,  C,  D,  together  are  greater  than  B  :  In  the  h'fce 
manner  A,  B,  D,  together  are  greater  than  C ;  Wherefore 
in  the  case  in  which  B  and  C  together  are  not  less  than  A, 
any  magnitude  D  which  is  less  than  A,  B,  C,  together,  will 
answer  the  problem. 

But  if  B  and  C  together  be  less  than  A ;  then,  becmist 
it  is  required  that  B,  C,  D,  together  be  greater  than  A, 
from  each  of  these  taking  away,  B,  C,  the  remaining  one  D 
must  be  greater  than  the  excess  of  A  above  B  and  C  i  Taf;e 
tlierefore  any  magnitude  D  which  ia  Jess  than  A,  B,  C,  to- 
gether, hut  greater  than  the  exeess  of  A  above  B  and  C ; 
Then  B,  C,  D,  together  are  greater  than  A ;  and  because 
A  is  greater  than  either  E  or  tJ,  much  more  will  A  antl  D, 
togeilier  with  either  of  the  two  B,  C,  be  greater  thao  ih* 
Oilier :  And,  by  the  construction,  A,  B,  C  are  together 
greater  than  D. 

CoK.  If  besides  it  be  required,  that  A  and  B  togetlier 
shall  not  be  less  than  C  and  D  together;  the  excess  of  A 
and  B  together  above  C  must  not  be  less  than  D,  that  is, 
D  must  not  be  greater  than  that  excess. 

PROP.  11.    PROBLEM. 

ToUK  magnitudes  A,  B,  C,  D,  being  given  of  which  A 
and  B  together  are  not  less  than  C  and  D  together,  and  nicli 
that  any  three  of  them  whatever  are  greater  than  the  fourth; 
it  is  required  to  find  a  fifth  magnitude  E  such,  that  any 
two  of  the  three  A,  6,  E,  shall  be  greater  than  the  tliird, 
and  also  that  any  two  of  the  three  C,  D,  E,  shall  be  gtwtet 
than  the  third.  Let  A  be  not  less  than  B,  and  C  not  leSJ 
than  D. 

First,  Let  the  excess  of  C  above  D  he  not  less  th«n  the 
excess  of  A  above  B  :  It  is  plain  that  a  magnitude  E  can  be 
taken  which  is  less  than  the  sum  of  C  and  D,  but  greater 
than  the  excess  of  C  above  D  ;  let  it  be  taken  ;  then  E  is 
greater  likewise  than  the  excess  of  A  above  B  ;  wherefore 
r^  and  B  t<^ether  arc  greater  than  A ;  and  A  is  not  less  than 
B  ;  therefore  A  and  B  together  are  greater  than  B  :  Antl, 
hy  the  hypothesis,  A  andE  together  are  not  less  than  C 
and  D  together,  and  C  and  D  together  are  greater  than  E: 
therefore  likewise  A  and  B  nre  greater  than  E- 
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But  let  the  excess  of  A  above  B  be  greater  than  the  ex-  ^^'^'^^ 
cess  of  {/above D :  Aad  because,  by  the  hypothesis,  the 
thre^.B,  Cf  D,  are  together  greater  than  the  fourth  A  ;  C 
and  D  together  are  greater  than  the  excess  of  A  above  B  : 
TheriMbre  a  magnitude  may  be  taken  which  is  less  than  C 
and  D  together,  but  greater  than  the  excess  of  A  above  B. 
Let  this  magnitude  be  E :  and  because  E  is  greater  than 
the  excess  o^  A  above  B,  B  together  with  E  is  greater  than 
A :  Aikfas,  in  the  preceding  case,  it  may  be  shown  that  A 
together  with  £  is  greater  than  B,  and  that  A  together  with 
B  Is  gretter  than  E :  Therefore,  in  each  of  the  cases,  it 
lias  been  shoWn,  that  any  two  o(  the  three  A,  B,  £,  are 
greatter  diao  the  third. 

And  because  in  each  of  the  cases  E  is  greater  than  the 
excess  of  C  above  D,  E  together  with  D  is  greater  than  C; 
and  hj  the  hypothesis,  C  is  not  less  than  D ;  therefore  £ 
tXigether  vnth  C  is  greater  than  D ;  and,  by  the  construc- 
tion, CaDd  D  together  are  greater  than  E  :  Therefore  any 
two  of -die  three  C,  D,  E,  are  greater  than  the  third. 


PROP.  III.    THEOREM. 

Thbi^b  may  be  innumerable  solid  angles,  all  unequal  to 
one  another,  eacli  of  which  is  contained  by  the  same  four 
plane  angles  placed  in  the  same  order. 
.  Take  three  plane  angles,  A,  B,  C,  of  which  A  is  not  less 
fli&'n  either  of  the  other  two,  and  such,  that  A  and  B  toge- 
fter  are  less  than  two  right  angles ;  and,  by  Problem  1 ,  and 
its  corollaiy,  find  a  fourth  angle  D  such,  that  any  three 
Whatever  of  the  angles  A,  B,  C,  D,  be  greater  than  the  re- 
n^Qing  angle^  and  such,  that  A  and  B  together  be  not 
ji^'V&iQ  C  and  D  together :  And,  by  Problem  2,  find  a 
tiiftti.  angle  £  such,  thaf  any  two  of  the  angles  A,  B,  £,  be 


H 

[pneaterthan  the  .thii:d>JM^4  Mso^^t  a^y  two  of  the  angles 
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Boot  XI.  C,  D,  %  he  greater  tlian  the  third :  And  beciaus^  A  and  B 
*"*''^^'^^  together  are  less  than  two  right  angles,  the  double  of  A  and 
B  together  is  less  than  four  right  angles :  But  A  and  B  to^ 
gether  are  greater  than  the  angle  E ;  wherefore  the  double^ 
of  A,  B,  together  is  greater  than  the  three  angl^  Aj  B^  Uf 
together,  which  three  are  consequently  less  than  foiff  right 
angles ;  and  eveiy  two  of  the  same  angles  A,  Bj  fi^  are 
greater  than  the  third ;  therefore,  by  prop.  23, 1 1 ,  ft  solid 
angle  maybe  made  contained  by  three  plane  aqgles,  equal  to 
the  angles  A,  B,  E,  each  to  each.  Let  this  be  the  angle  F, 
contained  by  the  three  plane  angles  GFH,  HFK,  GFKj 
which  are  equal  to  the  angles  A,  B,  E,  each  to  each ;  And 
because  the  angles  C,  D,  together  are  not  greater  than  the 
angles  A,  B,  together,  therefore  the  angles  C,  D,  K,  are 
not  greater  than  the  angles  A,  B,  £ :  But  these  lait  three 
are  less  than  four  right  angles,  as  has  been  demonstiftil^: 
wherefore  also  the  angles  C,  D,  E,  are  together  less  th« 
four  right  angles,  and  every  two  of  them  are  ^r^ter  thftil 
the  third ;  therefore  a  solid  angle  may  be  made,  which  sfatf 
be  contained  by  three  plane  angles  equal  to  the  angles  Q  . 
23.  tl.  D,  E,  each  to  each»  :  And^  by  prop.  26,  1 1,  at  the  point 


F,  in  the  straiglvt  line  FG,  a  solid  angle  may  be  madetqual 
to  that  which  is  contained  by  the  three  plane  angles  that 
are  equal  to  the  angles  C,  D,  E :  Let  this  be  made,  and  let 
the  angle  GFK,  which  is  equal  to  E,  be  one  of  the  three; 
and  let  KFL,  GFL,  be  the  other  two  which  are  equal  to* 
the  angles  C,  D,  each  to  each.    Thus  there  is  a  solid  angl^ 
constituted  at  the  point  F,  contained  by  the  four  plane  an — 
gles  GFH,  HFK,  KFL,  GFL,  which  are  equal  to  the  an- 
gles A,  B,  C,  D,  each  to  each. 

Again :  Find  another  angle  M  such,  that  every  two  of  th^ 
three  angles  A,  B,  M,  be  greater  than  the  third,  and  als^-^ 
cvei-y  two  of  the  three  C,  D,  M,  be  greater  than  the  third 
And,  as  in  the  preceding  part,  it  may  be  demonstrated,  th 
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the  three  A,  B,  M,  are  less  than  four  right  angles,  as  also  ^^^^JV^* 

that  the  three  C,  D,  M,  are  less  than  four  right  angles*  ^"^"^^"^^ 

Make  therefore^  a  solid  angle  *23.ii. 

at  N  contained  by  the  three 

plane    vigks    ONP,    PNQ, 

ONQ,  which  are  equal  to  A, 

B,  M,  each  to  each :  And  by 

propb  W,   11,  n>ake  at  the 

|K)int  N,  in  the  straight  line  ^^^^^.^^  >^ 

ON,  a  solid  angle  contained  O^       ^p 

by  three  plane  angles,  of  which  one  is  the  angle  ONQ  equal 
to  M,  ami  the  other  two  are  the  angles  QNR,  ONR,  which 
are  e<j|iial  to  the  angles  C,  D,  each  to  each.  Thus,  at  the 
point  N,  there  is  a  solid  angle  contained  by  the  four  plane 
angles  ON^^PNO,  QNR,  ONR,  which  are  equal  to  the 
angles  A,  B,  C,  D,  each  to  each.  '  And  that  the  two  solid 
angles  at  the  points  P,  N,  each  of  which  is  contained  by  the 
above-named  four  plane  angles,  are  not  equal  to  one  an- 
other, or  that  they  cannot  coincide,  will  be  plain  by  consi- 
dering that  the  angles  GFK,  ONQ,  that  is,  the  angles  E, 
M,  are  unequal  by  the  construction ;  and  therefore  tlie 
straight  lines  GF,  FK,  cannot  coincide  with  ON,  NQ,  nor 
consequently  can  the  solid  angles,  which  therefore  are  un» 
equal. 

And  because  from  the  four  plane  angles  A,B,C,D,  there 
pan  be  found  innumerable  other  angles  Uiat  will  serve  the 
$aine  purpose  with  the  angles  E  and  M :  it  is  plain  that  in- 
numerable other  solid  angles  may  be  constituted  which  are 
each  contained  by  the  same  four  plane  angles,  and  all  of 
them  unequal  to  one  another.     Q.  E.  D. 

And  from  this  it  appears,  thatClavius  and  other  authors 
are  mistaken,  who  assert  that  those  solid  angles  are  equal 
wittch  are  contained  by  the  same  number  of  plane  angles 
thaet  are  equal  to  one  another,  each  to  each.  Also  it  is  plain, 
diat  the  26th  prop,  of  book  1 1,  is  by  no  means  sufficiently 
^monstrated,  because  the  equality  of  two  solid  angles, 
whereof  each  is  contained  by  three  plane  angles  whi<ih  are 
^ual  to  one  another,  eAb\i  to  each,  is  only  assun)ied,  and  not 
demonstrated. 
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Boo?  xr.  •      .  ' 

PROR  I.    B.  XI. 

The  words  at  the  end  of  this,  "  for  a  stitught  line  can- 
"  not  meet  a  straight  line  in  more  than  one  point/'  are  left 
out,  as  an  addition  by  some  unskilful  hand  \  for  this  is  to 
be  demonstrated,  tiot  assunied. 

Mr.  Thomas  Simpson,  in  his  notes  at  the  eiid  of  the  se- 
cond edition  of  his  Elements  of  Geometry,  p.  262,  ftfter  re- 
peating the  words  of  this  note,  adds,  "  Now,  can  it  possibly 
**  show  any  want  of  skill  in  an  editor  (Ire  means  Euclid  or 
"  Theon)  to  refer  to  an  axiom  which  Euclid  himself  hath 
"laid  down,  book  1^  No.  14,"  he  means  Bacrow's  fuelid^ 
for  it  is  the  10th  in  the  Greek, "  and  not  to  have  de- 
"  monstrated  what  no  man  can  demonstrate  ?'*  But «U  that 
in  this  case  can  follow  from  that  axiom  is,  that,  if  two 
straight  lines  could  meet  each  other  in  two  points,  the  parti 
of  them  betwixt  these,  points  must  coincide,  and  so  they 
would  have  a  segment  betwixt  these  points  common  to 
both.    Now^  as  it  has  not  been  shown  in  Euclid,  that  tbqr 
cannot  have  a  common  segment,  this  does  not  prove  that 
they  cannot  meet  in  two  points,  from  which  their  not  bar- 
ing a  common  segment  is  deduced  in  the  Greek  edition: 
But,  on  the  contrary,  because  they  cannot  have  a  commoo 
segment,  as  is  shown  in  Cor.  of  11th  Prop*  Book  1,  of4to 
edition,  it  follows  plainly,  that  they  cannot  meet  in  two 
points,  which  the  remarker  says  no  man  can  demoDstnte^ 

Mr.  Simpson,  in  the  same*  notes,  p.  265,  justly  observes, 
that  in  the  corollary  of  Prop.  1 1,  Book  1,  4to  edit,  the 
straight  lines  AB,  BD,  BC,  are  supposed  to  be  all  in  the 
same  plane,  which  cannot  be  assumed  in  1st  Prop.  Book  1  h 
This,  soon,  after  the  4to  edition  was  published,  lobsarved 
and  corrected  as  it  is  now  in  this  edition  :  He  is  mbtiken 
in  thinking  the  10th  axiom  he  mentions  here  to  be  Eu* 
clid's ;  it  is  none  of  Euclid's,  but  is  the  l(>th  in  Dr.  Bar- 
row's edition,  who  had' it  from  Herigon's  Cursus,  vol.  I.  and 
in  place  of  it  the  corollary  of  11th  Prop.  Book  I,  was  add«<L 

PROP.  II.    B.  XL 

This  proposition  seems  to  liave  been  changed  and  viti- 
ated by  some  editor ;  for  all  the  figures  defined^in  the  1st 
Book  of  the  Elements,  and  among  them  triangles,  are,  by 
the  hypothesis,  plane  figures ;  tliat  is,  such  as  are  described 
in  a  plane :  wherefore  tlie  second  part  of  the  enunoiation 
needs  no  demonstration.  Besides,  a  convex  superficies  may 
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be  termidated  by  three  straight  lines  meeting  one  another :  Book  xr. 
The  thing  that  should  have  been  demonstrated  is,  that  two 
or  three  straight  lines,  that  meet  one  another,  are  in  one 
plane.  And  as  this  is  not  sufficiently  done,  the  enunciation 
.  and  demonstration  are  changed  into  those  now  put  into 
the  text    ' 

PROP.  III.    B.  XL 

In  this  proposition  the  following  words  near  to  the  end  of 
it  are  left  out,  viz.  "  therefore  DEB,  DFB,  are  not  straight 
*'  lines ;  in  the  like  manner,  it  may  be  demonstrated,  that 
*  there  can  be  no  other  straight  line  between  the  points  D, 
^  B :"  Because  from  this,  that  two  lines  include  a  space,  it 
only  follows  that  one  of  them  is  not  a  straight  line  :  And 
Ibe  forpe  of  the  argument  lies  in  this,  viz.  if  the  common 
section  of  the  planes  be  not  a  straight  line,  then  two  straight 
lifies  could  include  a  space,  which  is  absurd  ;  therefore  the 
common  section  is  a  straight  line. 

PROP.  IV:    B.  XI. 

"  Tot  ^ords  "  and  the  triangle  AED  to  the  triangle  BEC" 
are  omitted,  because  the  whole  conclusion  of  the  4th  Prop. 
B.  1,  has  been  so  often  repeated  in  the  preceding  boots,  it 
was  needless  to  repeat  it  here. 

PROP.  V.    B.  XI. 

In  this,  near  to  the  end,  sifiies^uj  ought  to  be  left  out  in  the 
Greek  text :  And  the  word  **  plane"  is  rightly  left  out  in 
"^e  Oxford  edition  of  Commandine's  translation. 

!  PROP.  Vir.    B.XI. 

This  proposition  has  been  put  into  this  book  by  some 

unskilful  editor,  as  is  evident  from  this,  that  straight  lines 

which  are  drawn  from  one  point  to  another  in  a  plane,  are, 

in  the  preceding  books,  supposed  fo  be  in  that  plane :  And 

if  tb^y  were  not^  some  demonstrations  in  which  one  straight 

line  is  supposed  to  meet  another  would  not  be  conclusive, 

because  these  lines  would  not  meet  one  another :  For  in* 

stance,  in  Prop.  SO,  B,  I,  the  straight  line  GK  would  not 

meet  EF,  if  GK  were  not  in  the  plane  in  which  afe  the  . 

parallels  AB,  CD,  and  in  which,  by  hypothesis^^i^jCcaight 

line  EF  is :  Besides,  this  7th  Proposition  !»)  j^^^ji^ioftfi^ated 

by  the  preceding  3d ;  in  which  the  very  thing  which  is 

^proposed  to  be  demonstrated  in  the  7th  is  twice  ^^ssumed, 

'^viz.  that  the  straight  line  drawn  from  one  poill^to*rfnother 

-•in  a  plane,  is  in  that  plane :  and  the  same  thing  is  assumed 

^  the  prefceding  6  th  prop,  in  which  the  straight  line  which 
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^'XI.  joins  the  points  B^  D,  that  are  in  the  plane  tb  i?rfcich  AB  koi 
CD  are  at  rig^t  abgles,  is  supposed  to  be  in  tfiHt  plane : 
And  the  7th,  of  which  another  demonstration  k  given,  is 
kept  in  the  book  merely  to  preserve  the  niitnberof  the  pro- 
positions; for  it  is  evident,  from  the  7th  and  S5tb  d<i^tiitionii 
of  the  1st  book,  though  it  had  not  been  in  the  Elemetits. 

PROP.  VIIL     B.  XI, 

In  the  Greek,  and  in  GommaTjdine*s  and  Dr.  Gregory's 
translations,  near  to  tlie  end  of  this  proposition,  are  the  fol- 
lowing words :  "  But  DC  is  in  the  plane  through  BA,  AD," 
instead  of  which,  in  the  Oxford  edition  of  Commtndjse's 
translation  is  rightly  put,  *^  but  DC  is  in  the  plaoe  tdirough 
*^  BD,  DA."*  But  all  the  editions  have  the  following  wor^ 
viz.  "  because  AB,  BD,  are  in  the  plane  through  BD^DA, 
^  and  DC  is  in  the  plane  in  which  are  AB,  BD/*  wluch 
are  manifestly  corrupted,  or  have  been  added  to  the  text  3 
for  there  was  not  the  least  necessity  to  go  so  far  about  to 
show  that  DC  is  in  the  same  plane  in  which  are  BD,  DA, 
because  it  immediately  follows^  from  Prop.  7-  preceding, 
that  BD,  DA,  are  in  the  plane  in  which  are  the  parallels 
AB,  CD  :  Tlierefore,  instead  of  these  words,  there  ought 
only  to  be,  '*  because  all  three  are  in  the  plane  in  which 
are  the  parallels  AB,  CD." 

PROP.  XV.     B.  XI. 

After  the  word^,  "  and  because  BA  is  parallel  to  GH," 
the  following  are  added,  *^  for  each  of  thfiva  is  parallel  to 
"  DE,  and  are  not  both  in  the  same  plane  with  it,*'  as  being 
manifestly  forgotten  to  be  put  into  the  text. 

PROP.  XVI.    B.  XL 

In  this,  near  to  the  end,  instead  of  the  words, "but 
"  straight  lines  which  meet  neither  way,''  ought  to  be  read, 
"  but  straight  lines  in  the  same  plane  which  producedmcet 
"  neitlier  way."  Because,  though  in  citing  this  deifinition  in 
Prop.  ?7>  Book  1,  it  was  not  necessary  to  mention  the 
Words>*f'^n  the  same  plane,"  all  the  straight  lines  in  the 
hooh^^^t^k^t}^  this  being  in  the  same  plane ;  yet  here  it 
was  M^iatV^iCli^ 
it;V  gaii^J 

.*?«i?f  ^i  ■       Prop.  xx.  b.  xi. 

In  this^^itear  the  beginning,  are  the  words,  ^  But  if  not, 
'*  let  BAC  be  the  greater :"  but  the  angle  B  AC  may  h&q3f)en 
to  be  equal  to  one  of  the  other  two :  Wherefore  this  »place 
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should  h$  tt$A  thiK,  '<  But  if  not,  let  the  angle  BAC  be  not  Book  xt. 
^^  Ubs  than  either  of  the  other  two^  but  greater  than  DAB.-^ 
At  the  ^nd  of  this  proposition  it  is  said,  '^  in  the  same 
^*  mwn^  it  may  be  demonstrated/'  though  there  is  no  need 
of  any  demonstration ;  because  the  angle  BAC  being  not 
less  thm  ekher  of  the  other  two,  it  is  evident  that  BAC  to- 
gether with  one  of  them  is  greater  th^n  the  other. 

PROP.  XXJI.    B.XI. 

And  IHcewise  in  this,  near  the  begii/ning,  It  is  said,  ^^  But 
^  if  00^  let  the  angles  at  B,  E,  H,  be  unequal,  and  let  the 
«  angle «t  B  be  greater  than  either  of  those  at  E,  H ;"  Which 
words  mifhifestly  show  this  place  to  be  vitiated,  because  the 
angle  at  B"  may  be  equal  to  one  of  the  other  two;  They 
ought  therefore  to  be  read  thus,  "  But  if  not,  let  the  angles 
^  at  B,  "Rf  H,  be  uneaual,  and  let  the  angle  at  B  be  not  less 
*•  than  either  of  the  ottier  two  at  E,  H :  Tlierijfbre  the  straight 
«  line  AC  is  not  less. than  either  of  the  two  DF,  GK." 

PROP.XXIII.    B.XI. 

Tmt  demonstration  of  this  is  made  something  shorter, 
bf  iK>t  repeating  in  the  third  case  the  things  which  were 
demonstrated  in  the  first :  and  by  making  use  of  the  con- 
struction which  Campanus  has  given  ;  but  he  does  not  de- 
j^onstrate  the  second  and  third  cases  :  The  construction 
a^  demonstration  of  the  third  case  are  made  a  little  more 
jNmple  than  in  the  Greek  text. 

PROP.  XXIV.    B.  XL 

The  word  "  similar"  is  added  to  the  enunciation  of  this 
proposition,  because  the  planes  containing  the  solids  which 
are  to  be  demonstrated  to  be  equal  to  one  another,  in  the 
2Sth  proposition,  ought  to  be  similar  and  ^qual^  that  the 
equality  of  the  solids  may  be  inferred  from  Prop.  C.  of  thii 
Book  :  And  in  the  Oxford  edition  of  Commandine's  trans- 
elation  a  corollary  is  added  to  Prop.  24,  to  show  that  the 
fMurallelograms  mentioned  in  this  proposition  are  similar, 
diat  the  equality  of  the  solids  in  Prop.  25,  may  be  deduced 
from  the  IQth  def.  of  Book  11. 

PROP. XXV.  and  XXVI.    B.XI. 

In  the  25th  Prop,  solid  figures  which  are  contained  J>y  the 
flame  number  of  similar  and  equal  plane  figures,  are  sup-« 
posed  to  be  equal  to  one  anqtlier.  And  it  seems  that  Theon^ 
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Book  XI.  or  some  other  editor,  that  he  might  save  himsdf  the  trouble 
of  demonstrating  the  solid  figures  mentioned  tn  this  propo- 
sition to  be  equal  to  one  another,  has  inserted  the  10th  def. 
of  this  Book,  to  serve  instead  of  a  demonstratioD ;  which 
was  very  ignorantly  done. 

Likewise  in  the  26th  Prop,  two  solid  angles  are  supposed 
to  be  equal,  if  each  of  them  be  contained  by  three  plane 
angles  which  are  equal  to  one  another,  each  to  each.    And 
it  is  strange  enough,  that  none  of  the  commentators  on 
Euclid  have,  as  far  as  I  know,  perceived,  that  something  is 
wanting  in  the  demonstrations  of  these  two  propositions. 
Clavius  indeed,  in  a  note  upon  the  llth  def.  orthis  Book, 
affirms,  that  it  is  evident  that  tho^e  solid  angles  are  equal 
which  are  contained  in  the  same  number  of  plane  angles, 
equal  to  one  another,  each  to  each,  because  they  will  coin- 
cide, if  they  be.  conceived  to  be  placed  within  one  another; 
but  this  is  said  without  any  proof,  nor  is  it  always  true,  ex- 
cept when  the  solid  angles  are  contained  by  three  plane 
angles  only  which  are  equal  to  one  another,  each  to  each : 
and  in  this  case  the  proposition  is  the  same  with  this ;  that 
two  spherical  triangles  that  are  equilateral  to  one  anotber,are 
also  equiangular  to  one  another,  and  can  coincide :  which 
ought  not  to  be  granted  without  a  demonstratidn.     Euclid  , 
does  not  assume  this  in  the  case  of  rectilineal  triangles,  but 
demonstrates  in  Prop.  8,  Book  1,  that  triangles  wliich  arc 
equilateral  to  one  another,  are  also  equiangular  to  one  an- 
other; and  from  this  their  total  equality  appears  by  Prop. 
4,  Book  1.     And  Menelaus,  in  the4th^rop.  of  his  first 
Book  of  Spherics,  explicitly  demonstrates,  that  spherical 
triangles  which  are  mutually  equilateral,  are  also  equiangu- 
lar to  one  another ;  from  which  it  is  easy  to  show  that  they 
must  coincide,  providing  they  have  their  sides  disposed  in 
the  same  order  and  situation. 

To  supply  these  defects,  it  was  necessary  to  add  the  three 
Propositions  marked  A,  B,  C,  to  this  Book.     For  the  2Mh 
26th,  and  28th  Propositions  of  it,  and  consequently  eight 
others,  viz.  the  27thf  31st,  32d,  3Sd,  34th,  36th,  37th,  and 
40th  of  the  same,  which  depend  upon  them,  have  hitherto 
stood  upon  an  infirm  foundation;  as  also  the  8th,  12th 
Cor.  of  17th  and  1 8th  of  l2th  Book,  which  depend  upon  , 
^  the  9th  definition.     For  it  has  been  shown  in  the  notes  on 
def.  10th  of  this  book,  that  solid  figures  which  are  contain- 
ed by  the  same  number  of  similar  and  equal  plane  figures, 
as  alsp^solid  angles  that  are  contained  by  the  same  nuinber 
of  ciqual  plane  angles,  are  not  always  equal  to  one  another. 
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It  Is  to  be  ob^rved  that  Tacquet,  in  his  Euclid,  defines  Book  XI. 
equal •A>lid  angles  to  be  such,  "  as  being  put  within  one 
*^  another  do  coincide  '^  but  this  is  an  axiom,  not  a  defini- 
^00 ;  for  it  is  true  of  all  magnitudes  whatever.  He  made 
this  useless  definition,  that  by  it  he  might  demonstrate  the 
86th  Pmj}.  of  this  Book,  without  the  help  of  the  35th  of 
the  same :  Concerning  which  demonstration,  see  the  note 
upon  Prop.  36, 

PROP.  XXVm.    B.  XI. 

In  this  it  ought  to  have  been  demonstrated,  not  assumed, 
that  the  diagonals  are  in  one  plane.  Clavius  has  supplied 
this  def(^t. 

PROP.  XXK.    B.  XI. 

Thbrb  are  three  cases  of  this  proposition  :  the  first  is, 
^hen^tha  two  parallelograms  opposite  to  the  base  AB  have 
a  side  common  to  both  uthe  second  is,  whei;i  these  paraU 
lelc^bims  are  separated  from  one  another :  and  the  third, 
when  there  is  a  part  of  them  common  to  both ;  and  to 
this  last  only,  the  demonstration  that  has  hitherto  been  in 
the  Elements  does  agree.  The  first  case  is  immediately 
deduced  from  the  preceding  28th  Prop,  which  seems  for 
this  purpose  to  have  been  premised  to  this  29th,  for  it  is 
necessary  to  none  but  to  it,  and  to  the  40th  of  this  book,  as 
we  now  have  it,  to  which  last  it  would,  without  doubt, 
bave  been  premised,  if  Euclid  had  not  made  use  of  it  in 
the  29th ;  but  some  unskilful  editor  has  taken  it  away  from 
the  Elements,  and  has  mutilated  Euclid^s  demonstration  of 
the  two  other  cases,  which  is  now  restored,  and  serves  for 
both  at  once. 

PROP.  XXX.    B.  XL 

In  the  demonstration  of  this,  the  opposite  planes  of  the 
solid  CP,  in  the  figure  in  this  edition,  that  is,  of  the  solid 
CO  in  Commandine's  figure,  are  not  proved  to  be  parallel; 
which  it  is  proper  to  do  for  the  sake  of  learners. 

PROP.  XXXL    B.  XI. 

There  are  two  cases  of  this  proposition;  the  first  is 
wlien  the  insisting  straight  lines  arQ  at  right  angles  to  the 
bases ;  the  other,  when  they  are  not :  the  first  case  is  di- 
vided again  into  two  others,  one  of  which  is,  when  the  bases 
are  equiangular  parallelograms :  the  other^  when  they  are 
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Boos^.  Bot  equuingular.  The  Greek  editor  mtkes  no  meotion  of 
the  first  of  these  two  last  cases,  but  has  inserted  the  demon- 
stration  of  it  as  a  part  of  that  of  the  other :  And  therefin-e 
jdioul^  have  taken  notice  of  it  in  a  corollary ;  but  we 
tliought  it  better  to  give  these  two  cases  separately :  H^e 
demonstration  also  is  made  something  shorter  by  following 
the  way  Euclid  has  made  use  of  in  Prop.  14,  Book  6,  Be- 
sides, in  the  demonstration  of  the  case  in  which  the  insist- 
ing straight  lines  are  not  at  right  angles  to  the  bases,  the 
editor  does  not  prove  that  the  solids  described  in  the  con- 
struction are  parallelopipeds,  which  it  is  not  to  be  thought 
that  Euclid  neglected  ;  also  the  words,  ^^  of  whicib  the  in- 
^'  sisting  straight  lines  are  not  in  t^e  same  straight  lines/' 
have  been  added  by  some  unskilful  hand :  for  they  may  be 
in  the  same  straight  lines. 

PROP.  xxxn.  B.  XI. 

The  editor  has  forgot  to  order  the  paralklogram  FH  t« 
be  applied  in  the  angle  FGH  equal  to  the  angle  tCG, 
whidi  is  necessary.     Clavius  has  supplied' this. 

Also,  in  the  c6nstruction,  it  is  required  to  eomptete  the 
solid  of  which  the  base  is  FH,  and  altitude  the  same  wiA 
that  of  the  solid  CD  :  But'this  does  not  determine  the  80« 
ltd  to  be  completed,  since  there  may  be  innumen^le  so- 
lids upon  the  same  base,  and  of  the  same  altitude :  It  ought 
therefore  to  be  said,  "  complete  the  solidof  which  the  base 
'*  is  FH,  and  one  of  its  insisting  straight  lines  is  FD :" 
The  same  correction  must  be  made  in  the  following  Pro- 
position S3.  '  ' 

PROP.  D.    B.  XL 

It  is  very  probable  that  Euclid  gave  ithis  proposition  a 
place  in  the  Elements,  since  he  gave  the  like  proposition 
concerning  equiangular  parallelograms  in  the  123d  B.  6. 

PROP.  XXXIV.    JB.  XI. 

In  this  the  words,  cJv  cu  ifecr'tujo'ai  etc  sttriv  i^t  riSv  avtuh 
sviiio^v,  ^^  of  which  the  insiating'straig^  Unes  are  not  in  the 
"same  straight  lines,"  are  thrice  repeated :  but  these 
words  ought  either  to  foe  left  out,  as  they  are  by  Clavius,  or, 
in  place  of  (hem,  ougbt  to  be  put,  "  whether  the  ins^ting 
*^  straight  lines  be,  or  be  not,  in  the  same  straight  linteB  ?'' 
¥*or  the  other  case  is,  without  any  i^eason,  excluded  ;  jfdso 
the  words  wv  m  v^nj^  "  of  which  the  'akitudea^^  are  twice 
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put  for  tif  «I  iifitrtwcai,  ^*  of  which  the  itiMsting  straight   Boot  XL 
**  lines;'*  which  is  n  plain  mistake :  For  the  altitude  is  al-  ^*"V^ 
ways  at  right  angles  to  the  base. 

PROP.  XXXV.    B.  XI. 

Thb  angles  ABH,  DEM,  are  demonstrated  to  be  right 
angles  in  a  shorter  way  than  in  the  Greek;  and  in  the 
same  way  ACH,  DFM ,  may  be  demonstrated  to  be  right 
angles:  Also  the  repetition  of  the  same  demonstration, 
which  begins  with  *^  in  the  same  manner/'  is  left  out,  as 
it  was  probably  added  to  the  text  by  some  editor :  for  the 
words  **  in  like  manner  we  may  demonstrate,"  are  not  in- 
serted except  when  the  demonstration  is  not  given,  or  when 
it  is  something  different  from  the  other  if  it  be  given,  as 
in  Prop.  26.  of  this  Book.  Campanus  has  not  this  repeti- 
tion. 

We  have  given  another  demonstration  of  the  corollary^ 
besides  the  one  in  the  original,  by  help  of  which  the  foi^ 
lowing  36th  Prop,  may  be  demonstrated  without  the  35  th. 

PROP.  XXXVI.    B.  XI. 

Tacquet  in  his  Euclid  demonstrates  this  proposition 
without  the  help  of  the  35th;  but  it  is  plain,  that  the  so* 
lids  mentioned  in  the  Greek  text  in  the  enunciation  of  the 
proposition  as  equiangular,  are  such  that  their  solid  angles 
are  contained  by  three  plane  angles  equal  to  <Mie  another, 
each  to  each  ;  as  is  evident  from  the  construction.  Now 
Tacqu(et  does  not  demonstrate,  but  assumes,  these  soHd 
angles  to  be  equal  to  one  another  ;  for  he  supposes  the  so« 
lids  to  be  already  made,  and  does  not  give  the  construction 
by  which  they  are  made :  But,  by  the  second  demonstra- 
tion of  the  preceding  corollary,  his  demonstration  is  ren- 
dered legitimate  likewise  in  the  case  where  the  solids  are 
icoTistructed  as  in  the  text. 

PROP.  XXXVU.    B.  XI. 

In  this  it  is  assumed,  that  the  ratios  which  are  triplicarte 
of  those  ratios  which  are  the  same  with  one  another,  are 
likewise  the  same  with  oite  another :  and  that  those  ratios 
are  the  same  wkh  one  anotlier,  <eif  which  the  triplicate  ra- 
tios are  the  same  with  one  another:  but  this  ought  not  to 
be  granted  without  a  demonstration  ;  mor  did  Euclid  as- 
sonnethe  first  and  easiest  of  lihese  two  propositions,  but  de- 
monstrated it  in  <khe  <»Be  of  dnpUoaile  ratios,  in  the  (2(23 
nrop. fiook -6.    On Ais aooount^another ^demonstiatioii Ji 


M9  NOTES. 

Book  XI.  given  of  this  Proposition,  like  to  that  which  Euclid  gives 
^^^^y^^  in  Prop.  22,  Bodk  6,  a^  Clavius  has  done. 

PROP.  XXXVIII.    B.  XL 

When  it  is  required  to  draw  a  perpendiculaf  from  a 
point  in  one  plane  which  is  at  right  angles  to  another 
plane,  unto  this  last  plane,  it  is  done  by  drawing  a  perpen- 
dicular from  the  point  to  the  common  section  of  the  planes; 
for  this  perpendicular  will  be  perpendicular  to  the  plane, 
*by  def.  4.  of  this  Book:  And  it  would  be  foolish  in  this 
» ir.  12.  case  to  do  it  by  the  I  Hh  Prop,  of  the  same :  But  Euclid  «, 
in  other  ApoUonius,  and  other  geometers,  when  they  have  occasion 
c  itions.  £^^  ^|^.g  p^Q^jjgjjj^  direct  a  perf>cndicular  to  be  drawti  from 

the  point  to  the  plane,  and  conclude  that  it  will  fell  upon 
the  common  section  of  the  planes,  because^his  Is  the  very 
same  thing  as  if  they  had  made^use  of  the  construction 
above-mentioned,  and  then  concluded  that  the  straight 
""  line  mu3t  be  perpendicular  \o  the  plane ;  but  is  expressed 

in  fewer  words.  Some  editor,  not  perceiving  this,  thought 
it  was  necessary  to  add  this  proposition,  which  can  never  be 
of  any  use  to  the  1 1th  book ;  and  its  being  near  to  the  end 
among  propositions  with  which  it  has  no  connexion,  is  a 
mark  of  its  having  been  added  to  the  text. 

PROP.  XXXIX.    B.  XL 

In  this  it  IS  supposed,  that  the  straight  lines  which  bi- 
sect the  sides  of  the  opposite  planes,  are  in  one  plane, 
which  ought  to  have  been  demonstrated ;  as  is  now  done. 

B.  XIL 

Book  XII.  The  learned  Mr.  Moore,  Professor  of  Greek  in  the  Uni- 
versity of  Glasgow,  observed  to  me,  that  it  plainly  appears 
from  Archimedes's  Epistle  to  Dositheus,  prefixed  to  his 
'books  of  the  Sphere  and  Cylinder,  which  epistle  he  has  re- 
stored from  ancient  manuscripts,  that  Eudoxus  was  the  au- 
thor of  the  chief  propositions  in  this  l£th  book. 

PROP.  II.    B.  XII. 

At  the  beginning  of  this  it  is  said,  "  if  it  be  not  so,  the 
"  square  of  BD  shall  be  to  the  square  of  FH,  as 'the  circle 
"  ABCD  is  to  some  space  either  less  than  this  cirds 
<«EFGH,  or  greater  than  it.'V  And  the  like  ii  tc^  be 
found 
5. 


'  ii«rvin,    or   giiraier   umii  ii.       Ulihi  uieiinc   is  u/^  De 

bund  near  to  the  end  of  this  proposition,  as  also  in  Propik 
^,  11, 12,  IB  of  this  Book:  Concerning  wbicbitis4b^te 


^ 
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observed,  that  in  the  demonst)*ation  of  theorems,  it  is  sufB-  Boo»  XIL 
cient,  in  this  and  the  like  cases,  that  a  thing  made  use  of  ^^"^"^ 
in  the  reasoning  can  possibly  exist,  provided  this  be  evi- 
dent, though  it  cannot  be  exhibited  or  found  by  a  geome- 
trical construction :  JSo.  in  this  place,  it  is  assumed,  that 
there  may  be  a  fourth  proportional  to  these  three  magni- , 
tudes,  viz.  the  squares  of  BD,  FH,  and  the  circle  ABCD ; 
because  it  is  evident  that  there  is  some  square  equal  to  the 
circle  ABCD,  though  it  cai^not  be  found  geometrically ; 
and  to  the  three  rectilineal  figures,  viz.  the  squaresof  BD, 
FH,  and  the  square  which  is  equal  to  the  circle  ABCD, 
there  is  a  fourth  square  proportional ;  because  to  the  three 
straight  lines  which  are  their  sides,  there  is  a  fourth  straiglit 
line  proportional  %  and  this  fourth  square,  or  a  space  equal  *  ^**  ^* 
to  it,  is  the  space  which  in  this  proposition  is  denoted  by 
the  letter  S :  And  the'like  is  to  be  understood  in  the  other 
places  above  cited :  And  it  is  probable  that  thb  has  been 
shown  by  Euclid,  but  left  out  by  some  editor;  for  the"  ^ 

lemma  which  some^unskilfulhand  has.  added  to  this  propo- 
sition explains  nothing  of  it. 

PROP.  III.    B.  XII. 

In  the  Greek  text  and  tlie  translations,  it  is  said,  ^^  and 
**  because  the  two  straight  lines  BA,  AC,  which  meet  one 
«  ariother,"  &c.  Here  the  angles  BAG,  KHL,  are  de- 
monstrated  to  be  equal  to  one  another,  by  10th  Prop.  B. 
11,  which  had  been  done  before:  Because  the  triangle 
EAG  was  proved  to  be  similar  to  the  triangle  KHL : 
This  repetftion  is  left  out,  and  the  triangles  BAG,  KHL, 
are-  proved  to  be  similar  in  a  shorter  way  by  Prop.  21. 
B.  6. 

PROP,  IV.    B.  XII. 

*  A  FEW  things  in  this  are  more  fully  explained,  than-  in 
the  Greek  text.       ^ 

PROP.  V.    B.  XII. 

In  this,  near  to  the  end,  are  the  wprds,  ws  IfJiyrf^ocrSiv 
shix^f  "  ^  w^  before  shown ;"  and  the  same  are  found 
again  in  the  end  of  Prop.  18.  of  this  Book;  but  the  de- 
monstration referred  to,  except  it  be  in  the  useless  lemma 
annexed  to  the  2d  Prop,  is  no  where  in  these  Elements,  , 
and  has  been  perhaps  leh  out  by  some  editor,  who  has  for- 
got  to  cancel  those  words  also.  » 
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PROP.  VI.  B.  xn. 


A  SHOBTKR' demonstration  is  giren  of  this;  and  that 
which  is  in  the  Greek  text  may  be  made  shorter  i^  a  step 
,  than  it  is :  For  the  author  of  it  makes  use  of  the  dfid  Prop, 
of  B.  5,  twice :  Whereas  once  would  have  served  hb  pur* 
pose;  because  that  proposition  extends  to  any  number  of 
magnitudes  which  are  proportionals  taken  two  and  two,  as 
well  as  to  three  which  are  proportional  to  other  three* 

COR.  PROP.  Vni.    B.  XII. 

The  demcmstration  of  this  is  imperfect^  because  it  k  not 
shown,  that  the  triangular  pyramids  into  which  these  upon 
multangular  bases  are  divided,  are  similar  to  one  another, 
as  ought  necessarily  to  have  been  done,  and  is  done  in  the 
like  case  in  Prop.  12.  of  this  Book :  The  full  demonstration 
of  the  corollary  is  as  follows : 

Upon  the  polygonal  bases  ABGDE,  FGHKL,  let  them 
be  similar  and  similarly  situated  pyramids  which  have  the 
points  M,  N,  for  their  vertices :  The  pyramid  ABCDEM 
has  to  the  pyramid  FGHKLN  the  triplicate  ratio  of  that 
which  the  side  AB  has  to  the  homologous  side  FG. 

Let  the  polygons  be  divided  into  the  triangles  ABE^ 

.  20.  6.  EBC,  ECD ;  FGL,  LGH,  LHK,  which  are  similar*,  each 

^llDc^ii.  to  each  :  And  because  the  pyramids  are  similar,  therefore^ 

the  triangle  EAM  is  similar  to  the  triangle  LFN,  and  the 

*  4.  6.  triangle  ABM  to  FGN :  Wherefore  ^  ME  is  to  EA,  as  NL 

to  LF;  and  as  AE  to  EB,  so  is  FL  to  LG,  because  the 


triangles  EAB,  LFG,  are  similar ;  therefore,  ex  aequali,  as 
ME  to  EB^  so  is  NL  to  LG :  In  like  manner  it  naay  be 
shown,  that  £B  is  to  BM,  as  LG  to  GN ;  thereibre,  again. 
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6x  squall,  as  EM  to  MB^  so  is  LN  toNG  :  Wherefore  the  Book  Xll. 
triangles  £MB,  LNCr,.  having  their  sides  proportionals,   ^-^^r^ 
arc**  equiimgalar,  and  similar  to  one  another :  Therefore  *  ^:  ^• 
the  pyramids  which  have  the  triangles  EAB,  LFG,  for 
their  bases,  and  the  points  M,  N  for  their  vertices,  are  si- 
milar^ to  one  another,  for  their  solid  angles  are<^  equal,  and  ^  * t  De£  1 1, 
the  solids  themselves  are  contained  by  the  same  nuniber  of*    *  ^  ' 
»milar  planes :  In  the  same  manner  the  pyramid  EBCM 
may  be  shown  to  be  similar  to  the  pyramid  LGHN,  and  • 

the  pyramid  ECDM  to  LHKN  :  And  because  the  pyra- 
mids EABM,  LFGN,  are  similar,  and  have  triangular 
bases,  the  pyramid  EABM  has^  to  LFGN  the  triplicate  ra-  f  5.  \f. 
tio  of  that  which  EB  has  to  the  homologous  sjde  LG. 
And,  in  the  same  manner,  the  pyramid  EBCM  has  to  the 
pyramid-  i^GHN  the  triplicate  ratio  of  that  which  EB  Has 
to  LG :  Therefore  as  the  pyramid  EABM  is  to  the  pyra<-> 
mid  LFGN,  so  is  the  pyramid  EBCM  to  the  pyramid 
LGHN :  In  like  manner,  as  the  pyramid  EBCM  b  to 
LGHN,  so  is  the  pyramid  ECDM  to  the  pyramid  LHKN: 
And  as  one  of  the  antecedents  is  to  one  of  the  consequents, 
so  are  |dl  the  antecedents  to  all  the  consequents :  Therefore 
as  the  pyramid  EABM  to  the  pyramid  LFGN,  so  is  the 
whole  pyramid  ABCDEM  to  the  whole  pyramid  FGH 
K]uiN :  And  the  pyramid  EABM  has  to  the  pyramid  LFGN 
thtt  triplicate  ratio  of  that  which  AB  has  to  FG ;  therefore 
the  whole  pyramid  has  to  the  whole  pyranud  the  triplicate 
mtk)  of  that  which  AB  has  to  the  homologous  side  FG« 
Q.  E.D. 

PROP.  XI.  and  XIL    B.  XU. 

Thb  order  of  the  letters  of  the  alphabet  is  not  observed 
in  these  two  propositions,  according  to  Euclid's  manner, 
and  is  now  restored :  By  which  means,  the  first  part  of 
Prop.  12.  may  be  demonstrated  in  the  same  words  with  the 
first  part  of  Prop.  11 ;  on  this  account  the  demonstration  of 
that  first  part  is  left  out,  and  assumed  from  Prop.  11. 

PROP.  XIII.    B.XIL 

In  this  proposition,  the  common  section  pf  a  plane  paral-  ^ 
lei  to  the  bases  of  a  cylinder,  with  the  cylinder  itself,  is 
apposed  to  be  a  circle,  and  it  was  thought  proper  briefly 
to  demonstrate  it ;  from  whence  it  is  sufficiently  manifest, 
that  this  plane  divides  the  cylinder  into  twb  others  :  And 
the  same  thing  is  understood  to  be  supplied  in  Prop.  14. 
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Book  XIL  '  ^     . 

PROP.  Xy.    B.  XLU 

**  And  complete  the  cylinders  AX,  EO.'*  Both  the 
enunciation  and  exposition  of  the  proposition  represent  the 
cylinders  as  well  as  the  cones,  as  already  described:  Where- 
fore the  reading  ought  rather  to  be,  <^  and  let  the  cones  be 
«  ALC,  ENG ;  and  the  cylinders  AX,  EO.^ 

The  first  case  in"  the  second  part  of  the  demonstration  is 
wanting;  and  something  also  in  the  second  case  of  that 
part,  before  the  repetition  of  the  construction  is  mentioned; 
which  are  now  added. 

PROP.  XVM.    B.  XU. 

In  the  enunciation  of  this  proposition,  the  Greek  words 

sif  rr^y  fLsil^ova^crfxi^ay  .(TTSpeov  itoXvei^ov  syy^ac^cu  ynq  ^9asoy 
ryjs  s\ei(ra'oyo$  trfai^as  ko^tol  itiiv  sTfK^aLvetav  are  thus  traBslateA 
by  Commandine  and  others,  ^'  in  majori  solidum  pdlyhe* 
*^  drum  describere  quod  minorb  sphaerse  superficiem  non 
"  tangat ;"  that  is,  "  to  describe  in  the  greater  spber^  a  s6- 
'*  lid  polyhedron  which  shall,  not  meet  the  superficies  of 
"  the  lesser  sphere  :'*  Whereby  they  refer  the  words  xata 
rffV,  strifavsiav  to  these  next  to  them  tr^$  eXoLfrtravog  tr<pouofigi 
But  they  ought  by  no  means  to  be  thus  translated :  for  the 
solid  polyhedron  doth  not  only  meet  the  superficies  of  the  * 
lesser  sphere,  but  pervades  the  whole  of  that  sphere: 
Therefore  the  aforesaid  words  are  to  be  referred  to  ro  ors^soy 
^o\vs$^oy,  and  ought  thus  to  be  translated,  viz.  to  describe 
in  the  greater  sphere  a  solid  polyhedron  whose  superficies 
shall  not  meet  the  lesser  sphere ;  as  the  meaning  of  the 
proposition  necessarily  requires. 

The  demonstration  of  the  proposition  Is  spoiled  and  mu- 
tilated :  For  some  easy  tliijigs  are  very  explicitly  demon- 
strated, while  others  not  so  obvious  are  not  sufficiently 
explained ;  for  example,  when  it  is  affirmed,  that  trc 
square  of  KB  is  greater  than  the  double  of  the  square  Of 
BZ,  in  the  first  demonstration ;  and  that  the  angle  B2fK  is 
obtuse,  in  the  second :  Both  wliich  ought  to  have  been  de- 
monstrated :  Besides,  in  the  first  demonstration,  it  is  said, 
"draw  Ki2  from  the  point  K,  perpendicular  to  B0j|** 
whereas  it  ought  to  have  been  said,  "join  KV/*  and  it 
should  have  been  demonstrated,  that  KV  is  perpendicular 
to  BD  :  For  it  is  evident  from  the  figure  in  JTervapii^s 
and  Gregory's  editions,  and  from  the  words  of  the  dembd- 
stration,  that  the  Greek  editor  did  not  perceive  that  the 
perpendicular  drawn  from  the  point  K  to  the  straight  line 


/ 


NOTEa  $5S 

BD  must  necessarily  fell  upon  the  point  V,  for  in  the  fi-  ^^^5* 
gure  it  ia  made  to  M\  upon  the  point  n,  a  different  point 
from  V,  ^hich  is  likewise  supposed  in  the  demonstration. 
Commandine  seems  to  have  been  aware  of  this ;  for  in  thb 
^ure  he  marks  one  and  the  same  point  witli  two  letters 
V)  H ;  and  before  Commandine,  the  learned  John  Dee,  in 
the  commentary  be  annexes  to  this  proposition  in  Henry 
Billingsley's  translation  of  the  Elements,  printed  at  Lon- 
doii»tnn.  1570,  expressly  takes  notice  of  this  error,  and 
fl^ves  a  demonstration  suited  to  the  eonstniction  in  the 
Greek  text,  by  which  he  shows  that  the  perpendicular 
dniiim  from  the  point  K  to  BD,  must  necessarily  fall  upon 
the  point  V. 

Likewise  it  is  not  demonstrated,  that  the  quadrilateral 
figures  SOPT,  TPRY,  and  the  triangle  YRX,  do.  not  meet 
the  lesser  sphere,  as  was  necessary  to  have  been  done :  only 
Clavius,  as  far  as  I  know,  has  observed  this,  and  demon* 
strated  it  by  a  lemma,  which  is  now  premised  to  this  pro- 
position, something  altered,  and  more  briefly  demonstrated. 

In  the  corollary  of  this  proposition,  it  is  supposed  that  a 
aolid  polyhedron  is  described  in  the  other  sphere  similar  to 
that  which  is  described  in  the  sphere  BCDE ;  but,  as  the 
construction  by  which  this  may  be  done  is  not  given,  it 
was  thought  proper  to  give  it,  and  to  demonstrate  that  the 
pyramids  in  it.  are  similar  to  those  of  the  same  order  in  the 
aolid  polyhedron  described  in  the  spliere  BCDE. 

F&OM  the  preceding  notes,  it  is  sufficiently  evident  how 
much  the  Elements  of  Euclid,  who  was  a  most  accurate 
geometer,  have  been  vitiated  and  mutilated  by  ignorant 
editors.  The  opinion  wl^ich  the  greatest  part  of  learned 
men  have  entertained  concerning  the  present  Greek  edi- 
tion, viz.  that  it  is  very  little  or  nothing  different  from  the 
genuine  work  of  Euclid,  has  without  doubt  deceived  them, 
and  made  them  less  attentive  and  accurate  in  examining 
that  edition  ;  whereby  several  errors,  some  of  them  gross 
enough,  have  escaped  their  notice  from  the  age  in  which 
Theon  lived  to  this  time.  Upon  which  account  there  is 
some  ground  to  hope  that  the  pains  we  have  taken  in  cor- 
recting those  errors,  and  freeing  the  Elements  as  far  as  we 
could  from  blemishes,  will  not  be  unacceptable  to  good 
judges,  who  can  discern  when  demonstrations  are  legiti- 
mate, and  when  they  are  not. 

2  A 
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Book  XII,  The  objections  wbicli,  since  the  first  edition,  have  beea 
made  against  some  things  in  the  notes,  especially  against 
the  doctrine  of  proportionals,  have  either  been  fiilly  an- 
swered in  Dr.  Barrow's  Iiect.  Mathemat.  and  in  these 
notes;  or  are  such,  except  one  which  has  been  taken  no- 
tice of  in  the  note  on  Prop.  1.  Book  11,  as  show  that  the 
person  who  made  them  has  not  sufiiciently  conslder^4  ^^^ 
things  against  which  they  are  brought ;  so  that  it  is  not  ne- 
cessary to  make  any  further  answer  to  these  objections  and 
others  like  them  against  Euclid's  definition  of  [)roportiona]s, 
of  which  definition  Dr.  Barrow  justly  says  in  page  297  ol 
the  above-named  book,  that  ^^  Nisi  machinis  impulsa  vaU- 
^^  dioribus,  setemiim  persistet  inconcussa/' 


END  OF  THB  NOTES. 
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I, 


PREFACE. 


Euclid's  Data  la  the  first  in  order  of  the  books 
written  by  the  ancient  geometers  to  facilitate  aod 
promote  the  ooelbod  of  resolution  or  annlysis*  In 
the  general,  a  tbing  is  said  to  be  given,  whicb  is 
either  actually  exhibited,  or  can  be  found  out, 
that  is,  which  is  either  known  by  hypothesis,  or 
that  can  be  demonstrated  to  be  known;  and  the 
propositions  in  the  book  of  Euclid's  Data  show 
what'tbings  can  be  found  out  or  known  from  those 
that  by  hypothesis  are  already  known ;  so  that  in 
the  analysis  or  investigation  of  a  problem,  from  the 
things  that  are  laid  down  to  be  known  or  given,  by 
the  help  of  these  propositions  other  things  are  de- 
monstrated to  be  given,  and  from  these,  other 
things  are  again  shown  to  be  given,  and  so  on,  un- 
til that  which  was  proposed  to  be  found  out  in  the 
problem  is  demonstrated  to  be  given ;  and  when 
this  is  done,  the  problem  is  solved,  and  its  compo- 
sition is  made  and  derived  from  the  compositions 
of  the  Data  which  were  made  use  of  in  the  analy- 
sis. And  thus  the  Data  of  Euclid  are  of  the  most 
general  and  necessary  use  in  the  solution  of  pro- 
Wcins  of  every  kind. 

£ucLiD  is  reckoned  to  be  the  author  of  the 
Book  of  the  Data,  both  by  the  ancient  and  mo- 
dfem.  geometers  ;  and  there  seems  to  be  no  doubt 
^f  his  having  written  a  book  on  this  subject,  but 
^hich,  in  the  course  of  so  many  ages,  has  been 
^uch  vitiated  by  unskilful  editors  in  several  places, 
^^th  in  the  ordeV  of  the  propositions,  and  in  the  de- 
finitions and  demonstrations  themselves.  To  cor- 
y^ct  the  errors  which  are  now  found  in  it,  and  bring 
^t  nearer  to  the  accuracy  with  which  it  was,  no 
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doubt,  at  first  written  by  Euclid,  is  the  design  of 
this  edition,  that  so  it  may  be  rendered  more  use* 
ful  to  geometers,  at  least  to  beginners  who  desire 
to  learn  the  investigatory  method  of  the  ancients. 
And  for  their  sake,  the  compositions  of  most  of 
the  Data  are  subjoined  to  their  demonstrations, 
that  the  compositions  of  problems  solved  by  help 
of  the  Data  may  be  the  more  easily  made. 

Marin  us  the  philosopher's  preface,  which,  in 
the  Greek  edition,  is  prefixed  to  the  Data,  is  here 
left  out,  as'  being  of  no  use  to  understand  theid. 
At  the  end  of  it,  he  says,  that  E!uc1id  has  not  used 
the  synthetical  but  the  analytical  method  in  deli- 
vering them  ;  in  which  he  is  quite  mistaken ;  for 
m  the  analysis  of  a  theorem,  the  thing  to  be  demon- 
strated is  assumed  in  the  analysis ;  but  in  the  de- 
monstrations of  the  Data,  the  thing  to  be  demon- 
strated, which  is,  that  something  or  other  is  given, 
is  never  once  assumed  in  the  demonstration,  from 
which  it  is  manifest,  that  every  one  of  them  is  de- 
monstrated synthetically ;  though  indeed,  if  a  pro- 
position of  the  Data  be  turned  into  a  problem,  (for 
example,  the  84th  or  85th  in  the  former  editions, 
which  here  are  the  85th  and  86th,)  the  demonstra- 
tion of  the  proposition  becomes  the  analysis  of  the 
problem. 

Wherein  this  edition  differs  from  the  Greek, 
and  the  reasons  of  the  alterations  from  it,  will  be 
shown  in  the  notes  at  the  end  of  the  Data. 
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DEFINITIONS. 

I, 

Spaccs,  liDes,  and  angles,  are  said  to  be  given  in  magni- 
tude, when  equals  to  them  can  be  found. 

...  .  "• 

A  ratio  is  said  to  be  given,  when  a  ra|j[o  of  a  given  magni- 
tude to  a  given  magnitude  which  is  the  same  ratio  with 
it  can  be  found. 

III. 
Rectilineal  figures  are  said  to  be  given  in  species,  which 
'  hh9e  each  of  their  angles  given,  and  the  ratios  of  their 
sides  given. 

IV. 
Points,  lines,  and  spaces,  are  said  to  be  given  in  position, 
which  have  always  the  same  situation,  and  which  are 
either  actually  exhibited,  or  can  be  found. 

A. 
An  angle  is  said  to  be  given  in  position,  which  is  contained 
by  straight  lines  given  in  position. 

V  . 

AtJircle  IS  said  to  be  given  in  magnitude,  whe\)  a  straight  line 
fix>m  its  centre  to  the  circumference  bgiven  in  magnitude. 

yi. 

A  circle  is  said  to  be  given  in  position  and  magnitude,  the 
centre  of  which  is  given  in  position,  and  a  straight  line 
*jfrom  it  to  the  circumference  is  given  in  magnitude. 

VII. 

Segments  of  circles  are  said  to  be  given  in  magnitude,  when 
the  angles  in  them,  and  their  bases,  are  given  in  magni- 
tude. 

VIII. 

Segments  of  circles  are  said  to  be  given  in  position  and  mag- 
nitude, when  the  angles  in  them  are  given  in  magnitude, 
and  their  bases  are  given  both  in  position  and  magnitude, 

IX. 

A  magnitude  is  said  \b  be  greater  than  another  by  a  given 
magnitude,  wlien  this  given  magnitude  being  taken  from 
it,  the  remainder  is  equal  to  the  other  magnitude. 
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X.' 

A  mognitude  is  laid  to  be  1e*s  than  another  bya  given  mag. 
nitude,  when  this  given  magnitude  being  added  to  it^  the 
whole  is  equal  to  the  other  magnitude. 

■  '■  PROPOSITION  I; 

•«wN.  The  ratio  of  given  magnitudes  to  one  anotber  it 
given. 

I^ct  A,  B,  be  two  given  mugnitiuJes,  the  ratio  of  A  to  6 

Because  A  is  a  given  magnitude,  there  i 

■iDff.  n,ay»befoundone^ualtoit;  let  this  be 
C :  And  because  B  is  given,  ooe  equal  to 
it  may  be  Tound ;  let  it  be  D  :  And  since 
'  '■  *■  A  is  equal  to  C,  and  B  to  D :  therefore  •> 
A  is  to  B,  as  C  to  I> ;  and  consequently 
the  ratio  of  A  to  iJ  is  given,  because  the  1     „   i . 

ratioof  the  given  magnitudes  C,D,  which  A     B     t,  1) 
is  the  same  witli  i^  has  been  found. 

«•  PROP.  II. 

ScN.  If  a  given  magnitude  has  a  given  ratio  to  aoothec 
magnitude,  "  and  if  unto  the  two  magnitudes  by 
"  which  the  given  ratio  is  exhihited,  and  the  given 
"  magnitude,  a  fourth  proportional  can  be  found;" 
the  other  magnitude  is  given. 

Let  the  given  magnitude  A  have  a  given  ratio  to  the 
magnitude  B  :  if  a  fourth  proportiouRl  can  be  found  to  the 
three  magnitudes  above-named,  B  is  given  in  magnitude. 
Because  A  is  given,  a  magnitude  may  be 
■  1  D>r.  found  equal  to  it " ;  let  this  be  C ;  And  be- 
cause the  ratio  of  A  to  B  is  given,  a  ratio 
which  is  the  same  wiih  it  may  be  found  ; 
let  this  be  the  ratio  of  tiie  given  magnitude 
E  to  die  given  magnitude  F:-Unto  the 
magnitudes  E,  F,  C,  find  a  fourth  propor- 
tional D,  which,  by  the  hypothesis,  can  be 
done.     Wherefore,  because  A  is  to  B,  as  E 
'  1 1. 5.  to  F;  and  as  E  to  F,  so  is  C  to  D ;  A  is'* 


ill 
I 
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to  B,  as  C  to  D.     But  A  is  equal  to  C :  therefore^  B  is  ^  14.  ^. 
equal  to  D.    The  magnitude  B  is  therefore  givea%  becau^  "  l  DeC 
H  magnitude  D  equal  to  it  has  been  found. 

The  limitation  witbici  the  inverted  commas  is  not  in  the 
Greek  text^  but  is  now  necessarily  added ;  and  the  same 
must  be  understood  in  alUhe  propositions  of  the  book  which 
depend  upon  this  second  proposition,  where  it  is  not  ex- 
pressly mentioned.    See  the  note  upon  it. 


PROP.  III.  3. 

ft 

If  iMiy  given  magnitudes  be  added  together,  their 
sum  shall  be  given. 

Let  any  given  magnitudes  AB,  BC,  be  added  together, 
^flbflir  sum  AC  is  given. 

Because  AB  is  given,  a  magnitude  equal  to  it  may*  be  *  i  Def. 
foiuid;  let  this  be  D£  :  And  because   a  K       P 

BC  is  given,  one  equal  to  it  may  be  '^  ■  ^-  ■       ^ 

fiuuid ;  let  this  be  EF  :  Wheretbre  -p.  F        XT 

because  AB  is  equal  to  DE,  and  BC  ^ -^ 1 

^^Qol  to  £F;  the  whcde  AC  is  equal  to  the  whole  DP ;  AC 
h  tiiciefoce  given,  because  DF  has  been  found  which  is- 
mfiml  to  it.  ^* 


PROP.  IV.  4. 

If  a  given  magnitude  be  taken  from  a  given  mag-' 
nitude;  the  remaining  magnitude  shall  be  given. 

From  the  given  magnitude  AB,  let  the  given  magnitude  - 
AC  be  taken :  the  remainiag  magnitude  CB  is  given. 

Because  AB  is  given,  a  magnitude  equal  to  it  may'  be  ^1  Dc& 
found ;  let  this  be  DF :  And  C        u 

because  AC  is  given,  one  tA  ,  ,  y  ,  j|> 
equal  to  it  may  be  found  ;  let 

this  be  DE :  Wherefore,  be*      ^1 E        F 

cause  AB  is  equal  to  DF,  and 

AC  to  DE ;  the  remainder  CB  is  equal  to  the  remainder 
FE.  CB  is  therefore  given*,  because  FE  which  is  equal 
to  it  has  been  found. 
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12.  PROP.  V. 

SeeN.  If  of  three  magnitudes,  the  first  together  with  the 
secood  be  given,  and  also  the  second  together  with 
the  third  ;  either  the  first  is  equal  to  the  third,  or 
one  of  them  is  greater  tlian  the  other  by  a  given 
magnitude. 

Let  AB,  BC,  CD,  be  three  magnitudes,  of  which  AB 
together  with  BC,  thnt  is,  AC,  is  given  ;  and  also  BC  to- 
gether with  CD,  that  is,  BD,  is  given.  Either  AB  h  equal 
to  CD,  or  one  ot*  them  is  greater  than  the  other  by  a  given 
magnitude. 

Because  AC,  BD,  are  each*  of  thera  given,  they  are  .either 
equal  to  one  another,  or  not      ^a        i>  p       i^ 

equal.     First,   let  them   be      "^ — '-^ ■ ^ 

e({uul,  and  because  AC  is  equal  to  BD,  take  away  the  com- 
mon part  BC ;  therefore  the  remainder  AB  is  equal  to  tbe 
remainder  CD.  i 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,4fld 
make  CE  equal  to  BD.  I'herefore  CE  is  given,  b^cum 
BD  is  given.     And  the  whole    a    [r       g         C       'n 

•4Dat.AC  is  given;  therefore*  AE  "^ — "^ ' ^ ^ 

,  tbe  remainder  is  given.  And  because  EC  is  equal  to  JBI^ 
by  taking  BC  from  both,  the  remainder  EB  is  equal  ta  the 
remainder  CD.  And  AE  is  given  ;  wherefore  AB  exccei 
EB,  that  is,  CD,  by  the  given  magnitude  AE. 

5.  PROP.  VI. 

See  N.  If  a  magnitude  has  a  given  ratio  to  a  part  of  it,  it 
shall  also  have  a  given  ratio  to  the  remaining  part 
of  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  apart 

of  it;  it  has  also  a  given  ratio  to  ihe  remainder  BC. 

Because  the  ratio  of  AB  to  AC  is  given,  a  ratio  may  U 

•*  2  Def.  found*  which  is  tlie  same  to  it :  Let  this  be  the  ratio  of 

DE,  a  given  magnitude  to  the  given     \  T    '  U 

magnitude  DF.     And  because  DE,   =^^"— '  ■     r 

\  4  Dat.  DF,  are  given,  the  remainder  FE  is  '^   -p.  "Pi? 

given  :  And  because  AB  is  to  AC,  as  ^ = — -i ^ 

^E.  5,  BE  to  DF,  by  conversion  ^  AB  is  to  BC,  as  DE  toEF. 
Therefore  the  ratio  of  AB  to  BC  is  given,  because  the  ratio 
c^  the  given  magnitudes  DE,  EF,  which  is  the  same  with 
it,  has  been  found. 
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Cor.  From  this  it  follows,  that  the  parts  AC,  CB,  have  a 
given. ratio  to  one  another :  Because  as  AB  to  BC,  so  is  DE 
to  EF;  by  division »',  AC  is  to  CB,  as  DF  to  FE ;  and  DF,  *  ir.  5. 
FE,  are  given ;  therefore^  the  ratio  df  AC!  to  CB  is  given, '  2  Det 


PROP.   VII.  6. 

It  two  magnitudes  which  have  a  mven  ratio  to  one  SeeN. 
^pother  be  added  together  ;  the  whole  magnitude    ' 
sbail  have  to  each  of  then)  a  given  ratio. 

Let  the  magnitudes  AB,  BC,  which  have  a  given  ratio 
"io  one  another,  be  added  together:  the  wliole  AC  i)as  to 
e^ch  of  the  magnitudes  AB,  BC,  a  given  ratio. 

Because  the  ratio  of  AB  to  BC  is  given,  a  ratio  may  be 
Iblind*  which  is  the  same  with  it;  let  this  be  the  ratio  of '  ^  ^et. 
the  given  magnitudes  DE,  EF:      *  K        C 

And  because  DE,  EF,  are  given, 1 ^ 

the  whole  DF  is  given  ^:  And  i^     i:  **3Dat. 

became  as  AB  to  BC,  so  is  DE    '^- 4'^:— *- 

to  EF;  by  composition <^  AC  is  to  CB  as  DF  to  FE;  and, « is.  5. 
by  conversion «*,  AC  is  to  AB,  as  DF  to  DE  :  Wherefore^  E.  5. 
•because  AC  is  to  each  of  the  magnitudes  AB,  BC,  as  DF 
"to  each  of  the  others  DE,  EF;  the  ratio  of  AC  to  each  of 
'the  magnitudes  AB,  BC,  is  given  ^ 


PROP.  VIIL  7. 

If  a  given  magnitude  be  divided  into  two  parts  SeeN. 
\thich  have  a  given  ratio  to  one  another,  and  if  a 
fourth  proportional  can  be  found  to  the  sum  of 
thiB  two  magnitudes  by  which  the  given  ratio  is  ex- 
hibited, one"  of  them,  and  the  given  magnitude ; 
^ach  of  the  parts  is  given. 

Let  the  given  magnitude  AB  be  divided  Into  the  parts 
AC,  CB,  wliich  have  a  given  ratio 

to  one  another ;  if  a  fourth  pro-   A. C JJ 

'portional  can  be  found   to  the 

aiK)ve-naraed    magnitudes;    AC   J)  V     T. 

and  CB  are  each  of  them  given.     ""    ^         ^-       '''" 

Because  the  ratio  of  AC  to  CB  is  given,  the  ratio  of  AB 
to  BC  is  given  %  therefore  a  ratio,  which  is  the  same  with  ■  7  Dat. 
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^  I  DeE  it  ean  be  tumA  ^ ;  let  tbia  be  the  ratb  of  the  given  niagni- 

tvdn,  DE,EF:  And  because 

the  given  mai^oitude  AB  has  to      A y        B 

BC  the  given  ratio  of  DE  to 

EF,  if  unto  DE,  EF,  AB,  a      J>  y     £ 

fourth    proptirtional     can    be  ' 

*f  DA  found,  this  which  is  BC  is  given'';  and  beoiuse  ABi|t 
'«  Du.  given,  the  oiher  part  AC  is  given''. 

In  the  same  manner,  and  with  the  like  limiMioaj  if  llie 

difference  AC  of  two  magnitudes  AB,  BC,  which  bare  t 

given  ratio  be  given ;  each  of  tlie  magaitudei  ABy  B(^  it 

given. 


8.  PROP.  IX. 

Magnitudes  which  have  given  ratioa  to  tiHHmi 
magtiitude,  have  also  a  ^ven  ratio  to  one  another. 

Let  A,  C,  liave  each  of  tliem  a  given  ratio  to  B ;  A  htl 
a  given  ratio  to  C 

Because  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  tht' 
3l>ef.game(o  it  may  be  found';  let  this  be  the  ratio  of  the  gim 
magnitutles  D,  E:  And  because  the  ratio  of  B  to  C  is 
given,  a  ratio  which  is  the  same  with  it  may  be  fouad': 
let  this  be  tiie  ratio  of  the  given 
magnitudes  F,  G  :  To  F,  G,  E, 
find  a  fourth  proportional  H,  if 
it  can  he  done ;  and  becRUse  as 
A  Is  to  B,  so  is  1)  to  E ;  and  as  B 
to  C,  so  is  (F  to  G,  and  so  is)  E 
1oH;exa;quali,asAloC,sois  A  ii  C  D  E 
D  to  H  :  Therefore  the  ratio  of 
A  to  C  is  given^,  because  the  ra- 
tio of  the  given  magnitudes  D 
and  H,  which  is  the  same  with 
has  been  found 


^  6 


fourth  proportional  to  F,  G,  E,  cannot  be  found,  then  j^ 
can  only  be  said  that  tlie  ratio  of  A  to  C  is  compound^oE: 
tlie  ratios  uf  A  to  B,  and  B  to  C,  tliat  is,  of  the  given  n-' 
tios  of  D  to  E,  and  F  to  G. 
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PROP.  X.  »• 

[f  two  or  more  magnitudes  have  giveo  ratios  to  one 
iootheri,  and  if  they  have  given  ratios,  though  they 
be  not  the  same,  to  some  other  magnitudes :  these 
other  magnitudes  shall  also  have  given  ratios  to 
one  another. 

Lettitfo  or  more  magnitudes  A,  B,  C,  have  given  ratios 
to  one  another ;  and  let  them  have  given  ratios,  though 
th^  be  not  the  same,  to  some  other  magnitudes  D,  E,  F: 
Hie  magnitudes  D,  E,  F,  have  given  ratios  tb  one  another. 

Because  the  ratio  of  A  to  B  is  given,  and  likewise  the 

lalio  of  A  to  D ;  there-        

fore  the  ratio  of  D  to  B  A.~  J) 

is  given*;  but  the  ratio   t>__J -p  *9l>at. 

of  B  to  E  is  given;  there-  ^  J^ 

fere^  the  ratio  of  D  to  C  q ^    y 

is  given:  And  because 

Ae  ratio  of  B  to  C  is  given,  and  also  the  ratio  of  B  to  E ; 
Ae  ratio  of  E  to  C  is  given  « :  And  the  ratio  of  C  to  P  is 
flven ;  wherefore  the  ratio  of  E  to  F  is  given ;  D,  £,  F, 
lave  diercfore  given  ratios  to  one  another.. 


PROP.  XI.  2«. 

If  two  magnitudes  have  each  of  them  a  given  ra- 
tio to  another  magnitude,  both  of  them  together 
shall  have  a  given  ratio  to  that  other. 

JLet  the  magnitudes  AB,  BC,  have  a  give;n  ratio  to  th# 
maffuitude  D,  AC  has  a  given  ratio  to  the  saaie  D. 

Because  AB,  BC,  have  each  of  ^ 

them  a  given  ratio  to  D,  the  ratio    A B        C 

of  AB  to  BC  is  given^ :  And  by  *     « 9  d«v. 

CQmnosition,  the  .ratio  of  AC  to    D 

CB  IS  given^:  But  the  ratio  <rf  '  »7D»t. 

BCio  D  is  given :  therefore*  tho  ratio  of  AC  to  D  is  given. 
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fS.  PROP.  XII. 

SeeN.  If  the  whole  have  to  the  whole  a  ^ven  ratio,  ami. 
the  parts  have  to  the  parts  given,  but  not- the  saoafe^ 
ratios :  every  one  of  then),  whole  or  part,  shftl^ 
have  to  every  one  a  given  ratio.  * 

Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD^ 
and  the  parts  AE,  EB>  have  given,  biit  not  the  same,  ratios 
to  the  parts  CF,  FD  :  every  one  shall  have  to  every  one, 
whole  or, part,  a  given  ratio.  ..  .  r  '• 
Because  the  ratio  of  A£  to  CF  is  given;  as  AE  to  CFy 
so  make  AB  to  CG ;  the  ratio  therefore  of  AB  ta.GG  i^ 
given :'  wlierefore  the  ratio  of  the  remainder  EB.to  the  le- 
•  19.5.  mainder  FG  is  given,  because  it  is  the  same^  with  the  ratio 
of  AB  to  CG:  And  the  ratio  of  ^ 
EB  to  FD  is  given,  wherefore   A  ]E* B 

«» 9  Dat  the  ratio  of  FD  to  FG  is  given  ^* ;        . 

and,  by  conversion,  the  ratio  of  (•       p  Q  J) 

'  6  Dat  FD  to  DG  isgive\i  <^ :  And  be-   ""        '•       "     ^'^       '^ 

cause  AB  has  to  each  of  the  magnitudes  CD,  CG,  a  givei^ 
ratio,  the  ratio  of  CD  to  CG  is  given  ^,  and  therefore*  tfat) 
ratio  of  CD  to  DG  is  given  :  But  the  ratio  of  QP  to  DFi 
is  given,  wherefore^  the  ratio  of  CD  to  DF  is  giv^n,aad 

*  Cor.  6.  consequently  ^  the  ratio  of  CF  to  FD  is  given ;  but  the  ra- 
^*^-      tio  of  CF  to  AE  is  given,  as  also  the  ratio  of  FD  to  EB; 

« lODat.  wherefore  c  the  ratio  of  AE  to  EB  is  given ;  as  also  thera- 

f  7  Dat.  tio  of  AB  to  each  of  them^.     The  ratio  therefore  of  every 
one  to  every  one  is  given. 


24.  PROP.  XIII. 

SeeN.  If  the  first  of  three  proportional  straight  lines  has? 
a  given  ratio  to  the  third,  the  first  shall  also'hatc 
a  given  ratio  to  the  second.  ,      .  .. 

Let  A,  B,  C,  be  three  proportional  straight  lines,  *litt  Hf. 

as  A  to  B,  so  is  B  to  C ;  if  A  has  to  C  a  given  ratio,  A  shUU 

also  have  to  B  a  given  ratio.  '''\ 

Because  the  ratio  of  A  to  C  is  given,  a  ratio  which  kiht 

•  2Def.  same  with  it  may  be  found^:  let  this  be  the  ratio  of  the 

^  13.  6.  given  straight  lines  D,  E;  and  between  D  and  E  find  a\ 


BATA. 


SffS 


F 

I 


mean  proportional  F ;  tlierefore  the  rectangle  contained  bj 

D  and  £  is  equal  to  the  square  of  F,  and  the 

rectangle  D,  £,  is  giveu,  because  its  sides  D, 

E,  are  ffiven ;  wlierefore  the  square  of  F,  and 

the  straight  line  F  is  given :  And  because,  as 

A  is  to  C,  90  is  D  to  £ ;  but  as  A  to  C,  so 

is^  the  square  of  A  to  the  square  of  B ;  and 

IIS  D  to  Ej'so  is^  the  square  of  D  to  the   a 

iquareof  F :  Therefore  the  square^  of  A  is  to 

the  square  of  B,  as  the  square  of  D  to  tlie 

square  of  F:  As  therefore « the  straight  Ymc  D 

A  to  the  straight  line  B,  so  is  the  straight  line 

D  to  the  straight  line  F;  therefore  the  ratio 

of  A  to  B  is  given",  because  the  ratio  of  the 

given  straight  lines  D,  F,  which  is  the  same 

with  it,  has  been  found. 


B    C 


«  «  Cor, 
20.  6. 

^  11.6. 


r 


•  ♦  Def. 


PROP.  XIV.  A. 

If  a  magnitude,  together  with  a  given  magnitude,  seeK. 
has  a  given  ratio  to  another  magnitude ;  the  excess 
of  this  other  magnitude  above  a  given  magnitude, 
has  a  given  jatio  to  the  first  magnitude  :"And  If 
the  excess  of  a  magnitude  above  a  given  magnitude 
has  a  given  ratio  to  another  magnitude ;  this  other 
magditude,  together  with  a  given  magnitude,  has  a 
g^ven  ratio  to  the  first  magnitude. 

Let  the  magnitude  AB,  together  with  the  given  magni- 
tude BEl,  that  is,  A£,  have  a  given  ratio  to  the  magnitude 
CD :  the  excess  of  CD  above  a  given  magnitude  has  a 
given  ratio  to  AB. 

Because  the  ratio  of  AE  to  CD  is  given ;  as  AE  to  CD, 
so  mdce  B£  to  FD  ;  therefore  the  ratio  of  BE  to  FD  is 
given,  and  BE  is  given ;  wherefore 

FDis  given** :  And  because  as  AE    A J^ K   •  2  Dat. 

to  CD,  so  is  BE  to  FD,  the  re- 
mainder AB  is^  to  the  remainder  Q  jr      '[)  *  19.  5. 

CF,  as  AE  to  CD :  But  the  ratio  "  ~  

of  AE.to  CD  is  given';  therefore  the  ratio  of  AB  to  CF  is 
given ;  that  is,  OF,  the  excess  of  CD  above  the  given  mag- 
nkude  FD,  has  a  given  ratio  to  AB. 

Next,  l.iet  the  excess  of  the  magnitude  AB  above  the 
gtveo  magnitude  B£i  that  Hs,  let  A£,  iuwi*  a  given  ratio  to^   • 
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tb€  iiuignitud6  CD ;  CD  together  with  agimi  tatkgoSfisai^ 
has  a  given  ratio  to  AB. 

Because  the  ratio  of  AE  to  CD  it  given ;  as  AE  to  CD 
so  make  BE  to  FD ;  therefore  the  ra-    *  x*       li 

tio  of  BE  to  FD  is  given,  and  BE  is  A ■  .4^   .  ft 

•  2  Dat  given ;  wherefore  FD  is  given  » :  And 

because,  as  AE  to  CD,  so  is  BE  to  p  H     V 

•12.5.  FD,  AB  is  to  CF,  as<^  AE  to  CD  :  ^ ^'    ^ 

3ut  the  ratio  of  AE  to  CD  is  given,  therefore  the  ratio  df  AB 
to  CF  is  given :  tiiat  is,  CF^  which  is  equal  to  CD  togetlief 
with  the  given  magnitude  DF,  has  a  given  ratio  to  AB. 

B.  PROP.  XV. 

SfeN.  If  a  magnitude,  together  with  that  to  which  an- 
other  magnitude  has  a  given  ratio,  be  given;  the 
sum  of  this  other,  and  that  to  which  the  first  mag- 
nitude has  a  given  ratio,  is  given. 

Let  AB,  CD,  he  two  magnitudes,  of  which  AB,  tog^ier 
with  BE,  to  which  CD  has  a  given  ratio,  is  given  j  CD  is . 
given,  together  with  that  magnitude  to  which  AB  lias  a 
given  ratio. 

Because  the  ratio  of  CD  to  BE  is  given ;  as  .BE  to  CD,m 
make  AE  to  FD ;  therefore  the  ratio  of  AE  to  FD  is  givra, 
» gDat.  and  AE  is  given,  wherefore »  FD      .  r>       v 

is  given :  And  because  as  BE  to    A .  J^  .     f^ 

»Cor.  19. 5.  CD,  so  is  AE  to  FD :  AB  is^  to 

FC,  as  BE  to  CD :  And  the  ratio  F  T      ^ 

of  BE  to  CD  is  given :  wherefore 
the  ratio  of  AB  to  FC  is  given :  And  FD  is  given,  tliat  is,  CD 
together  with  FC,  to  which  AB,  has  a  given  ratio,  is  given. 

10.  BROP.  XVI. 

s«eN.  If  the  excess  of  a  magnitude  above  a  given  magjoi- 
tude  has  a  given  ratio  to  another  magnitude;  the  ex- 
cess of  both  together  above  a  given  magnitude  sbali 
have  to  that  other  a  given  ratip :  And  if  the  excess  of 
two  magnitudes  together  above  a  given  magnibifiei 
has  to  one  of  them  a  given  ratio ;  either  the  excaess 
of  the  otiier  above  a  given  magnitude  has  to  itbat 
one  a  given  ratio;  or  the  other  is  given  together  with 
the  magnitude  to  which  that  one  baa  a  given  ratio* 
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'  !Let11ie  excess  of  the  magnitude  AB  above  a  giiren  mag- 
Bitude,.have  a  given  ratio  to  the  magnitude  BG ;  the  excess 
of  AC9  tioth  of  them  together,  above  the  given  magnitude, 
bas  a  given  ratio  to  BC. 

Let  AD  be  the  given  magnitude,  the  excess  of  AB  above 

which,  viz.  DB  has  a  given     a  D      "B     C 

ratio  to  BC :  And  because    ^ — ■ ^ — r^ 

DB  has  a  given  ratio  to  BC,  the  ratio  to  DC  to  CB  is  given  %•  r  Dat. 
mnd  AD  b  given ;  therefore  DC,  the  excess  of  AC  above 
'  the  given  magnitude  AD,  has  a  given  ratio  to  BC. 

I^t^  Let  the  excess  of  two  magnitudes  AB,  BC,  toge- 
ther, above  a  given  magni-      a  D      R      h^  P 

tude^  have  to  one  of  them         « ^" — ^     ' 

BC  a  given  ratio;  either  the  excess  of  the  other  of  them 
AB  above  the  given  magnitude  shall  have  to  BC  a  given 
ratio;  or  AB  is  given,  together  with  the  magnitude  to 
which  BC  has  a  given  ratio. 

Let  AD  be  the  given  magnitude,  and  iirst  let  it  be  less 
than  AB ;  and  because  DC  the  excess  of  AC  above  AD  has 
a  given  ratio  to  BC,  DB  has^  a  given  ratio  to  BC;  that  is,  ^ Cor.  6. 
DB  the  excess  of  AB  above  the  given  magnitude  AD  has  a  ^t* 
given  ratio  to  BC. 

But  let  the  given  magnitude  be  greater  than  AB,  and 
make  AC  equ<a]  to  it ;  and  because  EC,  the  excess  of  AC 
above  AE  has  to  BC  a  given  ratio,  BC  has^  a  given  ratio  to*  6  Dat. 
BE ;  and  because  AE  is  given,  AB  together  with  BE  to 
which  BC  has  a  given  ratio  is  given. 


PROP.  XVII.  ,1. 

If  the  excess  of  a  magnitude  above  a  given  magni-  ScoN, 
tude  has  a  given  ratio  to  another  magnitude ;  the 
excess  of  the  same  first  magnitude  above  a  given 
niagAitude,  shall  have  a  given  ratio  to  both  the 
magnitudes  together.  And  if  the  excess  of  either 
of  two  magnitudes  above  a  given  magnitude  has  a 
given  ratio  to  both  magnitudes  together ;  the  excess 
of  tiie  same  above  a  given  magnitude  shall  have  a 
^ven  ratio  to  the  other. 

Let  the  excess  of  the  magnitude  AB  above  a  given  mag- 
nitude have  a  given  ratio  to  the  magnitude  BC ;  the  excess 
of  AB  above  a  given  magnitude  lias  a  given  ratio  to  AC. 

2  B 
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Let  AD.'be  the  given  magnitude  ;  and  because  DB,  the 
excess  of  AB  abore  AD,  has  a  given  ratio  to  BC ;  the  ratio 

*  7  Dat.  of  DC  to  DB  is  given*;  Make  the  ratio  of  AD  to  DE  the 

same  with  this  ratio ;  therefore    a  17     T>   Tt        r* 

tberatioof  ADtoDEisgiven;  ^ ^     Y  V 1 

^  2  Dat.  and  AD  is  given,  wherefore^  DE  and  the  remainder  AE 
are  ^ven.  And  because  as  DC  to  DB,  so  is  AD  to  DB, 
'  12.  k.  AC  u.«  to  EB,  as  DC  to  DB ;  and  the  ratio  of  DC  to  DB 
is  given  ;  wherefore  the  ratio  of  AC  to  £B  is  ^ven  ;  Aod 
because  the  ratio  of  EB  to  AC  is  given,  and  that  AE  is 
given,  therefore  £B  the  excess  of  AB  above  the  given  mag'- 
nitude  AE,  has  a  given  ratio  to  AC. 

Next,  Let  the  excess  of  AB  above  a  given  magnitude 
have  a  given  ratio  to  AB  and  BC  together,  that  is,  to  AC; 
the  excess  of  AB  above  a  given  magnitude  has  a  givea  fa^ 
tio  to  BC. 

Let  AE  be  the  given  magnitude;  and  because  EBthe 
excess  of  AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to 
EB  so  make  AD  to  DE ;  therefore  the  ratio  of  AD  to  DE  is 

*  6  Dnu  given,  as  also<^  the  ratio  of  AD  to  AE :  And  AE  is  given, 

wherefore^  AD  is  given :  And  because,  as  the  whole  AC, 

•  19.  5.  to  the  whole  EB,  so  is  AD  to  DE,  the  remainder  DC  is*  to 

the  remainder  DB,  as  AC  to  EB;  and  the  ratio  of  AC  to 

£B  is  given ;  wherefore  the  ratio  of  DC  to  DB  is  given,  as 

f  Cor.  6.  also'  the  ratio  of  DB  to  BC :  And  AD  is  given ;  therefore 

^^^     DB,  the  excess  of  AB  above  a  given  magnitude  AD,  has  a 

given  ratio  to  BC. 


14.  PROP.  XVIII. 

If  to  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added; 
the  wholes  shall  either  have  a  given  ratio  to  one 
another,  or  the  excess  of  one  of  them  above  a  given 
magnitude  shall  have  a  given  ratio  to  the  other, 

Let  the  two  magnitudes  AB,  CD  liave  a  given  ratio  to 
gne  another,  and  to  AB  let  the  given  magnitude  BE  be 
added,  and  the  given  magnitude  DF  to  CD  :  The  wholes 
AE,  CF  either  have  a  given  ratio  to  one  anotlier,  or  the  ex- 
cess of  one  of  them  above  a  given  magnitude  has  a  given 
•  1  Dat.  ratio  to  the  other*. 

Because  BE,  DF,  are  each  of  them  given,  their  ratio  i? 
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gtt6^  MM  if  f  Hitf  m!d  tie  th6  i«M6  A      H  p 

wiih  the  ratio  of  AB  to  CD,  thff  te^  ^     ^       ^ 

lio<i^AEtto'€F,v^hichh5tlieirfif)^*^        ^  ^         '•i«.5, 

wUh  the  l^mt  rtltio  of  AB  tb  CD,  ii-ijL i-JL 

Iktt  if  (h^  f^id  of  BE  t6  Bt  ht  not  the  isatne  with  tfaid 
MJo  of  AJ^  «o  CD,  either  i(  h  gttatei  than  the  mio  of  AB 
to  CD,  €^,  by  Jfivefsteft,  thcf  rtltio  6f  DF  to  BE  is  gteihf 
than  tlie  ratio  of  CD  to  AB :  First,* 
let  tA«  ratio  of  BE  to  DF  be  great- 
er than  the  ratio  of  AB  to  CD ;   /^        -fi'  t:* 

and  as  AB  to  CD.  so  make  BG 4* L 

to  DF  J  therefore  the  ratio  of  BG  toDF  is  giirtti ;  iatnADP 
k  givetf,  (her^for^<^  BG  ii ^en :  Atid  beeausAe  BE  has  a  ^srDau 
grl^r  rkftO  M  t^F  than  (AB  iO  CDl,  that  i^  fhaiV)  BG  fo 
DF,  BE  is  gi'eafer^  than  BG:  Atii  becaltee  a)^  AB  to  CDj « lo.  5. 
to  k  ]^G  to  D*' ;  thef efofe  AG  fe*^  to  CF,-  as  AB  to  CD : 
Kit  the  ratiaof  A0  to  dtf  h  givett,  wh^refoi^e  t6e  Mio^of 
AO  to  €F  is  g}ven ;  ^nd  b6eatise  SB,  BG  aire  ffaXih  of  them 
given,  GE  h  gJveh  :  Thefetene  AG,  the  tuc^^of  AE  abovi 
a  given  magnitude  GE,  has  a  given  tuth  to  CF.  The 
other  case  is  demonstrated  in  the  same  manner. 


PROP.  XrX.  15. 

I:^  ft^Ofn  6^ch  df  two  tfiafghitiidfes,  whk:h'  have  et  give  A 
faitid  to  otie  stnother,  a  given  toagmtcide'  be  takeW, 
the  remdnrfers  shall  either  hatW  a'gitenriitSo  td'ofte 
ttwfhei*,  or  the  e:«cess  oFotie  of  thcm^  above  a  given 
tnagtritatfef,  shieffl  have  tf  given  ratio  to*  the  other. 

Let  the  magnitudes  AB,.  CD  have  a  given  ratio  to  one 
another,  and  from  AB  let  the  given  magnitude  Afi  be  taken, 
atidr  from  CD  tlie  given  iTfiagnitudes*  CF  :  The  remainders 
EB,  FD  shall  either  have  a  given  ratio  td  one  another,  or 
the  excet»>  of  one  of  them  above 

a  given  magnitude  shall  have  a    M^ jv n 

given-ratio  to  the  other,  ii|t_— __*c 

Because  AE,  C  F  are  each  ^^  (*      p  j\ 

them  given^tlieir  ratio  is  given'";  ^ ^  •  j^  jy^^.^ 

and  if  tliis  ratio  he  tile  same 

witli*  the  ratio  of  AB  to  CD,  the  ratio  of  the  remainder  EB 

2B2 
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>>  19. 5.to  the  remainder  FD,  which  is  the  sanie^  with  the  given 
ratio  of  AB  to  CD,  shall  be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  same  with  the 
ratio  of  AE  to  CF,  either  it  is  greater  than  the  ratio  of  AE 
>  to  CF,  or,  b^  inversion,  the  ratio  of  CD  to  AB  is  greater 
than  the  ratio  of  CF  to  A£ :  First,  let  the  ratio  of  AB  to 
CD  be  greater  than  the  ratio  of  AE  to  CF,  and  as  AB  to 
CD,  so  make  AG  to  CF :  therefore  the  ratio  of  AG  to  CF 
is  given,  and  CF  is  given, 

* 2 Dat. wherefore*  AG  is  given:    A E G-  B 

And  because  the  ratio  of 

AB  to  CD,  that  is,  the  ra-    C___F_D 

tio  of  AG  to  CF,  is  greater  ' 

'10. 5.  than  the  ratio  of  A  bl  to  CF;  AG  is  greater  <>  than  AE:  and 
AG,  AE  are  given,  therefore  the  remainder  EG  is  given ; 
and  as  AB  to  CD,  so  is  AG  to  CF,  and  so  is  ^  the  remainder 
GB  to  the  remainder  FD ;  and  the  ratio  of  AB  to  CD  is 
given :  Whierefore  the  ratio  of  GB  to  FD  is  given ;  there- 
fore GB^  the  excess  of  EB  above  a  given  magnitude  £G, 
has  a  given  ratio  to  FD.  In  the  same  manner  the  other 
case  is  demonstrated. 


16.  PROP.  XX. 

If  to  one  of  two  magnitudes  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added, 
and  from  the  other  a  given  magnitude  be  taken ; 
the  excess  of  the  sum  above  a  given  magnitude 
shall  have  a  given  ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to 
one  another,  and  to  AB  let  the  given  magnitude  £A  be 
added,  and  from  CD  let  the  given  magnitude  CF  be  taken; 
the  excess  of  the  sum  EB  above  a  given  magnitude  has  a 
given  ratio  to  the  remainder  FD. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AB  U> 
CD,  so  AG  to  CF:  Therefore  the  ratio  of  AG  to  CFb 
given,  and  CFb  given,  where-   l^         \  G      P> 

•  8  Dat.  fore  *  AG  is  given :  and  EA  is    "^         ' s " 

given,  therefore  the  whole  EG  ^ 

is  given:  And  because  as  AB    ^ £ J2 

*  19. 5.  to  CD,  so  is  AG  to  CF,  and  so  is*>  the  remainder  GB  to 

the  remainder  FD ;  the  ratio  of  GB  to  FD  is  given.    And 
EG  is  given,  therefore  GB,  the  excess  of  the  sum  £fi 
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ftbore  Ae  gfv«n  magnitade  EG,  has  a  giyen  ratio  to  the 
remainder  FD. 


PROR  XXL  C. 

If  two  magnitudes  have  a  given  ratio  to  one  an-  SeeN. 
other,  if  a  given  magnitude  be  added  to  one  of  them, 
and  the  other  be  taken  from  a  given  magnitude ;  the 
sum,  together  with  the  magnitude  to  which  the  re- 
mainder lias  a  given  ratio,  is  given :  And  the  re- 
mainder is  given  together  with  the  4nagoitude  to 
which  the  sum  has  a  given  ratio. 

Liet  the  two  magnitudes  AB,  CD,  have  a  given  ratio  to 
one  another ;  and  to  AB  let  the  given  magnitude  BE  be 
added,  and  let  CD  be  taken  from  the  given  magnitude 
FD:  The  sum  AE  is  given,  together  with  the  magnitude 
to  which  the  remainder  FC  has  a  given  ratio. 

Because  the  ratio  of  A  B  to  CD  is  given,  make  as  AB  to 
CD,  so  GB  to  FD :  Therefore  the  ratio  of  GB  to  FD  is 
given,  and  FD  is  given,  where- 
fore  GB  is  given* ;  and  BE  is  G       J^  BE      '  SDeC 

g'ven,  the  whole  GE  is  there- 
re  given:  and  because  as  AB  £ C 1) 

to  CD,  so  is  GBto  FD,andso  ' 

is^  GA  to  FC  J  the  ratio  of  GA  to  FC  is  given  :  And  AE  »» 19. 5. 
togedier  with  GA  is  ^ven,  because  GE  is  given ;  therefore 
{he  sum  AE,  together  with  G  A,  to  which  the  remainder  FC 
has  a  given  ratio,  is  given.    Tlie  second  part  is  manifest 
from  Prop.  \5. 


PROP.  XXIL  D. 

If  two  magnitudes  have  a  given  ratio  to  one  another.  See  n. 
if  from  one  of  them  a  given  magnitude  be  taken,  and 
the  other  be  taken  from  a  given  magnitude ;  each  of 
t|ie  remainders  is  giv^n,  together  with  tlie  magnitude 
to  which  the  other  remainder  lias  a  given  ratio. 

-  L^  the  two  magnitudes  AB,  CD,  have  a  given  ratio  to 
one  another,  and  from  AB  let  the  given  magnitude  AE  be 
tak^n,  and  let  CD  be  taken  from  the  given  magnitude  CF : 


S74  EU.Ctl»'S 

Tbe  rtoMinder  £9  is  given,  together  witH  th^  pMgnilfidf 
to  which  the  other  remainder  DF  has  a  givea  rstio. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to 
CD,  so  AG  to  CF:  The  ratio  of  AG  to  CF  is  therefore 

•  2  Dat  given,  and  CF  is  given,  ^h^refofe^  AG  is  given ;  and  AE 
is  given,  and  therefore  the  re- 

m^nd^r  EG  19  given :  And  A  ^  .^  ^ 

h^c^^^e  as  A^  <to  CP,  «9  i? 

«» 19. 5.  4G  to  pF:  4qd  ?Q  k^  th^  re-  ^  P      ? 

maindef  pG  to  the  rf  roainaer 

DF;  the  ratio  of  BG  to  DP  is  given  :  And  EB  tcgcfher 
with  BG  is  ^ven,  bec^iise  EG  is  given  :  Therefore  the  re- 
mainder EB,  to^ttliev  with  BG,  to  which  DF  the  other 
remainder  has  a  given  mip,  is  giF^p.  Thu  ^(ic^n^  pfMft  W 
plain  from  this  and  Prp|>«  15. 


to.  PROP.  mill. 

See  N.  If  from  two  given  magnitudes  there  be  taken  mag- 
nitudes which  have  a  given  ratio  to  one  another, 
the  reoifiinders  $hall  either  fif^ve  a  given  rfUip  t^ 
one  another,  or  tlie  excess  pf  ope  of  ti)(in[i  ^)^ve  9 
^yen  magnitude  shall  hfive  a  given  rf^tiQ  to  Vlw 
other. 

Let  ^B,  CD,  be  two  given  rpaenitud^s,  and  from  them 
let  the  magnitudes  AE,  CF,  \vliicp  have  a^given  r^tio  to  one 
another,  be  taken ;  the  reni^nders  EB,  FD,  either  have  9, . 
given  ratio  to  one  another,  or  the  excess  of  one  of  thcn^ 
above  a  given  magnitude  has  a  given  ratio  to  the  other. 

Because  AB,  CD,  are  each     \ j^         j^ 

of  them  given,  the  ratio  of  AB  ^ 

to  CD  is  given :  And  if  thii   p  F        D 

ratio  be  the  same  with  the  ratio   ^ 1 ^ 

'  19.  5.  of  AE  to  CF,  then  the  remainder  £B  has^  the  same  giv<B 
ratio  to  the  remainder  FD. 

Byt  if  th^  r^tio  of  AP  to  CD  hp  not  th^  s%ine  wilfe  ^te 
r^tip  of  AE  tp  PF,  ijt  is  either  greater  tl»a  it,  or,  by  i«Y(*j 
sion,  tbp.  rg^tip  of  CD  to  A^  is  greater  thaR  \i\^  r^tlp  9f  Of 
to  AE :  First,  let  the  ratio  of  AB  to  CD  be  greater  than 
the  rfttJQ  Qf  AE  to  CF  5  an^  ftg  AE  to  CF,  so  ma]^  AG  to 
CD ;  theri^fore  the  r^tio  of  AG  to  CD  is^  given,  b^patis^  ih^ 
»•  2  Dat  ratio  of  AE  ta  CF  i«  given ;  and  CD  is  given  5  wher^for^^ 
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AG  is  given ;  and  because  the  ratio  of  AB  to  CD  is  greater 
than  the  ratio  of  (A£  to  CF, 

that  is,  than  the  ratio  of)  AG   A E   G  fi 

to  CD ;  AB  is  greater^  than  '  lO.  5. 

AG :  A  nd  AB,  AG,  are  given ;  Q y     J) 

therefore  the  remainder  BG 

is  given  :  And  because  as  AE  to  CF,  so  is  AG  to  CD,  and 

so  is  a  EG  to  FD ;  the  ratio  of  EG  to  FD  is  given  :  And  '  19.  5. 

GB  is  given ;  therefore  EG,  the  excess  of  EB  above  a  given 

magnitude  GB,  has  a  given  ratio  to  FD.    The  other  case 

is  shown  in  the  same  way. 


PROP.  XIV.  13. 

If  there  be  three  magnitudes,  the  first  of  which  has  See  x. 
a  given  ratio  to  tlie  second,  and  the  excess  of  the 
second  above  a  given  magnitude  has  a  given  ratio 
to  the  third ;  the  excess  of  the  first  above  a  g^ven 
magnitude  shall  also  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E,  be  the  three  magnitudes  of  which  AB 
has  a  given  ratio  to  CD ;  and  the  excess  of  CD  above  a 
given  magnitude  has  a  given  ratio  to  E :  The  excess  of  AB 
above  a  given  magnitude  has  a  given  ratio  to  £. 

Let  CF  be  the  given  magnitude,  the  excess  of  CD  above 
which,  viz.  FD,  has  a  given  ratio  to  E  :  And  because  the 
ratio  <rf  AB  to  CD  is  given,  as  AB  to  CD,  A 
so  make  AG  to  CF;  therefore  the  ratio  of 
AG  to  CF,  is  given :  And  CF  is  given,  r  p. 
wherefore  *  AG  is  given :  And  because  as  G  ^    ^f  m  s  Dat. 

AB  to  CD,  so  is  AG  to  CF,  and  so  b»»  GB 
to  FD ;  the  ratio  of  GB  to  FD  is  given. 
And  the  ratio  of  FD  to  E  is  given,  where- 
fore ^  the  ratio  of  GB  to  E  is  given,  and  AG 
is  given;  therefore  GB  the  excess  of  AB  B  D  E 
above  a  given  magnitude  AG  has  a  given  ratio  to  E. 

Cor.  1.  And  if  the  first  has  a  given  ratio  to  the  second, 
and^  the  excess  of  the  first  above  a  given  magnitude  has  a 
given  ratio  to  the  third;  the  excess  of  the  second  above  a 
given  liiagnitude  shall  have  a  giv(en  i^tio  to  the  thiid.  For, 
if  the  second  be  called  the  fir^  and  the  first  the  second,  this 
corollary  will  be  the  same  with  the  proposition. 


k  19.  5. 


«  9  Dat. 
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Cor  2.     Also,  if  the  firet  has  a  given  ratio  to  the  lecood, 
and  the  excess  of  a  third  above  a  given  magmtude  has  ato- 
a  given  ratio  to  the  second,  the  same  excess  shall  have  k 
given  ratio  to  the  first ;  as  is  evident  from  the  dth  dat 


47^.  PROP.  XXV. 

If  there  be  three  magnitudes,  the  excess  of  the  first 
whereof  above  a  given  magnitude  has  a  given  ratio 
to  the  second ;  and  the  excess  of  a  third  above  a 
given  magnitude  has  a  given  ratio  to  the  same  se- 
cond :  The  first  shall  either  have  a  given  ratio  to 
the  third,  or  the  excess  of  one  of  tb^m  above  apvea 
magnitude  shall  have  a  given  ratio  to  the  other. 


Let  AB,  C,  D£,  he  three  magnitudes,  and  let  the 
of  each  of  the  two  AB,  DB,  ahove  given  magnitudes  have 
given  ratios  to  C ;  AB,  DE,  either  have  a  given  ratio  to  fx» 
another,  or  the  excess  of  one  of  them  above  a  given  magni- 
tude has  a  given  ratio  to  the  other. 

Let  FB  the  excess  of  AB  above  the  given  magnitude  AF 
have  a  given  ratio  to  C ;  and  let  GEi,  the  j^ 
excess  of  DE  above  the  given  magnitude 
DG  have  a  given  ratio  to  C ;  and  because  p}r 
FB,  G£  have  each  of  them  a  given  ratio  to 
•  9  Dat.  C,  they  have  a  given*  ratio  to  one  another. 
But  to  FB,  GE  the  given  magnitudes  AF, 
**  1 8  Dat  DG  are  added ;  therefore**  the  whole  mag- 

nitudes  AB,  DE,  have  either  a  given  ratio  B       C 

to  one  another,  or  the  excess  of  one  of  them  £|bove  a  giv€a 

magnitude,  has  a  given  ratio  to  the  other. 


J) 


18.  PROP.  XXVI. 

If  there  be  three  magnitudes,  the  excesses  <rf 
one  of  which  above  given  magnitudes  have  ^ven 
ratios  to  the  other  two  magnitudes ;  these  two 
shall  either  have  a  given  ratio  to  one  another,  or  the 
excess  of  one  of  them  above  a  given  magpitude 
shall  have  a  given  ratio  to  the  other* 
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Let  AB,  CD,  EF,  be  three  magnitudes,  and  let  GD, 
the  excess  of  one  of  them  CD  above  the  given  magnitude 
CG,  have  a  given  ratio  to  AB ;  and  also  let  KD,  the  ex- 
cess of  the  same  CD  above  the  given  magnitude  CK,  have 
a  given  ratio  to  £F,  either  AB  has  a  given  ratio  to  £F,  or 
the  excess  of  one  of  them  above  a  given  magnitude  has  a 
given  ratio  to  the  other. 

Because  GD  has  a  given  ratio  to  AB,  as  GD  to  AB,  so 
tnake  CG  to  HA;  therefore  the  ratio  of  CG  to  HA  is 
given  ;  and  CG  is  given,  wherefore  «  HA  is  given  :  And  •  ^  ^^ 
because  as  GD  to  AB,  so  is  CG  to  HA,  and  so  is*>  CD  to  b  i j.  5, 
HB :  the  ratio  of  CD  to  HB  is  given :  Also  because  KD 
has  a  given  ratio  to  £F,  as  KD  to  EF,  so  make  CK  to  LE  r 
therefore  the  ratio  of  CK  to  LE  is  given  j  ^ 
and  CK  is  given,  wherefore  LE*  is  given  : 
And  because  as  KD  to  EF,  so  is  CK  to 
LE,  and  so^  is  CD  to  LF ;  the  ratio  of  CD  A 
to  LF  is  given  :  Biut  the  ratio  of  CD  to 
HB  is  given,  wlierefore  <^  the  ratio  of  HB 
to  LF  is  given ;  and  from  HB,  LF  the 
given  magnitudes  HA,  LE  being  taken, 
die  remainders  AB,  EF  shall  either  have  a 
given  ratio  to  one  another,  or  the  excess  of  one  of  them 
above  a  given  magnitude  has  a  given  ratio  to  the  other^.     i  ig  p^ 

Another  Demomtration. 

Let  AB,  C,  DE,  be  three  magnitudes,  and  let  the  ex- 
cesses of  one  of  them  C  above  given  magnitudes  have  given 
ratios  to  AB  and  DE ;  either  AB,  DE,  have  a  given  ratio 
to  one  another,  or  the  excess  of  one  of  them  above  a  given 
mamitude  has  a  given  ratio  to  the  other. 

Because  the  excess  of  C  above  a  given  magnitude  has  a 
given  ratio  to  AB :  therefore*  AB  together  with  a  given  •  14  Dat 
niagnitude  has  a  given  ratio  to  C :  Let  this  p 
given  magnitude  be  AF,  wherefore  FB  has 
a  given  ratio  to  C  :  Also  because  the  ex-  A 
cess  of  C  above  a  given  magnitude  has  a 
given  ratio  to  DE ;  therefore*  DE  together 
with  a  given  magnitude  has  a  given  ratio  -^ 
to  C  :  Let  this  given  magnitude  be  DG,  ^ 
wherefore  GE  has  a  given  ratio  to  C :  And  FB  has  a  given 
ratio  to  C,  therefore^  the  ratio  of  FB  to  GE  is  given :  And  b  9  Dat. 
from  FB,>GE,  the  .(riven  magnitudes  AF,DG  being  taken, 
the  remainders  AB,  DEI,  either  have  a  given  ratio  to  one 
another,  or  the  excess  of  one  of  them  above  a  given  mag- 
nitude has  a  given  ratio  to  the  other^.  *  19  Da^ 
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19.  PROP.  XXVII. 

If  there  be  three  magnitudes,  the  excess  of  the 
first  of  which  above  a  given  magnitude  has  a  given 
ratio  to  the  second  ;  and  the  excess  of  the  second 
above  a  given  magnitude  has  also  a  given  ratio  to 
t}ie  third :  The  excess  of  the  first  above  a  given 
magnitude  shall  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E,  be  three  magnitudes,  the  excess  of  the 
first  of  which  AB  above  the  given  magnitude  AG,  vjz.  GB, 
has  a  given  ratio  to  CD :  And  FD  the  excess  of  CD  above 
the  given  magnitude  CF,  has  a  given  ratio  to  E :  the  ex- 
cess of  AB  above  a  given  magnitude  has  a  given  ratio  to  E. 

Because  the  ratio  of  GB  to  CD  is  given,  as  GB  to  CP^ 
so  make  GH  to  CF)  therefore  the  ratio  of 
GH  to  CF  is  given  5  and  CF  is  given,  A 

•  f  Dat.  wherefore  *  GH  is  given  ;  and  AG  is  gi-  Q. , 

ven,  wherefore  the  whole  AH  is  given : 
And  because  as  GB  to  CD,  so  is  GH  to  ^ 
^  19. 5.  CF,  aod  so  is*'  the  remainder  HB  to  the  " 
remainder  FD ;  the  ratio  of  HB  to  FD  is 
given  :  And  the  ratio  of  FD  to  £  is  given,  ^ 

•  9  Dat.  wherefore*^ the  ratio  of  HB  to  E  is  given  :  ^ 

And  AH  is  given ;  therefore  HB  the  excess  of  AB  above 
a  given  magnitude  AH  has  a  given  ratio  to  £• 
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•*  Otherwisef 

^^  Let  AB,  C,  D,  be  three  magnitudes,  the  excess  £B  of 
^^  the  first  of  which  AB  above  the  given  magnitiide  AE 
^^  has  a  given  ratio  to  C,  and  the  excess  of    • 
"  C  above  a  given  magnitude  has  a  ^iven  **j 
"  ratio  to  D :  The  excess  of  AB  above  a   J^ , 
^^  given  magnitude  has  fi  given  ratio  to  D. 

*^  Because  EB  has  a  given  ratio  to  C,   ^j, 
*'  and  the  excess  of  C  above  a  given  mag-   ^  " 
"  nitude  has  a  given  ratio  to  D ;  there* 
^  t'i  Dat.  <^  fore  ^  the  excess  of  EB  above  a  given   n      p 
*^  magnitude  has  a  given  ratio  to  D :  Let  ^ 

^^  this  given  HiagQitude  be  £F ;  therefore  FB  the 
*^  of  EB  above  EF  has  a  given  ratio  to  D:  and  AFi 
*^  f iveoy  because  AE^  £F,  are  given :  Thcvefove  FB  ' 


Qi 


DATA. 

'^  excess  of  AB  above  a  given  magnitude  AF  has  a  given 
«  ratio  to  D/' 


»» 


PROP.  XXVIIL 


25. 


I F  two  lines  given  in  position  cut  one  another,  the  See  n. 
point  or  points  in  which  they  cut  one  another  are 
given. 

Let  two  lines  AB,  CD,  dven  in  position,  cut  one  ano- 
Aer  in  the  ppiiit  E;  the  point  £  is  given. 

Because  the  lines  AB,  CD,      Q 
are  given  in  position ;  they  have 

always  the  same  situation^  and  ^V  '4Def. 

therefore  the  point,  pr  points,  in    A.*  ■  ■■!■»  ^^i^  ]B 

which  they  cut  one  another  have 
always  the  same  situation :  And 
because  the  lines  AB,  CD,  can 
km  founds,  the  point,  or  points,  in 
whieh  they  out  one  another,  are  -^ 
Ukewisefeiund;  and  tlierefore  are 
.  given  in  position*. 


PROP.  XXIX. 


26. 


if  the  ^](tremiti^  of »  stF^dkght  line  be  given  inpo^ 
^ition ;  the  straight  li|i«  \%  given  in  poaition  and 
^€iornitude. 

^^s^U9^  the  e)(tremitlea  of  the  straight  line  are  giv«D, 
^^  can  be  found  » :    Let  these  be  the  points  A,  B,  be*  •  4  Def, 
^''een  which  a  straight  line  AB 

^»\  be  drawn *» ;  this  has  an  in-     A  ""' — » — lA  b  i  posta, 

^i*iable  position,  because  be^*  late, 

^een  two  given  points  theve  can  be  drawn  but  on»  straight 
^*M2  And  when  the  straight  line  AB  is  drawn,  its  Rtiigai* 
Mdfii  IS  at  the  same  time  exhibited,  or  given :  Tkerefore  the 
^'^ight  line  AB  is  given  in  position  and  magaitud^. 
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57.  PROP.  XXX. 

If  one  of  the  extremities  of  a  straight  line  ^vcDin 
position  and  naagnitude  be  given;  the  other  extre- 
'    mity  shall  also  be  given. 

Let  the  point  A  be  given,  to  wit,  one  of  the  extremitieB 
of  a  straight  line  given  in  magnitude,  and  which  lies  in  the 
straight  line  AC  given  in  position ;  the  other  extremity  is 
also  given. 

Because  the  straight  line  is  given  in  magnitude,  one 

f  1  Bcf.  equal  to  it  can  be  found  ^:  let  tl.is  be  the  straight  IineD: 
From  the  greater  straight  line  AC   j^  JJ       q 

cut  off  AB  equal  to  the  lesser  D :        * ^ 

Therefore  the  other  extremity  B  of  -^  ^ 

the  straight  line  AB  is  found:  And  *f 

the  point  B  has  always  the  same  situation;  because  any 

oj^er  point  in  AC,  upon  the  same  side  of  A,  cuts  off  be^ 

tween  it  and  the  point  A  a  greater  or  less  straight  line  thaa 

^  4  Def.  AB,  that  is,  than  D :  Therefore  the  point  B  is  ^ven  ^ :  And 
it  b  plain  another  such  point  can  be  found  in  AC,  produced 
upon  the  other  side  of  the  point  A.  , 


2&  PROP.  XXXI. 

If  a  straight  line  be  drawn  through  a  giveapoint 
parallel  to  a  straight  line  given  in  position ;  that 
straight  line  is  given  in  position. 

Let  A  be  a  given  point,  and  BC  a  straight  line  given  in 
position  ;  the  straight  line  drawn  through  A  parallel  toBC 
is  given  in  position. 

•  31. 1.      Through  A  draw*  the  straight  jy  A        E 

line  DAE  parallel  to  BC;    the    ^— ' -^ 

straight  line  DAE  has  always  the  -ri  r%  ^ 

same  position,  because  no  other  ^ — *^' 

straigiit  line  can  be  drawn  through  A  parallel  to  BC 
Therefore  the  straight  line  DAE  which  has  been  found ' 

y  4  Def.  given^  in  position. 


/ 

/ 
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PROP.  XXXII.  29. 

>  a  straight  line  be  drawn  to  a  given  point  in  a 
traigbt  line  given  in  position,  and  makes  a  given 
.ngle  with  it ;  that  straight  line  is  given  in  position. 

Let  AB  be  a  straight  line  given  in  position,  and  C  a 
:iven  point  in  it,  the  straight  line 
iiawn  to  C,  which  makes  a  given 
ngle  with  CB,  is  given  in  posi- 
bn. 

Because  the  angle  is  given, 

ne  equal  to  it  can  be  found* ;  \  C         ]       ]B '  ^  ^^ 

Bt  this  be  the  angle  at  D.    At 

be  given  point  C,  in  the  given 

tmight  line  AB,  make  ^  the  an-  j/  h  23. 1. 

^  ECB  equal  to  the  angle  at  J)* 

) :  Therefore  the  straight  line  EC  has  always  the  same  si- 

iiatioD,  because  any  other  straight  line  FC,  drawn  to  the 

loint  C,  makes  with  CB  a  greater  or  less  angle  than  the 

tturie  ECB,  or  the  angle  at  D:  Therefore  the  straight  line 

CCf  which  has  been  found,  is  given  in  position. 

-  It  is  to  be  observed,  that  there  are  twp  straight  lines  EC, 

jC^  upon  one  side  of  AB  that  make  equal  angles  with  it, 

tnd  which  make  equal  angles  with  it  when  produced  to 

be  other  side. 


PROP.  XXXIII.  30. 

>  a  straight  line  be  drawn  from  a  given  point  to  a 
traigbt  line  given  in  position,  and  make  a  given 
ingle  wkb  it,  that  straight  line  is  given  in  position. 

From  the  given  point  A  let  the  straight  line  AD  be 
jr^wn^o  the  straight  line  BC  given  in  position,  and  make 

rith  it  a  given  angle  ADC :  AD  E  A '£ 

i.giveij  in  position.  ^     V 

-Through  tlic  point  A  draw*  \  •31.1. 

he  straight  line  EAF  parallel  to  ^ \ 

I6;   and  because  through   the  -P  DC 

^ven  point  A  the  straight  line  EAF  is  drawn  parallel  to 
JCi.^hich  is  given  in  position,  EAF  is  therefore  given  in 
>oftItiun^.  And  because  the  straight  line  ADmeets  theparal-  •»  31  Dat. 
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'  «9. 1.  lels  BC,  EF,  the  angle  EAD  is  equaK  to  the  angle  ADC; 
and  ADC  is  given,  wherefore  also  the  angle  ELAD  is  given  t 
Tlierefore,  because  the  straight  line  DA  is  drawn  to  the 
given  point  A  in  tbe  straight  line  EF  given  in  posidon^ 
'  3%  Dat.  ftod  makes  with  it  a  given  angle  EAD,  AD  i&  given  ^  io 
position. 

PRO?.  XXXIV. 

Sec  N.  If  ffom  a  given  point  \o  a  straight  line  givea  io 
position^  a  straight  line  be  drawn  whicb  is  gir^  io 
magnitude;  the  sanie  is  also  given  in  position. 

Let  A  be  a  given  pointy  and  BC  a  straight  Une  ^ven  ui 
position,  a  straight  line  giten  in  m^nitudey  dnftrtf  freai 
the  point  A  to  BC,  is  giveo  ht  positiott. 

Biecause  the  straight  line  ii»  giveB'  in  magnicode^  oae 
*  1 0ef.  equal  to  it  can  be  found ^ ;  let  thi«  be  the  freight  liiTtf  D; 
Front  the  point  A  dngW  AE  perpendieular  to  BC :  «Kfd  be* 
cause  AE  is  the  shdrtest  of  all  the  J^ 

straight  lines  which  can  be  drawn-  ftom 
tbe  pmnt  A  to  BC,  the  sti«ftght  line 


D,  to  which  one  equal  is  to  be  drawn  Li       f  i 

from  the  point  A  tqrBCy  cannot  be  lefes      B        E       v 

than  AE.    If  therefore  D  be  equal  to     J) ■ 

AE,  AE  is  the  straight  line  given  in  magnitude  dr^n 

^  from  the  given  point  A  to  BC  :  And  it  is  evident  that  AE 

••SSDat  is  given  in  position*^,  because  it  is  drawn  from  the  given 

point  A  to  BC,  which  is  given  in  position,  and  makes  with 

BC  the  given  angle  AEC. 

But  if  the  straight  line  D  be  not  equal  to  AE,  it  roust 
be  greater  than  it :  Produce  AE,  and  make  AF  equal  to 
D;  and  from  the  centre  A,  at  the  distance  AF,  describe 
the  circle  GFH,  and  join  AG,  AH :  Because  the  circle 
*"  6.  Def.  GFH  is  given  in  positions  and  the  straight  line  BC  is  alsa 
«*  28  Dat.  given  in  position ;  therefore  their  intersection  G  is  given'*; 
and  the  point  A  is^iven; 

wherefore   AG   is  ^ven   in  ,     .  . 

*  29  Dat.  position^;  that  is,  the  straight  ^    X       ^\  V    r^    i 

line  AG  given  in  magnitude     '^      '^'^^    '^        ^  **  '  ^' 
(for  it  is  equal  to  D),  and 
drawn  from  the  given  point 

A  to  the  straight  line  BC  given  in  position,  is  also  given  in 
position;  And  in  like  manner  AH  is  given  in  position; 
Therefore  in  this  case  there  are  two  straight  lines  AG, 


DATA.  5^^ 

AH,  of  the  tame  given  magnitude  which  can  be  drawn 
from  a  given  point  A  to  a  straight  line  BC  given  in  post* 
tion.    . 


PROP.  XXXV.  32, 

If  a  straight  line  be  drawn  between  two  paraUet 
strai^t  lines  given  in  position,  and  nnakes  given 
angles  with  them,  the  straight  line  is  given  in  mag- 
nitude. 

Let  the  straight  line  EF  be  drawn  between  the  parallels 
AB,  CD,  which  are  given  in  position^  and  make  the  given 
angles  BEF,  EFD :  EF  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  through  G  draw*  •  3,^  j 
QH  parallel  to  EF :  And  because  CD  meets  the  paralkis 
GH,  EF,  the  angle  EFD  is  equal'>  to  the  angle  HGD : »» «9. 1. 
And  EFD  is  a  given  angle  ;  where-      • 
tore  the  angle  HGD  is  given :  and    *^ 
because  HG  is  drawn  to  the  given 
point  6,  in  the  straight  line  CD, 
given  in  position,  and  makes  a  given  j^*  ■"   JL — L""*    ^ 
aagle  HGD  j  the  straight  line  HG^  ^^        ^ 

is  given  in  position  ^ :  And  AB  is  given  in  position  :  there.  « si  Dat. 
fbre  the  point  H  is  given^ :  and  the  point  G  is  also  given^  d  28  Dat. 
wherefore  GH  is  given  in  magnitude^ :  And  EF  is  eqeoA  *  i9  Bat. 
to  it,  therefore  EF  is  given  in  magnitude. 


PROP.  XXXVL  3S. 

^f  a  straight  line  given  in  OQagnitude  be  drawn  be-SccN. 
5*^en  two  parallel  straight  lines  given  in  position, 
'^  shall  make  given  angles  witli  the  parallels. 

liCt  the  straight  line  EF  given  u|jmagnrtude  be  drawn 
J^^een  the  parallel  scraight  lines  afe,     y        y  TT   p 

^ t),  which  are  given  in  position :  Tl\e  j"   ] ' 

^^gles  AEF,  EFC,  shall  be  given. 

Because  EF  is  given  in  niagnitmle. 


^  straight  line  equal  to  it  can  be  f6und=*;  /^  '    '"  i^   ir — ft  ■  1  tw 
Let  this  be  G :  In  AB  take  a  given  ^         A    IS.  JJ 

point  H,  and  from  it  draw  •»  HK  per-        G '         »» I8. 1. 

^dicolar  to  CD  :  Therefore  ihe  straight  line  G,  tJiat  i?, 
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EF  Gannot  be  less  than  HK :  And  if  G  be  equal  to  WCi 
£F  also  is  equal  to  it  i  wherefore  EF  is  at  right  angles  to 
CD ;  for  if  it  be  not,  EF  would  be  greater  than  Hl^ 
which  is  absurd.  Therefore  the  angle  EFD  is  a  right,  and 
consequently  a  given  angle. 

But  if  tlie  straight  line  G  be  not  equal  to  HK,  it  most 
be  greater  than  it :  Troduce  HK,  and  take  HL  equal  to 
G;  and  from  the  centre  H,  at  the  distance  Hi^  d^eribe 
the  circle  MLN,  and  join  HM ,  HN :  And  becawie  the 

*  6  Def.  circle^^  MLN,  and  the  straight  line  CD,  are  given  in  posi- 

'ssDat. tion,.  the  points  M,  N  are^  given:  And  the  point  H  is 

given,  wherefore  the  straight^  .^  14"         P 

lines  HM,  HN,  are  given  in^^ ^  ** ^ 

■  29 Dst  positioD^^:  AndCDisgiveniQ^ 
position ;  therefore  the  an- 
gles H  MN,  HNM,  are  given  ^ 

'A  Def.  in  position^ :  Of  the  straight^ 

lines  HM,  HN,  let  HN  be  ^^ 

that  which  is  not  parallel  to 
»  EF,  for  EF  cannot  be  parallel  to  both  of  them4  and  dnt 

>  34. 1.  EO  parallel  to  HN  :  EO  therefore  is  equals  to  HN,  that  is, 
to  G ;  and  EF  is  equal  to  G  ;  wherefore  EO  is  equal  to 

^  29. 1.  EF,  and  the  angle  EFO  to  the  angle  EOF,  that  isS  to  tlie 
given  angle  HNM,  and  because  the  angle  HNM,  which  is 
equal  to  the  angle  EFO,  or  EFD,  has  been  found;  there- 
fore the  angle  EFD,  that  is,  the  angle  AEF,  is  given  in 

k  iDef.  magnitude^:  and  consequently  the  angle  EFC. 


E.  PROP.  XXXVII. 

S€c  N.  If  a  straightline  given  in  magnitude  be  drawn  from  a 
point  to  a  straight  line  given  in  position,  in  a  given 
angle;  the  straight  line  drawn  through  that  point 
parallel  to  the  straight  line  given  in  position,. ik 
given  in  position. 

Let  the  straight  UoPaD  given  in  magnitude  be  drawn 
from  the  point  A,  to  the  straight  line  BC  i  ^ 
given  in  position,  in  the  given  angle  ADC; 
the  straight  line  EAF  drawn  through  A 
parallel  to  BC  is  given  in  position. 

In  BC  take  a  given  point  G,  and  drawer "K  A     A 

GH  parallel  to  AD:  And  because  HG^^  .  . 

is  drawn  to  a  given  point  G  in  the  straight  line  BC 


DATA. 


f^5 


• 

tmrftin:|KmtiaD»  in  a  given  ai^Ie  HGC^  for  it  is  fqoal'  to  •  f9.  i. ' 
the  ffurw  angle  ADC ;  HG  is  given  in  positiph  ^ :  But  it  is  ^  st  Bat 
|pmen  also  in  magnitude,  because  it  is  equal  to<^  AD,  which  *M.  u 
U  given  in  magnitude :  therefore  because  G,  one  of  the  ex- 
tremities of  the  straight  line  GH,  given  in  position  and 
Magnitude,  is  given,  the  other  extremity  H  is  given  ^;  and  *  ^  ^>^ 
tbi^  atmight  line  EAF,  which  is  drawn  through  the  ffiven 
poiAl  H  paialkl  tp  fiC  given  in  position,  is  therefore  given  *  *  ^^ 
in  position. 


I)«t. 


PROP.  XXXVIII. 

If  a  straight  line  be  drawn  from  a  given  point  to 
two  parallel  straight  lines  given  in  position,  the  ra- 
tio of  the  segments  between  the  given  point  and  the 
parallels  shall  be  given. 

Ltet  the  straight  line  £FG  be  drawn  frorn  the  given  poii>t 
E  to  the  parallels  AB,  CD,  the  ratio  of  £F  to  EG  is  given. 

iFrom  the  point  £  draw  EHK  perpendicular  to  CD ;  ao4 
because  from  a  given  point  £  the  straight  line  £K  is  drawi^ 
to  UD  which  is  given  in  pqsitipQ,  in  ^  giv^n  angle  £KC  i 

^'  A ^ a 


34. 


\ 
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Gi(  is  given  in  position  ^  \  and  AMj  CP,  art  given  in  poat-  «  M  9m. 
.tion ;  therefore^  the  points  H,  K  are  giveq :  And  the  point  ^  ss  Dat. 
fi  is  given  j  wherefore<^  EH,  £K  are  given  in  magnitude, « ^a  Dat. 
and  the  ratio <*  of  them  is  therefore'given.     But  as  £H  to « i  di^ 
£K,  so  is  EF  to  EG,  because  AB,  CD,  are  parallels; 
therefore  the  ratio  of  EF  to  £Q  vMdven. 

PROP.  XXS;iX.  35, 8€. 

If  the  ffitioDf  the  segments  of  a  straight  line  be- See  n. 
turee^n  a  given  point  in  it  and  two  parallel  straight 
lilies,  be'  giyepf  if  oo/e  of  the  parallels  be  givea.in 
pp^tion,  ^  other  i^  fUso  giv?a  in  posiuon« 

2C 
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From  tlie  given  point  A,  let  the  straight  line  A£D  be 
drawn  to  the  two  parallel  straight  lines  FG,  BC,  and  kt 
the  ratio  of  the  segments  A£,  AD,  be  given ;  if  ooe  of  the 
parallels  BC  be  given  in  position,  the  other  FG  is  abo 
given  in  position. ' 

From  the  point  A  draw  AH  perpendicular  to  BC,and  tot 
it  meet  FG  in  K ;  and  because  AH  is  drawn  from  the  given 
point  A  to  the  str^ght  line  BC  given  in  position,  and  makes 


F   E  K 


K    G 


B      D        II     C 

•  33  Dat.  a  given  angle  AHD ;  AH  is  given  ^ 

in  position;  and  BC  is  likewise 

given  in  position,  therefore  the  M 
^28  Dat.  point  H  is  given  ^ :  The  point  A  is 

also  given;  wherefore  AH  is  given 
c  29 Dat.  in  magnitudes  and,  because  FG, 

BC,  are  parallels,  as  AE  to  AD,  so  p     Jf 

is  AK  to  AH;  and  the  ratio  of  AE 

to  AD  is  given,  wherefore  the  ratio  of  AK  to  AH  is  given; 
•«  2Dat.  but  AH  is  given  in  magnitude,  therefore  <*  AK  is  given  in 

magnitude ;  and  it  is  also  given  in  position,  and  the  point 

•  30  Dat  A  is  given :  wherefore  *  the  point  K  is  given.  And  because 

the  straight  line  FG  is  drawn  through  the  given  point  K 
'31  Dat  parallel  to  BC  which  is  given  in  position,  thereforc^FG  is 
given  in  position* 


37,  38.  ^OP.  XL. 

SceN.  If  the  ratio  of  the  segments  of  a  straight  line  into 
which  it  is  cut  by  three  parallel  straight  lines  be 
^    given  ;  if  two  pf  the  parallels  are  giveti  in  position, 
the  third  is  also  given  in  position.  •  ' 

•  Let  AB,  CD,  HK,  be  three  parallel  straight  lines,  of 
which  AB,  CD  are  given  in  position ;  and  lef  the  ratio  of 
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the  segments  GE^  GF,  into  which  the  straight  line  GEP  is 
cm  by  the  three  parallels^  be  given ;  the  third  parallel  HK 
IS  rifen  in  position. 

In  AB  take  a  ^ven  point  L,  and  draw  LM  perpendicular 
to  CD,  nneeting  HK  in  N :  because  LM  is  drawn  from  the 
'  given  point  L  to  CD  which  is  given  in  position,  and  makes 
a  given  angle  LMD ;  LM  is  given  in  position* ;  and  CD  is  •  ^  ^^ 
given  in  position,  wherefore  the  point  M  is  given**;  and  the  ^  ^  I'*^* 
point  L  is  given ;  LM  is  therefore  given  in  magnitude  <: ;   t9  D«t 
and  because  the  ratio  of  G£  to  GF  is  given,  and  as  G£  to 

H       (^  N  K         A         TT        i^_^ 


GF,  so  is  NL  to  NM ;  the  ratio  of  NL  to  NM  is  given  ;   rcor.  ^ 
unA  therefore**  the  ratio  of  ML  to  LN  is.  given :  but  ML  *<  or  r 
is  given  in  magnitude**,  wh*  retbro «  LN  is  given  in  magni-  ,  a^h 
tude :  And  it  is  also  given  in  position,  and  the  point  L  is 
given,  wherefore^  the  point  N  is  given,  and  because  the  '30Dtt 
straight  }ine  HK  is  drawn  through  the  given  point  N  pa- 
rallel to  CD,  which  is  given  in  position,  therefore  HK  is 
given  in  position  J?.  '  ^^  ^•** 


PROP.  XLL 


F. 


If  a  straight  line  meets  three  parallel  straight  lines  s«tN. 
which  are  given  in  position,  the  segments  into  which 
they  cut  it  have  a  given  ratio.  ' 

Let  the  parallel  straight  lines  AB,  CD,  EF,  given  in  po- 
sition, be  cut  by  the  straight  line  QflK ;  the  ratio  of  GH 
to  HK  is  given. 

In  AB  take  a  given  point  L^  and  Jj^ 
draw    LM  perpendicular  to   CD, 


meeting  EF  in  N;  therefore*  LM  CH> 
is  given  in  position;  and  CD,  EF, 
are  given  in  position,  wherefore  the 
pmnts  M,  N  are  given :  And  the 


M D  •^D'^ 


point  L  is  given ;  therefore  ^  the  cI  A 

2C2 


N       F    ^S9Dat. 
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ftnigbt  lioes  LM,  MN  are  given  iq  magiiitqde ;  w4  tl^ 

«iDat  nitioof  l4MtoMNistherefpr(BgiveQ<^:  ButwliMtoJldNy 

90  is  GH  to  HK ;  wherefore  the  ratio  of  GH  to  QK  is  giwi^ 


» 


PROP,  mil. 


SeeN.  If  ^ach  of  the  sides  of  a  triangle  be  given  b^tnag* 
'    nitude,  the  triangle  is  given  in  species. 

Let  each  of  the  sides  of  the  triangle  ABC  be  given  in 
magnitude^  the  triangle  ABC  is  given  in  species. 

« 2S.  I.      Make  a  triangle^  DEF,  the  sides  of  which  are  equals 
J  each  to  each,  to  the  given  straight  lines  AB,  BC,  CA ; 
which  can  be  done,  because  any  two  of  them. must  be 
greater  tlian  the  third ;  A  j) 

and  let  DE  be  equal  to 
AB,EFtoBC,andFp 
to  CA ;  and  because  the 
two  sides  EX>^  DF,  are 

equal  to  the  two  BA,  E  C         K  TP 

AC,  each  to  each,  and  the  base  EF  equal  to  the  base  BC; 

*  8. 1.  the  angle  EDF  is  equal  *>  to  the  angle  BAC ;  therefim,  be- 
cause the  angle  EDF,  which  is  equal  to  the  angle  BAQ 

« 1  De£  has  been  found,  the  angle  BAC  is  given  S  in  like  roaoner 
the  angles  at  B,  C,  are  given.     And  because  the  sides  AB, 

*iDat  BC,  CA,  are  given,  their  ratios  to  one  another  are  given**; 

'  3  Bcf.  therefore  the  triangle  ABC  is  given*  in  species. 


40.  PROP.  XUU. 

If  each  of  the  angles  of  a  triangle  be  given  in 
magnitude,  the  triangle  is  given  in  species. 

> 

Let  each  of  the  angles  of  the  triangle  ABC  be  givfp  i|i 
njagnitude,  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  DE  riven  in 
posfition  and  magnitude,  aqd  at  the 
*  23.  L  points  D,  E,  make*  the  angle  EDF 
equal  to  the  angle  BAC,  and  the 
angle  DEF  equal  to  ABC;  there- 
fore the  other  angles  EFD,  BCA 
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are  equal,  and  each  of  the  angles  at  the  points  A,  B,  C,  is 
given^  wherefore  each  of  those  at  the  points  D,  E,  F,  is^ 
given :  And  because  the  straight  Hlle  FD  is  drawn  to  the 
given  point  D  in  DE  which  is  given  in  position,  making 
the  given  atigle  EDF  5  therefore  DF  is  given  in  portion*'*  ^  »^^ 
In  like  manner  £F  also  is  given  in  position ;  wherefore  the 
point  F  is  given  :  And  the  points  V,  E  are  given ;  there- 
fore eadi  of  the  straiglit  lines  DE,  EF,  FD,  is  given «  in  '^^Dat. 
magnitude ;  wherefore  the  triatigle  DEF  is  given  in  s^ 
jies^;  and  it  is  similar*  to  the  triangte  ABGj  which  *^^»^- 


therefore  is  given  in  sptcies. 


■{t 


Dcf.6. 


PROP.  XUV. 

If  one  of  the  angles  of  a  triangle  be  given^  and  if 
the  sides  about  it  have  a  given  ratio  to  on^  atiotherj 
the  triangle  is  given  in  species. 

Let  the  triangle  ABC  liave  one  of  its  angles  BAG  given, 
and  let  the  sides  BA,  AC,  about  it  have  a  given  ratio  to 
one  another;  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  DE  given  in  position  and  magnitude^ 
and  fit  the  point  D,  in  the  given  straight  line  DE,  make 
the  angle  EDF  equal  to  the  given  angle  BAG :  wherefore 
the  angle  EDF  is  given ;  and  because  the  straight  line  FD 
is  drawn  to  the  given  point  D  in  ED,  which. is  giveti  iil 
position,  making  the.  given  angle 
EDF;  therefore  FD  is  given  in  A 

position  ^    And  because  the  ra- 
tio of  BA  to  AC  is  given,  make 
(he  ratio  of  ED  to  DF  the  same 
withit,andjoin£F;^  and  because  ^ 
the  ratio  of  ED  to  DF  is  given, 

-  and  ED  is  given,  therefore *>  DF  is  given  in  magnitttde  j  fc«Diat. 
and  it  is  given  also  in  position,  and  the  point  D  is  jjived^ 

•  wherefore  the  point  F  is  ^iven^:  and  the  points  D,  E,  are  c  so  Dat 
given,  wherefore  DE,  Et,  FD  are  given**  in  magnitude;  a  29  Dat. 
and  the  triangle  DEF  is  therefore  given «  in  species ;  and  •  4t  Dat! 
because  the  triangles  ABC,  DEF  have  onfe  angle  BAC 
equal  to  one  angle  EDF,  and  the  sides  about  these  angles 
proportionals;  the  triangles  are ^  similar,  but  the  triangle ^ 6>  6* 
DEF  is  given  in  specie:^,  and  therefore  also  the  triangle 
ABC. 


^Dat. 
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PROP.  XLV. 


i 


D  EI 


lieeN.  If  the  sides  of'a  triangle  h^ve  to  one  another  given 
ratios ;  the  triangle  is  given  in  species. 

Let  the  sides  of  the  tiiangle  ABC  have  given  ratios  to 
one  soother,  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  D  given  in  magnitude;  and  because 
the  ratio  of  AB  to  BC  is  given^  make  the  ratio  of  D  to  E  the 
•  s  Dat  same  with  it ;  and  D  is  given,  therefor^*^  E  is  giveo.  And 
because  the  ratio  of  BC  to  CA  is  given,  to  this  make  the 
ratio  of  E  to  F  the  satne ;  and  E  is  given,  ^nd  therefore'  F. 
*  And  because  as  AB  to  BC,  so  is  D  to  E;  by  compoution 
AB  and  BC  tc^ther  are  to  ^i 

BC,  as  Dand  E  to  E;  but  as  ^^ 

BC  to  CA,  so  is  E  to  F; 
^  2S.  5.  therefore,  ex  sequali^,  as  AB 

and  BC  are  to  C  A,  so  are  D  3 
and  E  to  F,  and  AB  and  BC 
« 20. 1.  are  greater « than  CA;  there- 
*  A.  5.  fore  D  and  E  are  greater*^ 
than  F.    In  the  same  man- 
ner, any  two  of  the  three  D, 
•M.  1.  E,  F,  are  greater  than  the  third.  Make*  the  triangle  GHK, 
whose  sides  are  equal  to  D,  E,  F,  so  that  G  H  be  equal  to 
D,  HK  to  E,  and  KG  to  F ;  and  because  D,  E,  F,  are, 
each  of  them,  given,  therefore  GH,  HK,  KG,  are  each  of 
them  given  in  magnitude  ;  therefore  the  triangle  GHK  is 
'4«  Dat.  given  ^  in  species  :  But  as  AB  to  BC,  so  is  (f)  to  E,  that  is) 
GH  to  HK ;  and  as  BC  to  CA,  so  is  (E  to  F,  that  is) 
HK  to  KG ;  therefore,  ex  aequali,  as  AB  to  AC,  soisGH 
ff  5.  6.  to  GK.     Wherefore  &  the  triangle  ABC  is  equiangular  and 
similar  to  the  iriangle  GHK;  and  t»«e  triangle  GHK  is 
given  in  species  :  therefore  also  the  triangle  ABC  is  given 
in  species. 

CoR  If  a  triangle  is  required  to  be  made,  the  sides  of 
which  shall  have  the  same  ratios  which  three  given  straight 
lines  D,  E,  F,  have  to  one  another ;  it  is  necessary  that 
every  two  of  them  be  greater  than  the  third. 
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PROP.  XLVI.  43. 

If  the  sides  of  a  right  angled  triangle  about  bne  of 
the  acute  angles  have  a  given  ratio  to  one  another ; 
the  triangle  is  given  in  species. 

Let  the  sides  AB,  BC  about  the  acute  angle  ABC  of  the 
triangle  ABC,  which  has  a  right  anrie  at  A)  have  a  given 
ratio  to  one  another ;  the  triangle  ABC  b  given  in  species.  . 

Take  a  straight  line  DE  given  in  position  and  magni- 
tude ;  and  because  the  ratio  of  AB  to  BC  is  given,  make  as 
AB  to  BC,  so  PE  to  EF ;  and  because  DE  has  a  given  ra- 
tio to  EF,  and  DE  is  given,  therefore*  EF  is  given ;  nnd  ' « ^^^ 
because  as  AB  tp  BC,  so  is  DE  to  EF  j  and  AB  is  less  ^  than  ^  19.  i. 
BC,  therefore  DE  is  less«^  tlian  EF.    From  tlie  point  D  •  A.  d. 
draw  DG  at  right  angles  to 
DE,  and  from  the  centre  E,  A 

at  the  distance  EF,  describe 
a  circle  whichsImllmeetDG  Vj 
in  two  points ;  let  G  be  either 
of  them,    and  join   EG ; 
therefore  the  circumference  of  the  circle  is  given  <^  in  posi-  *6DeL 
,tion ;  and  the  straight  line  DG  is  given  ^  in  position,  because  *  39  Dat. 
it  is  drawn  to  the  given  point  D  in  DE  given  in  position, 
to  a  given  angle  ;  therefore^  the  point  G  is  given,  and  the  '^^  ^*'* 
points  D,  E,^  are  given,  wherefore  D  S.  EG,  GD  are  given  s  *  ^  ^*^* 
in  magnitude,  and  the  triangle  D  EG  in  species  \    And****^»^' 
because  the  triangles  ABC,  DEG,  have  the  angle  B AC  ^ 
equal  to  the  angle  EDG,  and  the  sides  about  the  angles 
ABC,  DEG  proportionals,  and  each  of  the  other  angles 
BC  A,  EGD,  less  than  a  right  angle ;  the  triangle  ABC  is 
equiangular^  and  similar  to  the  triangle  DEG ;  but  DEG  *  '^'  ^• 
is  given  in  species;*  therefore  the  triangle  ABC  is  given  in 
species:  And  in  the  same  manner,  the  triangle  made  by 
drawing  a  straight  line  from  £  to  the  other  point  in  which 
the  circle  meets  DG,  is  given  in  species^ 


X 


^M 


EUCLID'S 


U. 


PROP.  XLVII. 


SccN.  If  a  triangle  has  one  of  its  angles  which  is  not  a 
right  atigle  given,  and  if  the  sides  about  anotb^f 
angl6  have  a  giV^n  ratio  to  one  another :  the  tnati- 
gle  is  given  in  species. 

htt  the  triangle  ABC  have  ohe  of  its  angles  ABC  A  ^vf  d^ 
but  not  a  right  angle,  and  let  the  sides  B A,  AC,  about  in» 
other  angle  BAC  hare  a  given  ratio  to  oui;  another^  iht 
triangle  ABC  is  giren  in  species. 

First,  let  the  given  ratio  be  the  ratio  of 
equality^  that  isj  let  the  sides  BA,  AC,  and 
consequently  the  angles  ABC,  ACB,  be 
equal;  and  because  the  angle  ABC  is  given, 
•  ^.  1.  the  angle  ACB,  and  also  the  remaining^  ^ngl^ 
BAC,  is  given ;  therefore  the  triangle  ABC  is 
^ 43 D»t.  given ^  in  species;  and  it  is  evident  that  in 
diis  case  the  given  angle  ABC  must  be  acute. 

Next,  Let  the  given  ratio  be  the  ratio  of  a  less  to  agr^- 
er,  that  is,  let  the  side  AB  adjacent  to  the  given  adgle  bt! 
less  than  the  side  AC :  T^ake  a  straight  line  DE  given  itt 
position  and  magnitude,  and  make  the  angle  D£F  equal 
•32  D4t.  to  the  given  angle  ABC :  therefore  £F  is  given  <^  in  posi- 
tion ;  and  because  the  ratio  of 
BA  to  AC  is  given,  as  BA  to  AC, 
so  make  ED  to  DG ;  and  be- 
cause the  ratio  of  ED  to  DG  is 
given,  and  ED  is  given,  the 
^  2Dat.  straight  line  DG  is  given  ^,  apd 
BA  is  less  than  AC,  therefore 
•  A.  s.  ED  is  less*  than  DG.    From  tlie 
centre  D,  at  the  distance  DG, 
describe  the  circle  OF  meeting 
EF  in  F,  and  join  DF  ;  and  be- 
^6  D^  cause  the  circle  is  given  ^  in  po- 
sition, as  also  the  straight  HneQ 
1 28Dat.  EF,  the  point  F  is  given b' ;  and 

the  poiiJts  D,  E,  are  given ;  wherefore  the  straight  lines 

*'^I>at.  DE^  EP^PD^  are  given  ^  in  magnitude,  and  the  triangle 

*  42  D^t.  DEF  in  species ^     And  because  BA  is  less  than  AC,  the 

^  i«.  I.  angle  ACB  is  less^  than  the  angle  ABC,  aud  therefore 

\Mr.  1.  ACB  is  less^  than  a  right  angle.    In  the  same  manner,  be- 
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» is  less  tlian  DO  or  DP,  the  angle  DFE  is  lesi 
jht  angle :  And  because  the  triangles  ABC,  DEF, 
LDgle  ABC  equal  to  the  anglie  DKF,  and  the  sides 
angles  BAC,  EDF,  proportionals,  and  eabh  of 
angles  ACB,  DFE,  less  than  a  right  atigle ;  the 
IBC,  DEF  are«»  similar,  addDEF  is  given  in  spe- 
"efore  the  triangle  ABC  is  also  given  in  species, 
r,  Let  the  given  ratio  be  the  ratio  of  a  greater  to  a 
is,  let  the  side  AB  adjacent  to  the  given  angle  be 
lan  AC ;  and  as  in  the  last 
t  a  straight  litle  DE  giveti 
n  and  magnitude,  and  makci 
I  DEF  equal  to  the  ^iven 
;C ;  therefore  EF  is  giteh « 
n :  Also  draw  DG*  perpen- 
»  EF ;  therefore  if  the  ratio 
Ac  be  the  same  with  the  ra- 
)  to  the  perpendicular  DG, 
(les  ABC,  DEG,  are  sitni- 
ause  the  angles  AB,C,  DEG, 
,  and  DGE  is  a  right  angle : 
5  the  angle  ACB  is  a  right 
d  the  triangle  ABC  is  given  in^  species. 
,  in  this  last  dase,  the  given  ;*atio  of  BA  to  AC  be 
imc  with  the  ratio  of  ED  to  DG,  that  is,  with  the 
IA  fo  the  perpendicular  AM  dlrawn  from  A  to  BC; 
of  BA  io  AC  must  be  less  thati*'  tlie  ratio  of  BA  •  a.  5. 
ecauSe  AC  is  greater  than  AM.  Make  as  BA  to 
D  to  DH ;  therefore  the  ra- 
il to  DH  is  less  thati  the  ra- 
A  to  AM,  that  is,  than  the 
iD  to  DG :  atid  cotisequeht- 
greater  P  thati  DG;  ahd  bfc-  B 
.  is  greater  thatl  AC,  El)  is 
ban  DH.  Ffom  the  eetitre 
i  distance  DH,  describe  the 
IF  which  necessarily  meets 
jht  line  EF  in  two  points. 
)H  is  greater  than  DG,  and 
DE.  L^t  the  circle  meet 
e  points  F,  K,  which  are  givfeh,  as  was  shown  in 
fdmg  case ;  and  DP,  DK,  being  joined,  the  tri* 
EF,  DEK,  are  giveti  in 'species,,  as  was  there 
From  the  centre  A,  at  the  distance  AC,  describe 
itethig  BC  ag^lti  Iti  L :  And  if  the  angle  AC6  b& 
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less  than  a  right  angle,  ALB  must  be  greater  than  a  right 
angle ;  and  on  the  contrary.  Jn  the  same  manner,  if  the 
angle  DFE  be  less  than  a  right  angle,  DKE  must  be  greater 
than  one ;  and  on  the  contrary.  Le 
each  of  the  angles  ACB,  DFE,  be 
either  less  or  greater  than  a  right  an- 
gle; and  because  in  the  triangles 
ABC,  DEF,  the  angles  ABC,  DEF,  j^ 
aie  equal,  and  the  sides  BA,  AC,  and 
ED,  DF,  about  two  of  the  other  an- 
gles proportionals,  the  triangle  ABC, 
7.  6.  is  similar"*  to  the  triangle  DEF.     In 

the  same  manner  the  trfangle  ABL  

is  similar  to  DEK.  And  the  triangles  ]£     K! 

DEF,  DEK,  are  given  in  species ; 

therefore   also  the   triangles  ABC, 

ABL  are  given  in  species*    And  from  this  it  is  evident 

that,  in  this  third  case,  there  are  always  two  triangles  of  a 

different  species,  to  which  the  things  mentioned  as  given  lo 

the  proposition  can  agree* 


H 


y  45. 


PROP.  XLVIIL 


If  a  triangle  has  one  angle  given,  and  if  both  the 
sides  together  ^bout  that  angle  have  a  given  ratio  to 
th6  remaining  side ;  the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  the  angle  BAC  given,  and 
let  the  sides  BA,  AC,  together  about  that  angle  have  a 
given  ratio  to  BC ;  the  triangle  ABC  is  given  in  species. 

'9.1.     Bisect*  the  angle  BAC  by  the  straight  line  AD ;  there- 
fore the  angle  BAD  is  given.    And  because  as  BA  to  AC, 

^3. 6.  so  is^  BD  to  DC,  by  permutation,  as  * 

AB  to  BD,  3o  is  AC  to  CD ;  and  as  ^ 

<  12.  5.  BA  and  AC  together  to  BC,  so  is  <^  AB 
to  BD.     But  the  ratio  of  BA  and  AC 
together  to  BC  is  given,  wherefore  ^ 
the  ratio  of  AB  to  BD  is  given,  and  the  -B 

*  47  Dat.  angle  BAD  is  given ;  therefore^  the  triangle  ABD  is  given 

in  species,  and  the  angle  ABD  is  therefore  given ;  the  an- 
gle BAC  is  also  give«,  wherefore  the  triangle  ABC  is 

•  43  Dat  given  in  species®. 

A  triangle  which  shall  have  the  thiiags  that  are  mention- 


I 


B  AT  A.  m 

ed  in  the  propositipn  to  be  given,  can  he  found  in  the  fol- 
lowing manner.     Let  EFG  be  the  given  angle,  and  let  the 
ratio  of  H  to  K  be  the  given  ratio  which  the  two  sides  about 
the  angle  EFG  must  have  to  the  third  side  of  the  triangle ;         * 
therefore  because  two  sides  of  a  triangle  are  greatei*  than 
the  third  side,  the  ratio  of  H  to  K  must  be  the  ratio  of  a 
greater  to  a  less.    Bisect*  the  angle  EFG  by  the  straight '  9«  !• 
Viae  FLy  and  by  the  47th  proposition  find  a  triangle  of  ^ 
which  EFL  is  one  of  the  angles,  and  in  which  the  ratio  of 
the  sides  about  the  angle  opposite  to  FL  is  the  same  with 
the  ratio  of  H  to  K<  To  do  which,  take  FE  given  in  posi- 
tion and  magnitude,  and  draw  EL  perpendicular  to  FL : 
Tlicu  if  the  ratio  of  H  to  K  be  the  same  with  the  ratio  of 
FE  to  £;L,  produce  EL,  and 
let  it  meet  FG  in  P;  the  tri- 
angle FEP  is  that  which  was 
to  he  found :  For  it  has  the 
given  angle  EFG ;  and  .be- 
canse  this  angle  is  bisected  by 

FL,  the  siiles  EF,  FP,  toge-  .a^ 

theraretoEP,as»>FEtoEL,  *^  N  '        *5.d. 

that  is,  as  H  to  K. 

But  if  the  ratio  of  H  to  K  be  not  the  same  with  the  ratio 
of  FE  to  EL,  it  roust  be  less  than  it,  as  was  shown  in  Prop. 
47>  and  in  this  case  there  are  two  triangles,  each  of  which 
has  the  given  angle  EFL,  an^l  the  ratio  of  the  sides  about 
the  angle  opposite  to  FL  the  same  with  the  ratio  of  H  to 
K.  fty  Prop.  47,  find  these  triangles  EFM,  EFN,  each  of 
which  has  the  angle  EFL  for  one  of  its  angles,  and  the  ra* 
tio  the  sideFE  to  EM  or  EN  the  same  with  the  ratio  of  H 
to  K;  and  let  the  angle  EMF  be  greater,  and  ENFIess, 
than  a  right  angle.  And  because  H  is  greater  than  K,  EF 
is  |(rteter  than  EN,  and  therefore  the  angle  EFN,  that  is, 
the  angle  NFG,  is  less^  than  the  angle  ENF.  To  each  of '  is.  1. 
these  add  the  angles  NEF,  EFN ;  therefore  the  anglesNEF, 
6PG,  are  less  than  the  angles  NEF,  EFN,  FNE,  that  is, 
than  two  right  angles ;  therefore  the  straight  lines  EN,  FG, 
must  meet  together  when  produced ;  let  them  meet  in  O, 
and  produce  EM  to  G.  Each  of  the  triangles  EFG,  EFO, 
has  the  things  mentioned  to  be  given  in  the  proposition : 
For  each  of  them  has  the  given  angle  EFG  ;  and  because 
this  angle  is  bisected  by  the  straight  line  FMN,  the  sides 
EF,  FG,  together  have  to  EG  the  third  side  the  ratio  of  FE 
to  EM,  that  is,  of  H  to  K.  In  like  manner,  the  sides  EF, 
FO,  together  have  to  EO  the  ratio  which  H  lias  to  K. 
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«.  PROP.  XLIX. 

If  a  triangle  has  one  angle  given,  add  if  the  sides 
about  another  angle  both  together  have  a  given  n- 
tic  to  the  third  side ;  the  triangle  is  given  ill  species. 

Let  the  triangle  ABC  have  one  angl6  ABC  ^veb.  Slid 
1^  the  two  sides  BA,  AC^  about  another  adgtfe  BAC  bste 
a  given  ratio  to  BC;  the  triangle  ABC  Is  giveti  ini|iec}ei. 

Suppose  the  angle  BAG  to  be  bisected^  hf  thfc  ttn^t 
line  AD ;  BA  and  AC  together  are  to  BC^  as  AB  to  BD| 
as  was  shown  in  the  preceding  proposition.  But  ^  lafiS 
c^  B A  and  AC  together  to  BC  is  given ;  therefora  abo  iM 
ratio  of  AB  to  BDis  given.    And  the  angle  ABD  b  glvei^ 

•  4i  Dat.  wherefore^'the  triangle  ABD  is  ^ven  in  species;  ahd  Coft- 

sequcDtly  the  angle  BAD,  and  its  double  the  angte  BAC 
are  given :  And  the  angle  ABC  is 
given.    Therefore  the  triangle  ABC 

*  43  Dat  is  given  in  species  ^. 

A,tiriangle  which  shall  have  the 
things  mentioned  in  the  proposition 
to  be  given,  may  be  thus  found.  Let 
EFG  be  the  given  angle,  and  the  ra- 
tio  of  H  to  K  the  given  ratio ;  and  H- 
by  Prop.  44.  find  the  triangle  EFL,  K 
which  has  the  angle  EFG  for  one  of 
its  angles,  and  the  ratio  of  the  sides 
EF,  FL,  about  this  angle  the  same 
with  the  ratio  of  H  to  K;  and  make  the  angle  LEM  equal 
to  the  angle  FEL.  And  because  the  ratio  of  H  to  K  b  tbd 
ratio  which  two  sides  of  a  triangle  have  to  the  third,  H 
must  be  greater  than  K :  And  because  EF  is  to  FL^  as  H 
to  K ;  therefore  EF  is  greater  than  FL,  and  the  angle  FEI4 
that  is,  LEM,  is  therefore  less  than  the  angle  ELF/ 
Wherefore  the  angles  LFE,  FEM,  are  less  than  two  ri^t. 
angles,  as  was  shown  in  the  foregoing  proposition,  aiid'tht. 
straight  lines  FL,  EM,  must  meet  if  produced;  let  theol 
meet  in  G,  EFG  is  the  triangle  which  was  to  be  found : 
for  EFG  is  one  of  its  angles,  and  because  the  angle  FEO 
is  bisected  by  EL,  the  two  sides  FE,  EG,  together  hisive  to 
the  third  side  FG  the  ratio  of  EF  to  FL,  that  is,  the  given 
ratio  of  H  to  K. 


DATA.  ,;.^    <  397 

If  frpnpi  the  vertex  of  a  triangle  given  in  species, 
a  straight  line  he  drawn  to  the  base  in  a  given  an- 
gle ;  it  shall  have  a  given  ratio  to  the  base. 

Fwa  the  verte^^  A  of  the  triangle  ABC  which  is  given 
io  qpe^ec^  ]^t  AD  be  drawn  to  the  base  fiC  in  a  given  an* 
gl^  AP6;  ^b^  ratio  qf  AD  to  BC  is  given. 

Because  the  triangle  ABC  is  given  in 
sp^ies,  the  angle  ABD  is  given,  and  the 
angle  ADB  is  given,  therefore  the  trian- 
gle ABD  is  given*  in  species ;  where-  -^ — t^  ■  ■  ■  ^^  •  43  D«t 
fo«9tbe  ratio  of  AD  to  AB  is  given.  And 
the  ratip  of  AB  to  BC  is  given ;  and  therefore  ^  the  ratio  ^  9  Dm* 
of  AD  to  ]PC  is  given.  « 


PROP.  U  4% 

BUCTIUN£AX.  figures  given  in  species,  are  divided 
into  triangles  which  are  given  in  species. 

Let  the  rectilineal  figure  ABCDE  be  given  in  species : 
ABCD£  maf  be  divid^  into  triangles  given  in  species. 

jjpia  BE,  BD :  and  because  ABODE  i9  giv«n  in  species^ 
the  angle  BAE  is  given%  and  the  ratio        ,  A  .  3  0^^^ 

ofKAlpAEif  given  a  5  wherefore  the  >^\ 

toangte  BAE  is  given  in  species**,  and  y^      \       »» 44  Dat 

t]Mi  angle  AEJB  19  th«refore  given*.  ]^/^  \p 

^olt  the  whole  angle  AED  is  given,  V^T/^ 
a|l4  thfirrfwa  the  remaining  angle  A__:^i*/^ 
BISD.is  given,  and  the  ratio  of  AE  to      ^  D 

Ell  19  given,  as  also  the  ratio  of  AE  to  ED ;  therefore  the 
r||tio  of  BE  to  ED  is  ^iven^    And  the  angle  BED  is«9D<it. 
msM,  wherefore  the  triangle  BED  is  given^  in  species. 
la  tba  same  manner,  the  triangle  BDC  is  given  in  species : 
ThffiPefote  rectilineal  figures  which  are  given  in  spegies  are . 
divided  into  trianglea  given  in  species. 
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48.  PROP.  HI. 

If  two  triangles  given  in  species  be  described  upon 
the  same  straight  line ;  they  shall  have  a  given  ra- 
tio to  one  another. 

•  ■  ■    • 

Let  the  triangles  ABC,  ABD^  given  in  species  be  dew 
scribed  upon  the  same  straight  line  AB ;  the  ratio  of  the 
triangle  ABC  to  the  triangle  ABD  is  given. 

Through  tiie  point  C,  draw  CE  parallel  to  AB,  an^  let  it 
meet  DA  produced  in  B,  and  join  BE.  Because  the  trian- 
gle ABC  is  given  in  species,  the  angle  BAC,  that  ijL  the 
angle  ACE,  is  giren;  and  because  the  triangle  Am>  is 
given  in  species,  theP 
angle  DAB,  that  is, 
the  angle  AEC,  is 
given.  Therefore  the 
triangle  ACE  is  given 
in  species ;  wherefore 
the  ratio  of  £A  to 
»  3  Def.  AC  b  given*,  and  the  ^^ 

ratio  of  CA  to  AB  is  given,  as  aliio  the  ratio  of  BA  to  AD; 

^  9  Dat.  therefore  the  ratio  of  ^  EA  to  AD  is  given,  and  the  triangle 

<  37. 1.  ACB  is  equal^^  to  the  triangle  AEB,  and  as  the  trlai^ 

*  X.  6.  AEB,  or  ACB,  is  to  the  triangle  ADB,  so  h^  the  strai^ 

line  EA  to  AD:  But  the  ratio  of  EA  to  AD  is  given j 

therefore  the  ratio  of  the  triangle  ACB  to  the  triangle 

ADB  is  given. 

PROBLEM. 

To  find  the  ratio  of  two  triangles  ABC,  ABD,  g^ven  ia- 
species,  and  which  are  described  upon  the  same  straight 
line  AI3. 

Take  a  straight  line  FG  given  in  position  and  magnitude, 
and  because  the  angles  of  the  triangles  ABC,  ABD,  are 
given,  at  the  points  F,  G,  of  the  straight  line  FG,  make 
•23. 1.  the  angles  GFH,  GFK,«  equal  to  the  angles  BAC,  BAD  j 
and  the  angles  FGH,  FGK,  equal  to  the  angles  ABC,ABD, 
each  to  each.  Therefore  the  triangles  ABC,  ABD,  are 
equiangular  to  the  triangles  FGH,  FGK,  each  to  each. 
Through  the  point  H  draw  HL  parallel  to  FG,  roeetiog 
KF  produced  in  L.  And  because  the  angles  BAC,  BAD, 
are  equal  to  the  angles  GFH,  GFK,  each  to  each  ;  thercK 
fore  the  angles  ACE,  AEC,  are  equnl  to  FH  L,  FLH,  eadi 
to  each,  and  the  triangle  AEC  equiangular  to  tlx  triangle 
FLH.    Therefore  as  £  A  to  AC,  so  is  LF  to  FHj,  md  as 


DATA*  S99 

C  A  to  AB,  so  HF  to  FG ;  and  as  BA  to  AD,  so  is  GF  to 
FK ;  wherefore,  ex  fiequali,  as  EA  to  AD,  so  is  LF  to  FK. 
But  as  was^hown,  the  triangle  ABC  is  to  the  triangle  ABD, 
as  the  straight  line  EA  to  AD,  that  is,  as  LF  to  FK.  llie 
ratio  therefore  of  LF  to  FK  h2\s  been  fouiu],  which  is  the 
same  with  the  ratio  of  the  triangle  ABC  to  the  triangle 
ABD. 

PROP.  UlL  49. 

If  two  rectilineal  figures  given  in  species  be  de-  See  n. 
scribed  upon  the  same  straight  line ;  they  shall 
have  a  given  ratio  to  one  another. 

Let  any  two  rectilineal  figures  ABCDE,  ABFG,  which 
are  given  in  species,  be  described  upon  the  same  straight 
line  AB ;  the  ratio  of  them  to  one  another  is  given. 

Join,  AC,  AD,  AF;  each  of  the  triangles  AED,  ADC, 
ACB,  AGF,  ABF,  is  given*  in  species.     And  because  the  •  51  d^^^ 
triangles  ADE,  ADC,  given  in  species,  are  described  upon 
the  same  straight  line  AD,  the  ra-  1^ 

tic  of  EAD  to  DAC  is  given^j  and    ,,         _^  .  ^  5«  D*t. 

by  composition,  the  ratio  of  EACD      r*  •  ^»*        « 

to  DAC  IS  givenc.     And  the  ratio      \       X  ..--W^  * ^ 


*  9  Dftt. 


DAC  to  CAB,  is  given^,  because     a\ 

they  are  described  upon  the  same  .  ^ 

straight  line  AC ;  therefore  the  ra-^ 

tic  of  EACD  to  ACB  is.  given^  ;^ 

and,  bv  composition,  the  ratio  of  TT    T    MM  ^ 

ABGDiE  to  ABC  is  given.    IntheHL ^    ■    ^^''''  O 

«ame  manner,  the  ratio  of  ABFG  to  ABF  is  given.  But 
t;{tie.^tio  of  the  triangle  ABC  to  the  triangle  ABF  is  given ; 
wherefore^  because  the  ratio  of  ABCDE  to  ABC  is  given, 
as  also  the  ratio  of  ABC  to  ABF,  and  the  ratio  of  ABF  to 
ABFG ;  the  ratio  of  the  rectilineal  ABCDE  to  the  recti- 
lineal ABFG  is  given^. 

PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  given  in  species, 
and  described  upon  the  same  straight  line. 

Let  ABCDE,  ABFG,  be  two  rectilineal  figures  given  in 
species,  and  described  upon  the  same  straight  line  AB,  and 
join  AC,  AD,  AF«  Take  a  straight  line  HK  given  in  po* 
siti(>n  and  magnitude,  and  by  the  52d  dat«  find  the  ratio  of 
the  triangle  ADE  to  the  triangle  ADC,  and  make  the  ratio 
o^  I  lie  to  JCL'tlic  sarp.e  with  it.    Find  also  the  ratio  of  the 
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triangle  ACD  to  the  trianfle  ACB.  And  »aW  iht  latiu 
ofKL  toLMihesame.  Also,  find  th«  ratio  of  liic  mangle 
ABC  to  the  IriaDglt  ABF,  and  make  tlie  ratio  of  l,Mu> 
MI>j  the  same.  And,  lastly,  find  the  ratio  of  the  triangle 
AFB  to  the  triangle  AFG,  and  make  the  ratio  of  M>i  to 
NO  the  same.  Then  the  ratio  of  ABCDE  to  ABFG  it 
the  same  with  th«  ratio  of  HM  to  MO. 

Because  the  triangle  EAD  is  to  D 

the  triangle  DAC,  as  the  straight   y 
liqe  HK  to  KL;  and  as  the  Irian-      "^ 
gle  DAC  to  CAB,  so  is  (he  straight 
line  KL  to  LM ;  therefore  by  using 
L'ojnposition  as  often  as  the  number 

of  triangles  requires,  the  rcctilinealQ/ ^~~— -Att 

ABCDE  is  to  the  triangle  ABC,  as 
ihcstraightlineHMtoSlL.  In  like tr  JC  L  MN  p 
manlier,  because  the  triangle  GAP 
is  to  FAB,  as  ON  to  NM,  bv  composition,  the  rectiUonl 
ABFG  is  to  the  triangle  ABF  as  MO  to  NM,  and  by  in- 
version,  as  ABF  to  ABFG,  so  is  NM  lo  MO.  And  the 
triangle  ABC  is  to  ABF,  as  LM  to  MN.  Wherefore,  be- 
cause  as  ABCDE  lo  ABC,  so  is  HM  lo  ML ;  and  as  ABC, 
to  ABF,  so  is  LM  to  MN ;  and  us  ABF  to  ABFG,  lo  ia 
MN  to  MO  J  ex  EBquali,  as  the  rectilineal  ABCDE  to 
ABFG,  so  is  the  straight  line  HM  to  MO. 


„  PROP.  LIV. 

If  two  straight  lines  have  a  given  ratio  to  on8  ant>- 
Iher;  the  similar  rectilineal  figures  described  upon 
them  similarly,  shall  have  a  given  ratio  to  one 
another. 

Let  the  straight  lines  AB,  CD,  have  a  given  ratio  to  ooe 
another,  and  let  the  similar  and  similarly  placed  rectSlineil 
figures  E,  F,  be  described  upon  them ;  the  ratio  of  E  to  Fis 
Riven. 

ToAB,  CD.letG  be  a  third 
proportional ;  therefore  as  AB  to 
CD,  so  isCD  to  G.  And  the  ra- 
tioqf  ABtoCDisgiven;  where- 
fore the  ratio  of  CD  to  G  is  given ; 
and  consequently  the  ratio  of  AB 


■  9  Dal.  to  G  is  also  given'.     But  as  AB 


-B-^     JK^  X. 


t  Cor.  to  Q,  SO  is  the  figure  £  to  ttie  figure''  F.    Therefore  UiCfi* 


W-fi-tioofEtoFis 


giveB. 


DATA-  4ai 

PROBUSM. 

to  fifk!  th^  rhfio  of  fWb  siHriilalr  tie^iliheiil  fi^it^  E,  F, 
4«iiMri;f  d^^rib^d  tlpOri  hrtit^ht  lines  AB,  CD,  which 
Miieii'giV^i)  ftitio  to  dhe  another :  Ijet  6  be  a  third  prt>^ 

'  tVki  ft  straight  line  H  given  in  magnif ude ;  and  because 
the  tbtio  rtf  AB  to  CD  is  givcfn,  make  the  ratk)  of  H  to  K 
the  same  with  it ;  and  because  H  is  given,  K  is  given.  As 
H  is  to  K,  so  make  K  to  L :  then  tlie  ratio  of  E  to  F  is 
^h^  mttib  ifith  the  i^tio  of  H  to  L ;  for  AB  id  to  CD,  as  H 
to  K^ %het^fbi^  CD  is  to  Q,  as  K  tt)  L ;  and,  ex  eequali, 
as  AB  to  G,  so  is  H  to  L :  But  the  figure  £  is  lo^  the  fi-  b  ^  Cor. 
(lire  F,  as  AB  to  G,  that  itj  as  H  to  L.  so.  6. 

/  PROP.  LV.  «l- 

If  two  straight  lines  have  a  given  ratio  to  on6 
adothjir;  the  rectilineal  ^gures  given  in  speeies, 
described  upon  tliem,  shall  have  to  one  another  a 
given  ratio. 

Let  AB,  CD,  be  two  straight  lines  whibh  hkvt  a  given 
Afia  to  one  another;  the  rectilineal  figures  B,  F,  given  ih 
spckries  and  described  upon  them,  hate  a  given  ratio  to  one 
another. 

tJpon  the  straiglit  line  AB,  describe  the  figure  AG  simi- 
lar and  similarly  plaeed  to  the  figure  ^ ;  and  because  F  is 
given  fn  species,  AG  is  also  given  in  species :  Therefore^ 
«nee  the  figures  E,  AG, 
which  are  given  in  species, 
are    described    upon    the 

tanke  straight  line  AB,  th€  

latio  of  E  to  AG  is  gl veh%      .  ' ^(y  •  »s  DaL 

abd  because  the  ratio  of      "jl j^ t i- 

AH  to  CD  is  glvei^,  and  iipon  them  are  described  the  si- 
ihDarand  similarly  placirf  rectilineal  figures  Afe,^,  flSe  ra- 
fl6  of  AG  to Jff  is  given*';  ftnd  the  ratio  of  ACf  to  E  is  ''SADit 
^ven ;  therefore  the  ratio  of  E  to  F  is  given^.'  '    • »  Dat. 

PROBLEM. 

•  l^o  find  the  ratio  of  two  rectilineal  figures  E,  F,  given 
in  species  and  described  upon  the  straight  lines  AB,  CD, 
which  have  a  given  ratio  to  one  another. 

Take  a  straight  line  H  given  in  magnitude ;  and  be- 
iiause  the  rectilineal  figures  E,  AG,  given  in  species,  are 
ileecrtbed  upon  the  same  straight  line  AB,  find  their  ratio 
by  the  5Sd  dat.  and  nitka  the  ratiaof  H  to  K  the  sato^K 

2Jft   .  .  ^. 
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is  therefore  given.  And  because  the  si;nilar  rectilineal  fi<- 
gures  AG,  F,  are  described  upon  the  straight  Up^  AB,  CD, 
wliich  have  a  giveo  ratio,  find  their  ratio  by  the  54th  dat. 
and  make  the  ratio  of  K  to  L  the  same  :  The  figure  E  has 
to  F  the  same  ratio  wliich  H  has  to  L :  For^  by.the  con- 
struction, as  E  18  to  AG,  so  is  H  to  K ;  and  as  AG  to  F,  so 
is  K  to  L :  Therefore,  ex  squali,  as  £  to  F,  so  is  H  to  L« 

5-.  PROP.  LVI.      - 

If  a  rectilineal  figure  given  in  species  be  described 
upon  a  straight  line  given  in  magnitude ;  the  fi- 
gure is  given  in  magnitude. 

Let  the  rectilineal  figure  ABCDE  given  in  species,  be 
described  upon  the  straight  line  AB  given  in  magnitude ; 
the  figure  ABCDE  is  given  in  magnitude. 

Upon  AB  let  the  square  AF  be  described ;  therefore  AF 

is  given  in  species  and  magnitude,  and  because  the  rectili- 

•neal  figures  ABCDE,  AF,  given  in  species,  are  described 

upon  the  same  straight  line  AB,  the 

.  53  D«t  ratio  of  ABCDE  to  AF  is  given  » : 

But  the  square  AF  is  given  in  mag- 

*>  t  Dat  nitude,  therefore  ^  also  the  figure 

ABCDE  is  given  in  magnitude, 

PROB. 

To  find  the  magnitude  of  a  recti- 
lineal figure  given  in  species   do-  L  M 


-1 


scribed  upon  a  straight  Hue  given  in 
magnitude. 

Take  the  straight  line  GH  equal 

to  the  given  straight  line  AB,  and  G  IT  K 

by  the  53d  dat.  find  the  ratio  which  the  sqyure  AF  upon 
AB  has  to  the  figure  ABCDE ;  and  make  tho  ratio  of  GH 
to  HK  the  same  ;  and  upon  GH  describe  the  t(|uare  GL 
and  complete  the  parallelogram  LHKM ;  the  figure 
ABCDE  is  equal  to  LHKM;  because  AF  is  to  ABCDE, 
as  the  straight  line  GH  to  HK,  that  is,  as  the  figure  GL  to 
HM :  and  AF  is  equal  to  GL;  therefore  ABCDE  is  equal 
U.  5.  to  HM-. 

t:i.  PROP.  LVI  I. 

If  two  rectilineal  figures  are  given  in  species,  and 
if  a  side  of  one  of  them  has  a  given  ratio  to  a  side 
of  the  other  ;  the  ratios  of  the  remai[))ng  sides  to 
the  remaiuing  sides  shall  be  given. 


DATA. 
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Let  ACf  DP,  be  two  rectilineal  figures  given  in  speqes, 
and  let  the  ratio  of  the  side  AB  to  the  siae  DE  be  given, 
the  ratios  of  the  remaining  sides  to  the  remaiixiog  sides  are 
also  given. 

Because  the  ratio  of  AB  to  DE  is  given,  as  also*  the  ra-  "SDef. 
tios  of  AB  to  BC,  and  of  DE  to  EF,  the  ratio  of  BC  to  EF 
is  given^.    In  the  same  iQanner  the  ratios  of  the  other  sides  ^  lo  Dat. 
to  the  other  sides  are  given. 

The  ratio  which  BC  has  to  A.r 
EFtamybe  found  thus:  Take 
a  straight  line  G  given  in  mtig* 
nitdde,  and  because  the  ratio  of 
BC  to  JBA  is  given»  make  the 
ratio  of  G  to  H  the  same ;  and 
because  the  ratio  of  AR  to  DE 

is  given,  make  the  ratio  of  H  to 

JC  the  same ;  and  make  the  ratio  of  K  to  L  the  same  with 
tlie  given  ratio  of  DE  to  EF.  Since  therefore  as  BC  to 
BA^  so  is  G  to  H ;  and  as  BA  to  DE,  so  is  H  to  K;  and  as 
D£  to  EF,  so  is  K  to  L;  ex  sequali,  BC  is  to  EF,  as  G  to 
L ;  therefore  the  ratio  of  G  to  L  has  been  found,  which  is 
the  same  with  tlie  ratio  of  BC  to  EF. 


PROP.  LVIII. 


G. 


If  two  siaiilar  rectilineal  figures  have  a  given  ratio  seeN. 
to  one  another,  their  homologous  sides  have  also  a 
given  ratio  to  one  another. 

Let  the  two  similar  rectilineal  figures  A,  B,  have  a  given 
ratio  to  one  another,  their  homologous  sides  have  also  a 
given  ratio. 

Let  the  side  CD  be  homologous  to  EF  5  and  to  CD, 
EP,  let  the  straight  line  G  be  a  third  proportional.  As 
therefore*  CD  to  G,  so  is  the  figure  A  to  B ;  and  the  ra-  *  *  Cor. 
tio  of  A  to  B  is  given,  therefore 
the  ratio  of  CD  to  G  is  given; 
and  CD,  EF,  G,  are  proportion- 
als-; wherefore*  the  ratio  of  C  D 
to  EF  is  given! 

The  ratio  of  CD  to  EF  may  ^_ 

be  found  thus :  Take  a  straight  H 

line  H  given  in  magnitude ;  and  because  the  ratio  of  the  fi- 
gure A  to  B  is  given,  make  the  ratioof  H  to  K  the  same  with 
it :  And,  as  the  13th  dat  directs  to  be  done,  find  a  mean 
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proportjoija)  h  b^twc|?n  H  i|p4  K;  th?  r^tia  of  CD  to  |1F 
i^  the  mnf  vv'itb  that  of  H  to  L.  Let  G  be  a  tqird  p^p- 
pprtipD9ito  CD,  £F;  therefore^  C!P  to  G,  so  is  (A  to  B, 
and  so  is)  H  to  K;  and  as  CD  to  £F|  so  is  H  t9L|  a$  j| 
shown  io  the  1  Stb  dat. 


64,  PROP.  LIX. 

seeM.  If  two  rectilineal  figures  given  in  species  b^ve  a 
given  ratio  to  one  another,  tbeir  sides  shall  like- 
wise  Imve  g^ven  ratios  to  one  another. 

Let  thQ  two  rectiliqeal  fibres  A,  B|^  givep  in  speci«^ 

have  a  given  ratio  to  oqe  another,  tbeir  sides  shall  also  bavQ 

given  ratips  to  one  anoi^ier. 
If  the  figure  A  be  siiiiilar  to  B,  tbeir  hojnologpua  i»di| 

^faall  l^ve  a  given  ratio  to  one  another,  b^  the  precediof 

proposition ;  and  because  the  fibres  are  given  in  spiecif% 
•  5  Det  the  sides  of  each  of  them  b&ve  given  ratios^  to  oneanotliwi 
^9  Dtt  therefore  each  side  of  two  of  them  has^  to  each  side  pf  the 

other  a  given  ratio. 

But  if  the  figure  A  be  not  similar  to  B,  let  CD,  EF,  be 

any  two  of  their  sides  ;  and  upon  £F  conceive  the  figuK 

EG  to  be  described  similar 

^nd  similarly  placed  to  the 

figure  A,  so  that  CD,  EF, 

be       homologous     sides: 

therefore  EG  is  given   in   tt 

species :  and  the  figure  B    ^ 

is  given  in  species ;  where-    K 

•  ss  Dat.  fore«  the  ratio  of  B  to  EG  is   M 

given :  and  the  ratio  of  A    L — '- 

to  B  is  given,  therefore^^  the  ratio  of  the  figure  A  to  EG  ii 
given :  and  A  is  similar  to  EG ;  therefore^^  the  ratio  of  the^ 

*  58  Dat  side  CD  to  EF  is  given ;  and  consequently^  the  ration  of 

the  remaining  sides  to  the  remaining  sides  are  given. 

The  ratio  of  CD  to  EF  may  be  found  thus :  Take  ^ 
straight  line  H  given  in  magnitude,  and  because  th^  ratio 
of  the  figure  A  to  B  is  given,  make  the  ratio  of  H  to  K  tbe» 
saine  with  it.  And  by  the  53d  dat,  find  the  ratio  of  the  fi* 
gure  B  to  EG,  and  make  the  ratio  of  K  to  L  the  same : 
Between  H  and  L  find  a  mean  proportional  I£,the  ratio  of 
CD  to  EF  is  the  same  with  the  ratio  of  H  to  M ;  bi^causc 
the  figure  A  is  to  B  as  H  to  K:  ^rui.as  B  to  EG^sp  is  H 


1 

ioLiak  stoatlR,  at  A  to  feO,  ^  is  H  M  L :  And  iht  B- 
gtmi  a;  eg,  are  dmilar,  itnA  M  if  A  iM^to  prdponianA 
betweeif  H  and  L ;  therefore,  H  y^fdi^  tWcfikn  iff  thd  prefcd-  * 
diii^  propoditten^  CD  &  to  EF  is  H  to  M- 

PftOP.  LX.  55, 

If  a  rectilineal  figure  be  given  in  species  and  ihag- 
xiitudei  the  sides  of  it  slxall  be  given  in  nmgnitude. 

•^  Let  the  rectilineal  figure.  A  be  given  in  species  and  mag- 
nitude, its  sides  are  given  in  magnitude. 

Take  a  straight  line  BC  given  m  positioaahd  mao^rxlfud^ 
and  upon  BC  describe*  the  figure  D  slmilaff,  and  ^hnihrly  ms.  ^ 
phtcea,  to  the  figure  A, 
and  let  EF  be  the  side 
of  the*  figure  A  homo-  Q^ 
JpgouariaBC  the  side 
WD ;  therefore  the  &•  p 
gure  D  is  given  in  spe- 
cies. And  because  up- 
on the  given  straight 
line  BC  the  figure  D 

given  in  species  is  described,  I>  is  gfv^  ^  ii!i  magnitMei  ^  ^  Dat. 
and  die  ^ure  A  is  given  in  magnitudcf,-  therefore  tne  rMlb 
of  A  to  D  is  given  :  And  the  figure  A  is  similar  ta  D  ; 
therefore  the  ratio  of  the  side  £F  to  the  bomologbuis  side 
BC  is  given^^j  and  BC  is  given,  wherc*M^EF  &  givfeh^«5t0rt. 
And  the  ratio  of  EF  to  EG  is  given ^  therefeni  EG  iil|2^ 
given.    And,  in  the  same  manner,  each  of  thl^othet^sidi^ 
of  the  figure  A  can  be  shown  to  be  given. 

PROBLEM. 

To  describe  a  rectilineal  figure  A  similar  to  a  given* 
figure  D,  and  equal  to  another  given  figure  H.  It  is^ 
nop.  25,  B.  6.  Elements. 

Because  each  of  the  figures  D,  H,  b  given,  their  ratio  is 
given,  which  may  be  found*  by  mriting^upon  the  givlen  rcor.is^  i. 
straight  line  BC  the  {yamlldogram  BK  equal  to  D,  abd 
upon  its  side  CK  malnng^the  patallek^rani  KL  equtlVtti' 
H  in  the  angle  KCL  equal  to  the  anrie  MBC ;  therefBre 
the  ratio  of  D  toH,  thaf  is^of  BKto  KL,  is  the  same  w!tti' 
the  mtio  of  BC  to  CL :  Ani  because  the  fij^res  B,  A,  aM» 
4milar,  and  that  the  TatiO'(rfl>tb  A,  or  H,  is  the'same  vMd 
theratio  of  BC  toCL^  l^  the-SSthdatithe"  ratio  of  the  Hor 
molc^(^U0  ndes  BC^  KP,  irttie  ^rtiie  with  thef  itttid  of  BC 
to  tUe  men  pfoponidt^W6t#(fettdCftnd^^    PlikPeF 
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the  mean  proportional ;  thenEF  is  the  side  of  the  figure  to 
be  described,  homologous  to  BC  the  side  of  D^iind  the  ^- 
gure  itself  cim  be  described  by  the  18th  Prop.B.  6^  which 
by  the  coDstruction,  is  siDfiilar  to  D  ;  and  because  D  is  to 
f  2  Cor.  A,  as  ^  BC  to  CL,  that  is,  as  the  figure  BK  to  KL ;  and 
>\L  6.  ^^^  ^  ^  equal  to  BK,  therefore  A^  is  equal  to  KL,  that  is, 
*  to  H. 
67.  PROP.  LXI. 

Sec  N.  If  a  parallelogram  given  in  magnitude  has  one  of 
its  sides  and  one  of  its  angles  given  in  magnitude, 
tb^  other  side  jilso  is  given. 

Let  the  parallelogram  ABDC  given  in  magnjtud^  have 
the  side  AB  and  the  angle  BAC  given  in  magnitude,  the 
other  side  AC  is  given. 

Take  a  straight  line  EF  given  in  position  and  ms^itude;; 
and  because  the  parallelogram  AD  is  given  in  magnitudes 
a  rectilineal  figure  equal  to  it  can  ^  }^f 

•  1  Def.  be  founds    And  a  parallelogram 
^  Cor.  45. 1.  equal  to  this  figure  can  be  applied'* 

to  the  given  straight  line  £F  in        r^^^       - — >     t\ 
ah  angle  equal  to  the  given  angle        ^  no   D 

'  PAC*  Let  this  be  the  parallek>- 
gram  EFHG,  having  the  angle 
FEG  equal  to  the  angle  BAC. 

And  because  the  parallelograms   A Tr 

AD,  EH,  are  equal,  and  have  the 

angles  at  A  and  E  equal ;  the  sides  about  them  are  rccj- 

*  14.  6.  procally  proportional  ^ ;  therefore  as  AB  to  EF,  so  is  EG 

to  AC  :  And  AB,  EF,  EG,  are  given,  therefore  also  AC  U 
J  12.  6.  given^.     Whence  the  way  of  finding  AC  is  manifest. 

H.  PROP.  LXII. 

s«eN.  If  a  parallelogram  has  a  given  angle,  the  rectangle, 

contained  by  the  sides  about  that  angle  has  a  given 

ratio  to  the  parallelogram. 

Let  the  parallelogram  ABCD   have  the  given  angle 
ABC,  tlie   rectangle  AB,  BC,  has  a 
given  ratio  to  the  parallelogram  AC. 

From  the  point  A  draw  AE  perpendi- 
cular to  BC ;  because  the  angle  ABC  is  W^ 
given,  as  also  the  angle  AEB,  the  triangle 
'  43  Dat  ABE  is  given  ^  in  species ;  therefore  the 
ratio  ofBA  to  AE  is  given.  But  as  BA to 
•*  1-  6.  AE,  so  is^  the  rectangle  AB,  BC,  to  the 

rectangle  AE,  BC,  therefore  the  ratio  of       6   K.       H 
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the  Teetangle  AB,  BC,  to  AE,  BC»  tliat  is^",  to  the  paral- « S5.  i. 
lelogftm  AC,  is  given. 

And  it  is  evident  how  the  ratio  of  the  rectangle  to  the 
parallelogram  may  be  found,  by  making  the  angle  FGH 
equal  to  the  given  angle  ABC,  and  drawing,  from  any 
point  F  in  one  of  its  sides,  FK  perpendicular  to  the  other 
GH  :  for  GF  is  to  FK,  as  BA  to  AE,  that  is,  as  the  rect- 
.  angle  AB,  BC,  to  the  parallelogram  AC. 

CojBL  And  if  a  triangle  ABC  has  a.  gi^n  angle  ABC,  66. 
the  rectangle  AB,  BC,  contained  by  the  «ides  about  that 
angle,  shall  have  a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD  ;  therefore,  by  this 
proposition,  the  rectrangle  .  AB,  BC^  has  a  given  ratio  to 
the  parallelogram  AC;  and  AC  has  a  given*  ratio  to  its 
ialf  the  triangle  ^  ABC :  therefore  the  rectangle  AB,  BC,  *«  41.  i. 
has  a  given*  ratio  to  the  triangle  ABC.  » 9  Dai^ 

And  the  ratio  of  the  rectangle  to  the  triangle  is  found 
thus  :  Make  the  triangle  FGK,  as  was  shown  in  the  propo- 
sition :  the  ratio  of  GF  to  the  half  of  the  perpendicular  FK, 
is  the  same  with  the  ratio  of  the  rectangle,  AB,  BC,  to  the 
triangle  ABC.  Because,  as  was  showR,  GF  is  to  FK,  as 
AB,  BC,  to  the  parallelogram  AC ;  and  FK  is  to  its  half, 
as  AC  is  to  its  half,  which  is  the  triangle  ABC  :  therefore, 
ex.iequali,  GF  is  to  the  half  of  FK,  as  AB,  BC,  rectangle  is 
to  the  triangle  ABC. 

PROP.  LXIII.  56. 

If  two  parallelograms  be  equiangular,  as  the  side 
of  the  first  to  a  side  of  the  second,  so  is  the  other 
side  of  the  second  to  the  straight  line  to  which  the 
other  side  of  the  first  has  the  same  ratio  w  hich  the 
first  parallelogram  has  to  the  second.  And  con- 
sequently, if  the  ratio  of  the  first  parallelogram  to^ 
the  second  be  given,  the  ratio  of  the  other  side  of 
the  first  to  that  straight  line  is  given ;  and  if  the 
ratio  of  the  other  side  of  the  first  to  that  straight 
line  be  given,  the  ratio  of  the  first  parallelogram  to 
the  second  is  given. 

Let  AC,  DF,  be  two  equiangular  parallelograms ;  as  BC, : 
a  side  of  the  first,  is  to  EF,  a  side  of  the  second,  so  is  DE, 
the  other  side  of  the  second,  to  the  straight  line  to  which 
AB,  the  other  side  of  the  first,  has  the  same  ratio  which 
AC  h^  toDF. 
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PnQjduoe  th^  stcau^ht  line  AB^  a^d  m^ilMat  BC I0  S9^ 
so  D£  to  BG,  and  complete  the  paral- 
lelogram BGHC ;  therefore,  becaiMe 
BC  or  GH,  is  to  EF,  as  DB  k»  BO, 
the  sides  about  the  equal  angles  BQH, 
BEF,  are  reciprocally  proportiona) ; 
*  IV  6.  wherefore^,  the  parallelogram  BH  is 
equal  to  DF;  and  AB  is  to  BG,  as  the 

grallelogram  AC  is  to  BH,  that  is,  to 
F ;  as  therefore  BC  is  to  EF,  so  isF^ 
DE  to  BG,  which  is  the  straight  line  to  which  AB  hf^  tbs 
'  same  ratio  that  AC  has  to  DF. 

And  if  the  r^tio  of  the  pariEkllelogram  AC  to  DR  be  givsn, 
tbtn  the  ratio  of  the  straight  line  AB  to  BG  is  giveo  \  and 
if  the  ratio  of  AB  to  the  straight  line  BG  be  given,  the  n- 
tio  of  the  parallelogram  AC  to  DF  is  given. 


74.  Ts.  PROP-  LXiv. 

See  N.  If  two.  parallelograms  have  unequal  but  givea  ajo-, 
gles,  and  if  as  a  aide  of  the  first  to  a  side  of  the  se- 
cond, so  the  other  side  of  the  second  be  made  tg  a 
certain  straight  line ;  if  the  ratio  pf  the  first  paraU 
lelogram  to  the  second  be  given,  the  ratio  of  the 
other  side  of  the  first  to  that  straight  line  shall  be 
siven.  And  if  the  ratio  of  the  other  side  of  the  first 
to  that  straight  line  be  given,  the  ratio  of  the  first 
parallelogram  to  the  second  shall  be  given. 

Let  ABCD,  l^FGH,  be  two  parallelograms  which  hav^ 
the  unequal,  but  given  angles  ABC,  EFG  ;  and  as  BC  to 
FG,  so  n>ake  EF  to  the  straight  line  M.  If  the  ratio  of  the 
parallelogram  AC  to  EG  be  given,  the  ratio  of  AB  to  M  is 
given. 

At  tl^e.  point  B  oi^  Uvb  straight  Ui>e  BC  makj^  thp  angle 
CB^(  coual  to.  the  angle  EFG^  and  complete thetpai;^J^elii^n 
gram  KBC  L.  And  because  the  ratio  of  AC  to  EG  is  giv^p, 
•55. 1.  and  that  AC  is  equal*  to  the  parallelogram  KC^  therefore 
the  ratio  of  KC  to  EG  is  given  ;  and  as  KC;  EG,  are  equi- 
*63  Dat  angular>  therefore  as  BC  to  FG,  so  is''  EF  to  tlie  straight 
li«e  to  which  KB  has  a  given  ratio,  viz.  the  same  which  the 
parallelogram  KC  has  to  EG ;  but  as  BC  to  FG,  so  is  EP 
to  the  straight  line  M ;  therefore  KB  has  a  given  ratio  toM; 
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AU  of  AB  to  BK  IS  given,  because  the  triangle  Afe]K 
ti  species «;  therefore  the  ratio  of  ABtqM  ii  given*^.  • 
"  tHie  ratio  of  AB  to  M  be  given,  the  ratio  of  the  * 
^am  AC  to  EG  is  giren ,;  for  since  the  ratio  of 
A  is  given,  as  also  thci  ratio 
•  M,  the  ratio  of  KB  to  M 
;  and  because  the  parallel- 
<C,  EG  are  equiangular,  as 
3,  so  is  *>  EF  to  the  straight 
hich  KB  has  the  same  ratio 
le  parallelos^ram  KC  has  to 
It  as  BC  to  FG,  so  is  EF  to 
»fore  KB  is  to  M,  as  the  pa- 
im  KC  is  to  £G ;  and  the  ratio  of  KB  to  M  is 
ereforethe  ratio  of  the  parallelogram  KC,  that  is,.  75. 
» EG,  is  given. 

And  if  two  triangles  ABC,  EFG,  have  two  equal 
r  two  unequal  btit  given  angles  ABC,  EFG,  and 
a  side  of  the  first  to  FG  a  side  of  the  second,  so  tlie 
;  of  the  second  EF  be  made  to  a  straight  line  M ; 
to  of  the  triangles  be  given,  the  ratio  of  the  other 
«  first  to  the  straight  line  M  is  given, 
lete  the  parallelograms  ABCD,  EFGH ;  and  be- 
ratio  of  the  triangle  ABC  to  tJie  triangle  EF6  is 
e  ratio  of  the  parallelogram  AC  to  EG  is  given  V*  *^*  *• 
he  parallelograms  are  double^  of  the  triangles;  and  '4i.  i. 
BC  is  to  FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is 
the  6'3d  dat.  if  the  angles  ABC,  EFG,.  are  equal ; 
*y  be  unequal  but  given  angles,  the  ratio  of  AB  to 
m  by  this  proposition. 

f  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the 
^m  AC' to  EG  is  given  by  the  same  propositions ; 
fore  the  raiio  of  the  triangle  ABC  to  EFG  is  given. 


PRQF.  LXV.  68. 

• 

equiangular  parallelograrns  have  a  given 
one  aijQther,  £uad'  i£  one.  side  has  tp  one  siclc 
ratio ;  the  other  $id^.  shall  also  have  to  the 
4e  a.  giv«a  ratio^. 

e  two  eq.uiangular  parallelograms  AB,  CD,  have  a 
io  to  one  another,  and  let  the  side  EB  have  a  given. 
iie  side  PD;  the  other  side  AE  has  also  ^  given 
he  other  side  er.  "' 


ilO  EUCLID'S 

Because  the  two  equiangular  parallekigrains  AB^ :  C£^ 
have  a  civen  ratio  to  one  another;  as  EB,  a  side  of  die 
•  eSD»t.£ttt,  is  to  FD,  a  side  of  the  second,  ;5o  is*  FC,  the  tjAer 
sipe  of  the  second,  to  the  straight  line  to  whidi  AE^  Sk 
other  side  of  the  first,  has  the  same  given  ratio  which  tbfl 
first  parallelogram  AB  has  to  the  other  CD*  Let  tbiE 
straight  line  be  VIG ;  there-  Q 

fore  the  ratio  of  AE  to  EG     A^ 

is  given ;  and  EB  is  to  FD,        /  / 

as  FC  to  VXi,  therefore  the   r!l 'n    ij 

ratio  of  FC  to  EG  is  given,      ^  ^  -^ 

•    because  the  ratio  of  EB  to  G^ 
FD  IS  given  ;  and  because 
the  ratio  of  AE  to  EG,  as        H  K  L 
aUo.'thc  ratio  of  FC  to  EG  is  given;  the  ratio  of  AE  tii 
^  9  Dtt.  CF  Ts  gi vrn ''. 

The  ratio  of  A E  to  CF  may  be  found  thus:  Take  a 
straight  line  H  given  in  magnitude :  and  because  the  ralio 
of  thi^  parallelogram  AB  to  CD  is  given,  make  the  nitk>of 
JI  to,K  the  same  with  it.    And  l^ecause  the  ratio  of  FDio 
EB  is  given,  make  the  ratio  of  K  to  L  the  same :  The  i9tio 
of  AE  to  CF  is  the  same  with  the  ratio  of  H  to  I4.    Make 
as  EB  to  FD,  so  FC  to  EG  :  therefore,  by  inversion,  as  FD. 
to  EB,  so  is  EG  to  FC ;  and  as  AE  to  EG,  so  is*  (the pa- 
rallelogram AB  to  CD,  and  so  is)  H  to  K :  But  as  EG  to 
FC,  so  is  (FD  to  EB,  and  so  is)  K  to  L ;  therefore,  ex 
xquali,  as  A E  to  FC,  so  is  H  to  L. 


tyx  PROP.  LXVI. 

If  two  parallelogran^s  have  unequal  but  given  an- 
gles, and  a  given  ratio  to  one  another;  if  one  side 
has  to  one  side  a  given  ratio,  the  other  side  has 
also  a  given  ratio  to  the  other  side. 

I^t  the  two  parallelograms  ABCD,  EFGH,  which  hav* 
the  given  unequal  angles  ABC,  EFG,  have  a  given  ratioto 
one  another,  and  let  the  ratio  of  BC  to  FG  be  given ;  tlic 
ratio  also  of  AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle 

CBK  Qqual  to  the  given  angle  EFG,  and  eompletc  the 

parallelogram   BKLC :  and  because  eacli  of  the  angles 

•43  Dat.  BAK,  AKB,is  given,  the  triangle  ABKis  given  •*»  in  species; 

therefore  the  ratio  of  AB  to  BK  is  given  ;  and  because  by 


DATA. 


4it 


^  65  Dat 


^  9  Dat. 


lie  hypothesis^  the  ratio  of  the  parallelogram  AC  to  EG  is 
pveoy  aod  that  AC  is  equal  ^  to  BL :  therefore  the  ratio  ^  35.  i. 
>f  BL  to  EG  is  given  :  and  because  BL  is  equiangular  to 
EGf  and,  by  the  hypothesis,  the  ratio  of  BC  to  FG  is  given ; 
]Muidbre<^tberatioofKBtoEF        AK  D   L     ' 

is  given,  and  the  ratio  of  KB  to 
BA  is  given;  the  ratio  there- 
fore^ of  AB  to  EF  is  given.  B 

The  ratio  of  AB  ta  EF  may  £ 
be  found  thus :  Take  the  straight  _| 
line  MN  given  in  position  and  ^ 
QoiaCTitude;  and  make  the  angle 
WMO  equal  to  the  given  angle 

3AK,  and  the  angle  MNO  equal  to  the  given  angle  EFG 
irAKB:  And. becausethe  parallelogram  BL  is  equiangu- 
ur  to  EG,  and  has  a  given  ratio  to  it,  and  that  the  ratio  of 
iC  to  FG  is  given ;  find  by  the  65th  dat.  the  ratio  of  KB 
o  EF ;  and  make  the  ratio  of  NO  to  Ot^  the  same  with  it : 
rhen  the  ratio  of  AB  to  EF  is  the  same  with  the  ratio  of 
if  D  to  OP :  For  since  the  triangle  ABK  is  equiangular  to 
tfON,  aa.AB  to  BK,  so  is  MO  toON  :  and  as  KB  to  EF, 
lo  is  NO  to  OP ;  therefore,  ex  sequali,  as  AB  to  EIF,  so  is 
ItOtoOP. 


PROP.  Lxvn. 


70. 


If  the  sides  of  two  equiangular  parallelograms  See  n. 
have  given  ratios  to  one  another  5  the  parallelo- 
grams shall  have  a  given  ratio  to  one  another. 

Let  ABCD,  EFGH,  be  two  equiangular  parallelograms, 
»nd  let  the  ratio  of  AB  to  EF,  as  also  the  ratio  of  BC  to  . 
IK}^  be  given  \  the  ratio  of  the  parallelogram  AC  to  EG  is 
Sfven. 

t'^^^e  a  straight  line  K  given  in  magnitude,  and  because 
t^  ratio  of  AB  to  EF  is  4  y.    ^^         tt 

^Jven,  make  the  ratio  of  K  ^— =^    ^-^ ^ 

toLthe  same  with  it;  there-     \ 

fere  Lis  given ^:  And  be-     g^ 

cause  the  ratio  of  BC  to  FG    j^- 

Ji  given,  mak£  the  ratio  of    j  . 

L  to  M  the  same ;  There-   1^. 

fprc  M  is  given%  and  K  is  ^^ 

jiycn :  wherefore^  the  ratio  of  K  to  M  is  given  :  But  the  >  i  Dat. 

jarallelogram  AC  b  to  the  parallelogram  EG,  as  the  straight 


• «  Dat. 


line  K  to  the  strait  line  M,  u  it  deBoaitntedm  tlU  3M 
Prqt.  of  a  6.  Elem.;  thcrefjre  Uie  faUvof  AC  to  Ed^Bi 
!;iven. 

From  tfai)  it  i>  ptsia  how  the  ratio  of  tmi  equUdgritf 
paraUelagrams  may  be  found  when  ihe  ntios  of  their  MH 
are  givea. 


SecN.  If  the  sides  of  two  parallelc^rams  which  hrimtttfe'  ' 
equal,  but  given  angles,  bave  given  ntticM  t6  oM 
another ;  the  parallelograms  sbalt  have  a  j^vciv 
ratio  to  one  another. 

Let  two  paTallclognms  ABCD^  EFGH,  wUch  btft'tltf' 
given  unequal  angles  ABC,  £FG,  have  the  ratios  a(  AdT 
■des^viz.  of  AB  to  EF,  and  of  BC  to  FG,  ^ven ;  tlwnk 
tio  of  the  parallelogram  AC  to  £Q  is  ajveik 

At  the  point  B  of  the  Kraight  lineBC,  make  tfae-i^^ 

CBK  equal  to  the  given  angle  EFG,  and  complete  ^iH' 

rallelognm  KBCL :  And  because  each  of  the  angleiM^ 

* 4!)  Dal.  BKA,  IB  given,  the  triangle  ABK  K  given*'  ia  spocitf; 

Tlierefore  the  ratio  of  AB  loBK  is  given;  and  tbentio^ 

*  9  Dit.  AB  to  £F  is  given,  wherefore  ^  the  ratio  of  BK  to  £F  ■ 

given.     And  tne  ratio  of  ^A_  Jy  HJ  ¥L     H 

BC  to  FG  is  given ;  and  "^       ' 

theangleKBC  is  equal  to 

the  angle  EFG;  there-  

■erOai.  fore=  theratioof  the  pa-        B    MVHN 

rallelogram  KC  to  EG  is  \  1      ] 

*  35.1.  given:  But  KC  is  equal*  ^O     pl    Qi 

to  AC  ;  therefore  the  ratio  of  AC  to  EG  is  given. 

The  ratio  of  the  parallelogram  AC  to  EG  may  be  fooiiJ 
thus :  Take  the  straight  line  MX  given  in  position  ini 
magnitude,  and  make  the  angle  MNO  equal  to  the  gim 
angle  KAB,  and  the  angle  NMO  equal  to  the  given  angle 
AKB  or  FEH :  And  becauBe  the  ratio  of  AB  to  EF  is  ^itt, 
make  the  ratio  of  NO  to  P  the  same ;  also  make  the  ntJo 
of  Pto  Q  the  same  with  the  given  ratio  of  BC  to;FG',llw 
parallelogram  AC  is  to  EG,  as  MO  to  Q- 

Because  the  angle  KAB  is  equal  to  the  angle  MNO,  ntt 
the  angle  AKB  equal  to  the  angle  NMO ;  the  triangle  AKB" 
is  equiangular  to  NMO :  Therefore  as  KB  to  BA^  so  is  HtJ" 
to  ON ;  and  as  £A  to  EF,  so  is  NO  to  P  ;  wherefore,  es 
iequali,asKB-toEP,50^isMO  top:  AndBCis.t(rF&,ir 
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'4<i  Of  wd  the  pftrallelograms  KC,  £6,  are  equiangular ; 
mfclfi  M  was  shown  in  Prop.  67>  the  parallelogram  KC^ 
ifU  isi  A<:!,  is  to  EG,  as  MO  to  Q. 

i  Cm  J.  If  two  triangles  ABC,  DEF,  have  two  equal  an-  71. 
ta^MV  two  unequal  but  given  angles  ABC,  DEF,  and  if 

^  ratioB  of  the  sides  about  these      A Q 

i|gl^viz.theratiosof  AB  toDE, 
ija  of  BC  to  EF,  be  given ;  the 

iplDgles  shall  have  a  given  ratio      _ 

JL^ne  another.  R  C      E 

rif2oa^kte  the  parallelograms,  BG,  £H;  the  ratio  of  BG 
^JSH  ts  givea*;  and  therefore  the  triangles  which  are  the  '  67  or  ea 
dve^^  of  them  have  a  given  ^  ratio  to  one  another.  b  ^\ 

CoE.  2.  If  the  bases  BC,  EF,  of  two  triangles  ABC,  DBF, « 15.  5! 
|Vt  a  given  ratio  to  one  another,  and  if  also  the  straight  7<- 
Hii  Am»  DH,  which  are  drawn  to  the  bases  from  the  op- 
ante  angles,  either  in  equal  angles,  or  unequal  but  given 

iffl^  ratio  to  one  another; 
br  tl(|an^les  shall  have  a 

lien  ratio  to  one  another.     ^ 

Draw  BK,  EL,  parallel  B  G 
0  AG,  DH,  and  complete  the  parallelofframs  KC,  LF :  and 
Kcause  the  angles  AGC,  DHF,  or  their  equals,  the  angles 
KBC,  LtEF,  are  either  equal,  or  unequal  but  given ;  and 
that  the  ratio  of  AG  to  DH,  that  is,  of  KB  to  LE,  is  given ; 
m  also  the  ratio  of  BC  to  EF;  therefore*  the  ratio  of  the  •  67  or  68 
pndlelogram  KC  to  LF  is  given ;  wherefore  also  the  ratio  ^^^ 
<*tjie  triangle  ABC  to  DEF  is  givenK  ,/*»•«• 

\  15. 5i 


PROP.  LXIX. 

^  a  parallelogram  which  has  a  given  angle  be  ap- 
ified  to  one  side  of  a  rectilineal  figure  given  in  spe- 
^•;  if  the  figure  have  a  given  ratio  to  the  paral- 
kbgrani,  the  parallelogram  is  given  in  species. 

• 

'Lqt  ABCD  be  a  rectilineal  figure  given  in  species,  and 
to  one  side  of  it  AB,  let  the  parallelogram  ABEF  having 
the  given  angle  AB£  be  applied;  if  the  figure  ABCD  has 
tgiven  ratio  to  the  parallelogram  BF,  the  parallelogram 
BiF  is  given  in  species. 

-  Tbi^gh  the  point  A  draw  AG  parallel  to  BC,  and  through 
be  poiAt  C  draw  CG  parallel  to  AJ^  and  produce  GA,CB,. 


01. 
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■  5  Det  to  the  points  H,  K ;  because  the  angle  ABC  is  given*,  md 
the  ratio  of  A B  to  BC  is  given,  the  fignre  ABCD  being 
given  in  species,  therefore  the  parallelogram  BG  is  given* 
in  species.  And  because  upon  the  same  straight  tine  AB 
the  two  rectilineal  figures  BD,  BG,  given  in  species,  aiie  (hi- 
'  *  5S  Dat.  scribed,  the  ratio  of  BD  to  BG  is  given  ** ;  and,  by  faypotbe^ 
sis,  the  ratio  of  BD  to  the  parallelogram  BP  is  given; 

•  9  Dat.  wherefore *=  the  ratio  of  BF,  that  is**,  of  the  parallelogiam 

*  e^*  g  BH,  to  BG,  is  given,  and  therefore"  tlie  ratio  of  the  straight 

*  line  KB  to  BC  is  given  ]  and  the  ratio  of  BC  to  BA  is  givjcn, 
wherefore  the  ratio  of  KB  to  BA  is  given  ^ :  And  because 
the  angle  ABC  is  given,  the  adjacent  angle  ABK  is  given; 
and  the  angle  ABE  is  given,  therefore  the  remaining  angle 
KBE  is  given.  The  an^rle  EKB  is  also  given,  beoiuse  it 
is  equal  to  the  angle  ABK ;  therefore  the  triangle  BKE  is 
given  in  species,  and  consequently  the  ratio  of  £B  toBK 
is  given ;  and  the  ratio 
of  KB  to  BA  is  given, 
wherefore*^  the  ratio  of 
KB  to  BA  is  given ; 
and  the  angle  ABE  is 
given,  therefore  the 
parallelogram  BF  is 
given*  in  species. 

A  parallelogram  si- 
milar to  BF  may  be 
found  thus :  Take  a  straight  line  LM  given  in  position  and 
magnitude ;  and  because  the  angles  ABK,  ABE,  are  given, 
'  make  the  angle  NLM  equal  to  ABK,  and  the  angle  NLO 
equal  to  ABE.  And  because  the  ratio  of  BF  to  BD  is 
given,  make  the  ratio  of  LM  to  P  the  same  with  it;  and 
because  the  ratio  of  the  figure  BD  to  BG  is  given,  find  thii 
ratio  by  tluj  53d  dat.  and  make  the  ratio  of  P  to  Q  the  same. 
Also,  because  the  ratio  of  CB  to  BA  is  given,  make  the 
ratio  of  Q  to  R  the  same ;  and  take  LN  equal  to  R ;  through 
the  point  M  draw  OM  parallel  to  LN,  and  complete  theja- 
^  rallelogram  NLOS ;  then  this  is  similar  to  tlie  paralldo- 
gram  BF.  , 

Because  the  angle  ABK  is  equal  to  NLM,  and  the  angle 
ABE  to  NLO,  the  angle  KBE  is  equal  to  MLO ;  and  the 
angles  BKE,  LMO,  are  equal,  because  the  angle  ABK  is 
equal  to  NLM;  therefore  the  triangles  BKE,  LMO,  arc 
equiangular  to  one  another;  wherefore,  as  BE  to  BK,  sois 
LO  to  LM ;  and  because  as  the  figure  BF  to  BD,  so  is  the 
straight  line  LM  to  P ;  and  as  BD  to  ]BG,  so  is  P  to  Q ;  ex 
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a^quai;,  as  BP,  that  is  **,  BH,  to  BG,  so  is  LM  lo  Q :  but  ^  35.  i. 
BH  is  to^-BG,  as  KB  to  BC;  as  therefore  KB  to  BC,  so  •  i.  *. 
IS  LM  to  Q  ^  aud  because  BE  is  to  BK,  as  LO  to  LM ;  and 
as  BKk-  to  BC,  so  is  LM  to  Q ;  and  as  BC  to  BA,  so  Q  whs      ' 
made  to  R ;  therefore,  ex  sequuH,  as  BE  to  B A,  so  is  LO  to 
it,  tliatis,  to  LN  ;  and  the  ang^les  AREy  NLO,  are  etjual  j 
tlicrefore  the  paralleiograiu  BF  is  similar  to  IjS. 

PROP.   LXX.  C?i2.78. 

If  two  straiglit  lines  have  a  given  ratio  to  one  .an-  SeeN^ 
other,  and  upon. one  of  thetn  be  described  a  ractili- 
Deal  ^gure  given  in  species,  and  upon  the  other  a 
parallelogram  having  a  given  angle;  if  the  figure 
have  a  given  ratio  to  the  parallelogram,  the  paral* 
lelogram  is  given  in  species. 

Xjet  the  two  straight  lines  AB,  CD,  have  a  given  ratio  to 
fine  another,  and  upon  AB  let  the  figure  AEB  given  in  spe- 
cies be  described,  and  upon  CD  the  parallelogram  DP 
faaving  the  given  angle  FCD ;  if  the  ratio  of  AEB  to  DF 
be  given,  the  parallelogram  DF  is  given  in  species. 

Upon  the  straight  line  AB,  conceive  the  parallelogram 
AG  to  be  described,  similar  aud  similarly  placed  to  FU ; 
Had  because  the  rdtio  of  AB  to  CD  Is  given,  and  upon  theiv 
are  described  the  similar  recti-  c< 

lineal  figures  AG,  FD ;  the  ra-  ^^,^^ 

tio  of  AG  to  FD  is  given  ^ ;  and  A^t^:—-—\^    -C .     •  5 1  Dut. 

lie  ratio  of  FD  to  AEB  Is  given;     \  \       \ \ 

therefore^  the  ratio  of  AEB  to      \ \q^    Q     |j)  ^9Dmu  - 

JlG  is  given;  aud  the  angle 
4JBG  is  given,  because  R  is 
«qual  to  the  angle  FCD;  be- 
cause therefore  the  parallelo- 
Kraiu  AG,  which  has  a  given 

aogle  ABG,  is  applied  to  a  side  AB  of  the  figure  AEB 
gyrtn  In  species,  aud  the  ratio  of  AEB  to  AG  is  given,  the 
parallelogram  AG  i^;  given <^  in  species  :  but  FD  is  similar  *  <i9  Oat. 
to  AG;  therefore  FD  is  given  in  species. 

A  parallelogram  similar  to  FD  may  besfound  thus :  Take 
a  straight  Hue  H  given  in  magnitude;  aud  because  the  ra* 
tio  of  tlte  figure  AEB  lo  FD  is  given,  make  the  rutio  of  II 
to  K  the  same  with  it :  Also,  because  the  ratio  of  the 
fltraight  line  CD  to  AB  is  given,  find. by  the  5  Uh  dat.  tlu* 
nrjo  which  the  figwvFD. described  upon  CD  has  to  the 
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^figure  AG  described  upon  AB  simikr  tdf  IfD^  and- make 

the  mtioof  K  to X  tbe  same  with  thb  Mio: -Afid  becftuit 

the  ratios  of  H  to  K,  and  of  K  to  L|  are  given,  the  ratio  of 

^  9  Dst  H  to  L  is  given  ^;  because,  therefore,  as  AEB  to  FD^fiois 

- '     H  to  K ;  and  as  FD  -to  AG,  so  is  K  to  L;  ex  fequali^ as 

.  A£B  to  AG,  so  is  H  to  L  3  thereforfs  the  ratio  of  AEB  (6 
AG  is  given ;  and  the  figure  AEB  is  given  in'spedes^'  tod 
to  its  side  AB  the  parallelogram  AG  is  applied  in  tin^glfen 

-  angle  ABG ;  therefore  bv  tlie  69th  dat.  a  paraUelograan  nay 
be  found  similar  to  AG :  Let  this  be  the  paralkjognun 
MN ;  MN  also  is  similar  to  FD ;  for,  by  the  cojOstfdctiOD, 
MN  is  similar  to  AG,  and  AG  is  gimilar  to  FD. ^  ffi^ore 
the  parallelogram  FD  is  similar  to  MN.  '   \ 

ei.  PROP.  LXXL 

If  the  extremes  of  three  proportiotidl  dtraig|ht  littetf 
have  given  ratios  to  the  extremes  of  otwr  three 

Eroportional  straight  lines;  the  tneans  shall. alsOi 
ave  a  given  ratio  to  one  another.  And  if  ogeex* 
treme  has  a  given  ratio  to  one  extreme,  and  the 
mean  to  the  mean;  likewise  the  other  extreine 
shall  have  to  the  other  a  given  ratio. 

Let  A,  B,  C,  be  three  proportional  straight  lines,  and  I), 

E,  F,  three  other;  and  let  the  ratios  of  A  to  1),  andf  of  C  to 

F,  be  given ;  then  the  ratio  of  B  to  E  is  also  given. 
Because  the  ratio  of  A  to  D,  as  also  of  C  to  E,  is  given, 

the  ratio  of  the  rectangle  A,  C,  to  the  rectangfe  D,  P,  U 

*  67  Dtt.  given  *;  but  the  square  of  B  is  equal  ^  to  the  rectangle  A,  Cj 
*  17.  6.  and  the  square  of  E  to  the  rectangle  *>  D,  F ;  the^fote  the 

ratio  of  the  square  of  B  to  the  square  of  E  is  given ;  whierc- 

•  S8  Dat  forec  also  the  ratio  of  the  straight  line  B  to  Et  fe  giVetf; 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to  E,  be 
given ;  then  the  ratio  of  C  to  F  sb  also  given« 
Becausethe  ratio  of  B  to  E  is  given,  the  ratio 

*  54  Dat.  of  the  square  of  B  to  the  square  of  E  is  given  ^'jj  j^]^  (^ 

therefore*'  the  ratio  of  the  rectangle  A,  C,  to  the  •»>  ^  « 
rectangle  D,  F,  is  given ;  and  the  ratio  odhtmSe-i  Y  T*  I 
A  to  the  sidie  D  is  given ;  therefotfe  the  tatio  of   \ 

•  65  D&t.  the  other  side  C  to  the  other  F  is  given**. 

Cor.  And  if  the  extremes  of  four  proportionals  ha^e  Wii» 
extremes  of  four  other  proportionals.gif  en  ratios,  and  od6oI 
the  means  a  given  ratio  to  one  of  the  meirro;  Hie  (Ast 


DATA. 

meao  shuth'have  a  given  ratio  to  the  other  mean,  as  may  be 
sltuwo  in  the  same  manner  as  io  the  foregoing  propositioD. 


.    4!7 
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PROP.  LXXII. 


%9. 


Tf  four  straight  lines  be  proportionals;  as  the  first 
.is  lathe  straight  line  to  which  the  second  has  a 
given  ratio,  so  is  the  third  to  a  straight  line  to 
whidh  ttie  fourth  has  a  given  ratio. 

.  I^  A,  B»  C>  D,  be  four  proportional  straight  lines,  viz. 
as  A  to  B,  so  C  to  D ;  as  A  is  to  the  straight  line  to  which 
B  has  a  given  ratio,  so  is  C  to  a  straight  line  to  which  D 
has  a  given  ratio. 

Let£  be  the  straight  line  to  which  B  has  a  given 
rati^  and  as  B  to  ^  so  make  D  to  F :  The  ratio 
of  B  to  E  is  given  %  and  therefore  the  ratio  of 
P  to  F ;  and  because  as  A  to  B,  so  is  C  to  D ;  ^    ^^ 
and  as  B  to  E,  so  D  to  F:  therefore,  ex  «quali,  A.  JJ  Ji 
as  A  to  E,  so  is  C  to  F ;  and  E  is  the  straight  line  Q 
to  which  B  has  a  given  ratio,  and  F  that  to  which 
JD  has  a  given  ratio;  therefore  as  A  is  to  the 
straight  line  to  which  B  has  a  given  ratio,  so  b  C 
to  a  line  to  which  D  lias  a  given  ratio. 


•Hyp. 


PROP.  LXXIII. 


89. 


'  If  four  straight  lines  be  proportionals ;  as  the  first  See  n. 
'  Is  to  the  straight  line  to  which  the  second  has  a 

E*veo  ratio,  so  is  a  straight  line  to  which  the  third 
IS  a  given  ratio  to  the  fourth. 

Let  the  straight  line  A  be  to  B,  as  C  to  D ;  as  A  to  the 
straight  line  to  which  B  has  a  given  ratio,  so  is  a 
straight  line  to  which  C  has  a  given  rauo,  to  D« 

Let  E  he  the  straight  line  to  which  B  has  a  given 
.   ratio,  and  as  B  to  E,  so  mnke  F  to  C ;  because  the 
ratioof  B  to  E  is  given,  the  ratio  of  C  to  F  is  given:  \    n  -h 
And  because  A.is to B, as C  to D;  andasBtoE,  ^  p  i^ 
so  F  to  C ;  therefore^  eK  :eequali  in  proportione    ^ 

rturliato  S  A  is  to  E,  as  F  to  D ;  that  is,  A  is  to  *  fa  5. 

to  which  B  has  a  given  ratio,  as  F,  to  which  C 
bas  a  given  ratio,  b  to  D; 

2E 


M.  PROP.  LXXIV. 

If  a  triangle  lias  a  given  obtuse  angle  ;  the  excess 
of  the  square  of  the  side  which  subtends  the  obtuse 
angle,  above  the  squares  of  the  sides  which  contain 
it,  shall  have  a  given  ratio  to  the  triangle. 

Let  (be  triangle  ABC  have  a  given  obtuse  angle  ABC  ; 
and  produce  the  straight  ]ine  ClJ,  and  from  the  point  A 
draw  AD  perpendicular  to  BC  ;  The  excess  of  the  square 

•  n.  J.  of  AC  above  the  squares  of  AB,  BC,  that  is  ^,  the  double  of 

the  rectangle  contained  by  DB,  BC,  has  a  gives  ratio  to 
the  triangle  ABC. 

Because  tlie  angle  ABC  is  given,  the  angle  ABD  a  also 
given ;  and  the  angle  ADB  is  given ;  wherefore  the  triangle 
»*SD>i.  ABD  is  given'*  in  species}  and  therefore  the  ratio  of  AD 
'  1,  £.  to  DB  is  given :  And  as  AD  to  DB,  bo  is<=  the  rectaogk 
AD,  BC,  to  the  rectangle  DB,  BC  ;  wherefore  the  ratio  of 
the  rectangle  AD,  BC,  to  the  rectangle  DB,  BC,  is  givei^ 
as  also  the  ratio  of  twice  the  rectangle  . 
DB,  BC,  to  the  rectangle  AD,  BC  :    ■?-  *- 

But  the  ratio  of  the  rectangle  AD,  BC,      Vv         K 
to  the  trtaDgle  ABC,  is  given,  because     I  \   \Tt|  \ 
**i.  1.  it  is  doirt)Ie'*ofthetriangle;  therefore  \       N^ J^  (j 

the  ratioof  twice  the  rectangle  DB,  BC,    ^^~'"W — ~~^ 

•  9D«.to  the  triangle  ABC,  is  given":  and  "        ^ 

twice  tlie  rectangle  DB,  BC,  is  the  excess*  of  the  square 
of  AC  above  the  squares  of  AB,  BC ;  therefore  this  escesi 
has  a  given  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excess  to  ilie  triangle  ABC  may  he 
found  thus:  Take  a  straight  line  EF  given  in  posilionand 
magnitude ;  and  because  the  angle  ABC  is  given,  at  the 
point  F  of  the  straight  line  EF  make  the  angle  EFG  equal 
to  the  angle  ABC;  produce  GF,  and  draw  EH  perpendi- 
cular to  FG;  then  the  ratio  of  the  excess  of  the  square  of 
AC  above  the  squares  of  AB,  BC,  to  the  triangle  ABC,  n 
tiie  same  with  the  ratio  of  quadruple  the  straight  lice  HP 
to  HE. 

Because  the  angle  ABD  is  equal  to  the  angle  EFH,  and 

the  angle  ADB  to  Ef3F,  each  being  a  right  angle;  flie  to- 

'*.6.angle  ADB  is  equiangular  to  EHF;  therefore^  as  BDio 

» Cor.  4,  s.  DA,  so  FH  to  HE ;  and  as  quadruple  of  BD  to  DA,  so  ist 

quadruple  of  FH  to  HE  :  But  as  twice  BD  is  to  DA,  so* 

is  twice  the  rectangle  DB,  BC,  to  the  rectangle  AD,  BCj 

» C  5.  and  as  DA  to  the  half  of  it,  so  is""  the  rectMi '    '  "" 
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to  iis  Iialf  (lie  triangle  ABC;  tlierefore,es  tequali,  ns  twitc 
BD  IS  ta  the  hutf  ot  DA,  tliut  is,  us  qua(Iru)}le  of  BD  l»  tu 
DA^iliHt  is,  as  quadruple  of  FH  to  HE,  so  h  twici;  xlte 
reclanglc  i>B,  BC,  to  the  iiiangle  ABC. 

PROP.  LXXV. 

If  a  triangle  has  a  given  acute  angle,  the  space  by 

which  the  square  of  the  side  subtending  tlie  acute 

angle  is  less  than  the  squares  of  tlie  sides  which 

contain  it,  shall  have  a  given  ratio  to  the  triangle. 
Let  the  triangle  ABC  have  a  given  acute  angle  ABC, 

aj)d  draw  AD  perpendicular  to  BC,  the  space  by  which  the 
QUare  of  AC  U  less  than  the  squares  of  AB,  BC,  that  is", 
pe  dotibte  of  tiie  rectangle  contained  by  CB,  BD,  has  a 
y«veii  ratio  to  the  triangla  ABC. 

'  Because  the  angles  ABD,  ADB,  are  each  of  ihem  given, 
pe  triangle  ABD  is  giveu  in  species ;  and  therefore  the 
ttio  of  BD  to  DA  is  given  :  And  as  BD 

,  )  DA,  so  Is  the  rectangle  CB,  BD,  to  the 
'  fedangle  CB,  AD :  Therefore  the  ratio  of 
I  ^aest  rectangle?  is  given,  as  also  the  ratio 
^  twice  the  rectangle  CB,  BD,  to  the 

^ctai^leCB,  AD:  But  the  rectangle  CB,  ^ 

AD,  has  a  given  ratio  to  its  half  the  trian-   1^ 

^e  ABC:  Therefore''  the  ratio  of  twice  the  rectangle  CBt  '' 

BD,  to  the  triangle  ABC  is  given  ;  and  twice  the  rectangle 

CB,  BD,  is "  the  space  by  which  the  square  of  AC  is  less 

dian  the  squares  of  AB,  BC ;  tlierefore  the  ratio  of  this 

uwce  to  the  triangle  ABC  Is  given  :  And  the  ratio  may  he 

Iwund  as  in  the  precediug  propusitloa. 

1.  LEMMA. 

■Ir  from  the  vertex  A  of  an  isosceles  triangle  ABC,  any 

^rtraight  line  AD  be  drawn  to  the  base  BC,the  square  of  the 
If^e  AB  Is  equal  to  the  rectangle  BD.  DC,  of  the  segments 

^f  the  base  together  with  the  square  of  AD  ;  but  if  AD  be 
^dnHO  to  the  base  pioduced,  the  square  of  AD  is  equal  to 

.Ae  rectangle  BD  DC,  together  with  the  square  of  AB. 

^   Cass  1.  Bisect  the  base  BCiuE,  and 

jiHD  AE,  which  win  be  perpendicular* 

,fO  iBC  i  wherefore  the  square  of  AB  is 

Hpqual''  to  the  squares  of  AE,  KB  ;  but 

!|0ke  square  of  £B  isequaK  to  the  rect- 

■aoele  BD,  DC,  togetherwith  the  squnie 
'WEn  theiefOK  tlie  square  of  AS  is 

■■*^"''' 12  Ee 
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k  47. 1.  eoual  to  the  iquares  of  AE,  ED,  that  is,  to^  the  square  of 
AD,  together  with  the  rectangle  BD,  DC ;  the  otber  case 
is  shown  in  the  same  way  by  6.  2.  Elem. 

67.  PROP.  LXXVI. 

If  a  triangle  have  a  given  angle,  the  excess  of  the 
square  of  the  straight  line  which  is  equal  to  the  two 
sides  thtf t  contain  the  given  angle,  abore  the  square 
of  the  third  side,  shall  have  a  given  ratio  to  the  tri- 
angle. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  the 
excess  of  the  souare  of  the  straight  line  which  is  etinat  to 
'  BA,  AC,  together  above  the  square  of  BC,  shall  Iitfe  a 
given  ratio  to  the  triangle  ABC. 

Produce  BA,  and  take  AD  equal  to  AC,  join  DQand 
produce  it  to  E,  and  through  the  point  B  draw  BE  rarallel 
to  AC :  join  AE,  md  draw  AF  perpendicular  to  DC;  apd 
because  AD  is  equal  to  AC,  BD  is  equal  to  BE  ;  and  BC 
is  drawn  from  the  vertex  B  of  the  isosceles  triangle  DBE: 
therefore,  by  the  Lemma,  the  square  of  BD,  that  is,  of  BA 
and  AC  together,  is  equal  to  the  rectangle  DC,  C£»  toge- 
ther With  the  square  of  BC :  and  therefore  the  square  of 
BA,  AC,  together,  that  is,  of  BD, 
is  greater  than  the  square  of  BC  by 
the  rectangle  DC,  CE;  and  this 
rectangle  has  a  given  ratio  to  the 
triangle  ABC,  because  the  angle 
BAC  is  given,  the  adjacent  angle  ^^w 

CAD  is  given;  and  each  of  the  p^^_y' 
angles  ADC,  DCA,  is  given,  for      ^^\^^ 
»s.ii.dS. Leach  of  them  is  the  half ^  of  the  K. 

given  angle  BAC ;  therefore  the  triangle  ADC  is  given  in 

*  4SDat.  species^;  and  AF  is  drawn  from  its  vertex  to  the  base  in  a 

given  angle ;  wherefore  the  ratio  of  AF  to  the  base  CD  is 

•50  Dat.  given «;  and  as  CD  to  AF,  so  is<*  the  rectangle  DC,  CE,  to 

^'  ^  the  rectangle  AF,  CE;  and  the  ratio  of  the  rectangle  AF, 

•  41. 1.  CE,  to  its  half%  the  triangle  ACE,  is  given  ;  therefore  the 

ratio  of  the  rectangle  DC,  CE,  to  the  triangle  ACE,  that 

'37. 1.  is^,  to  the  triangle  ABC,  is  given S;  and  the  rectangle  DC, 

f  9Dnt^Q£^^  jg  ^jjg  excess  of  the  sqaare  of  BA,  AC,  together, nbove 

the  square  of  BC :  Therefore  the  ratio  of  this  excess  to  the 

triangle  ABC  is  given. 

The  ratio  which  the  rectangle  De,CE,  has  to  the  triail- 
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^ie  ABC  U  fuuDil  tlius:  Take  the  Mraiglit  line  HG  given 
in  positioD  and  magnitude,  and  at  the  point  (j  in  GH  make 
the  angle  HGK  e^ual  to  the  given  angle  CAD,  and  talce 
GK  equal  to  GH,  join  KH,  and  draw  GL  perpendicular  to 
it :  Then  the  ratio  of  HK  to  the  half  of  GL  is  the  same 
with  the  ratio  of  the  rectangle  DC,  CE,  to  the  triangle 
ABC:  Because  the  angles  HGK,  DAC,  at  the  vertices  of 
the  isosceles  triangles  GHK,  ADC,  are  equal  to  one  an- 
other, these  triangles  are  similar ;  and  because  GL,  AF,  are 
perpendicular  to  the  hases  HK,  DC,  as  HK  to  GL,  so  is'' "{  j'j_ 
(DC  to  AF,  and  so  is)  the  rectangle  DC,  CE,  to  the  rect- 
angle AF,  CB;  but  as  GL  to  its  half,  so  is  the  rectangle 
AF,  CE,  lo  its  half,  which  is  the  triangle  ACE,  or  the  tri- 
angle ABC ;  therefore,  ex  requali,  HK  is  to  the  half  of  the 
straight  line  GL,  as  the  rectangle  DC,  C\L,  is  to  the  triangle 
ABC. 

CoK.  And  if  3  triangle  have  a  given  angle,  the  !:pace  by 
which  the  square  of  the  straight  line,  which  is  the  difference 
of  the  sides  which  contain  the  given  angle,  is  less  than  the 
square  of  the  third  side,  shall  have  a  given  ratio  to  the  trian- 
gle. This  is  demonstrated  the  same  way  as  in  the  preceding 
proposition,  by  help  of  the  second  case  of  the  Lemma. 

PROP.  LXXVII.  1. 

I  If  the  perpendicular  draivn  from  a  given  angle  ofSwN. 
a  triangle  to  the  opposite  side,  or  base,  has  a  given 
ratio  to  the  base,  the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  the  given  angle  BAG,  and 
let  the  perpendicular  AD  drawn  to  the  base  BC,  have  a 
given  ratio  to  it,  the  triangle  ABC  is  given  in  species. 

]f  ABC  be  an  isosceles  triangle,  it  is  evident*,  that  ifany  *s.ie3«. 
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i  of  its  angles  be  given,  the  rest  are  also  given ;  and 
therefore  the  triangle  is  given  in  species,  without  the  con- 
sideration of  the  ratio  of  the  perjjendicutar  to  the  base, 
which  in  this  case  is  given  by  Prop.  50. 

But  when  ABC  ia  not  an  isosceles  triangle,  take  any 
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sttllight  iin6  EF  giv^o  in  posiUon  and  magnitude,  atid  apon 
it  describe  the  segment  of  a  circle  EGF,  containing  aD  f  n- 
gle  equal  to  the  given  angle  BAC5  draw  GH  biiecting  EF 
at  right  angled,  and  join  EG,  GP :  I1ien^  since  ^e  ftogfe 
EGF  is  eqdal  to  the  angle  BAG,  and  that  EGF  it  an  Iso^ 
i^celes  triangle,  and  ABC  is  not,  the  angle  FEG  is  not  eqtal 
to  the  angle  CBA :  Draw  EL,  making  the  angle  lEL 
equal  to  the  angle  CBA  ;  join  PL,  and  draw  LM  perpen^ 
di(;ular  to  EF;  then  because  the  triangles  ET^P,  B AC,  are 
equiangular,  as  also  are  the  triangles  MLEl,  DAB,  as  ML 
to  L£,  so  uDAtd  AB  :  and  as  LE  to  EF,  so  is  AB  toBC; 
wherefore,  ex  nequali,  as  LM  to  EF,  so  is  AD  tb  BC ;  and 
because  the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio 
^  t  Dat  of  LM  to  £P  is  given ;  and  EF  is  given,  wherefor^^  UMt 
also  is  given.  Complete  the  parallelogram  LMFK ;  tod 
because  LM  is  given,  FK  is  given  in  magnitude ;  it  isako 
giveti  in  position ;  and  the  point  F  is  given,  a^d  conte- 

« 30  Dat.  quently  <  the  point  K ;  and  because  through  K  the  straq^ 
line  KL  is  drawn  parallel  to  EF,  which  is  given  in  positioo, 

'  31  Dat  therefore^  KL  is  given  in  position :  and  the  circumfercnoe 
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«  28  Dat.  ELF  is  given  in  position ;  therefore  the  point  L  is  giv^n«. 

And  because  the  points  L,  El,  F,  are  given,  the  straight  Uocs 

f  29  Dat.  LE,  EF,  FL,  are  given ^  in  magnitude ;  therefore  the  tri- 

U3  Dat.  angle  LEF  is  given  in  si>eciesS;  and  the  triangle  ABC  is 

similar  to  LEF,  wherefore  also  ABC  is  given  in  species. 

Because  LM  is  less  than  GH,  the  ratio  of  LM  to  EF, 
that  is,  the  given  ratio  of  AD  to  BC,  must  be  less  than  the 
ratio  of  GH  to  EF,  which  the  straight  line,  in  a  segment 
of  a  circle  containing  an  angle  equal  to  the  given  angle, 
that  bisects  the  base  of  the  segment  at  right  angles,  has  un- 
to the  base. 

CoR.  1.  If  two  triangles,  ABC,  LEF,  have  one  an^ 
BAC  equal  to  one  angle  ELF,  and  if  the  perpendicubr  jSD 
"be  to  the  base  BC,  as  theperpendicular  LM  to  tlie  ba;se  EF, 
the  triangles  ABC,  LEF,  are  similar. 

Describe  the  circle  EGF  about  the  triangte  ELF,  and 
draw  LK  paWilel  to  EF/join  tN,  NF,  and  draw  NO  per- 
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m  pendiculartoEF;  because  the  angles  ENF,ELF,are  equal, 
F  and  that  die  angle  EFN  is  equal  to  the  alternate  angle  FNL, 
that  b,  to  tlie  angle  FEL  in  the  same  segment;  therefore 
tbetriai]gle  NEF  is  similar  to  LEF  ;  and  in  the  segment 
EGFihete  can  be  no  other  triangle  upon  the  base  EF, 
which  has  the  ratio  of  its  perpendicular  to  that  base  the 
same  with  the  ratio  of  LM  or  NO  to  EF,  because  the  per- 
pendicular must  be  greater  or  less  thnn  LM  or  NO ;  but, 
as  has  been  shown  in  the  preceding  demonstration,  a  trian- 
gle, similar  to  ABC,  can  be  described  in  the  segment  EGP 
apun  the  base  £F,  and  the  ratio  of  its  perpendicular  to  the 
base  is  the  same,  as  was  there  shown,  with  the  ratio  of  AD  to 
BC,  that  is,  of  LM  to  EF;  therefore  that  triangle  must  be 
either  LEF,  or  NEF,  which  therefore  are  similar  to  the 
triangle  ABC. 

Cor.  2.  If  a  triangle  ABC  has  a  given  angle  BAC,  and 
If  the  straight  line  AR  drawn  from  the  given  angle  to  the 
Opposite  side  BC,  in  a  given  angle  ARC,  has  a  g^ven  ratio 
toBC,  the  triangle  ABC  is  given  in  species. 

Dmw  AD  perpendicular  to  BC ;  tlierefore  the  triangle 
ARD  is  given  in  species ;  wherefore  the  ratio  of  AD  to  AR 
is  given :  and  the  ratio  of  AR  to  BC  is  given,  and  conse- 
quently^ the  ratio  of  AS  to  BC  is  given  ;  and  the  triangle 
ABC  is  therefore  given  in  species'. 

CoR.  3.  If  two  triangles  ABC,  LEF,  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  straight  lines  drawn  from 
theseaoglcstothe  bases,  making  with  them  given  and  equal 
angles,  have  the  same  ratio  to  the  bases,  each  to  each ;  then 
tiie  triangles  are  similar :  for  having  dmwn  perpendiculars 
to  the  bases  from  the  equal  angles,  as  one  perpendicular  is 
to  its  base,  so  is  the  other  to  its  base'';  wherefore,  by  Cor. 
I.  the  triangles  are  similar. 

A  triangle  simitar  to  ABC  may  be  found  thus :  Having 
deEcribed  the  segment  EGF,  and  drawn  tlie  straight  line 
'GH  as  was  directed  in  the  projiosition,  find  FK,  which  has 
^ko  EFthe  given  ratio  of  AD  to  BC  ;  and  place  FK  at  right 
.Vfglcs  to  EF  from  the  point  F;  then  because,  as  has  been 
shown,  the  ratio  of  AD  to  BC,  that  is,  of  FK  to  EF,  must 
oe  less  than  the  ratio  of  GH  to  EF,  therefore  FK  is  less 
than  GH;  arid  consequently  the  parallel  to  EF  drawn 
Arough  the  point  K,  must  meet  the  circumference  of  the 
.•egment  in  two  points :  Let  L  he  either  of  them,  and  join 
BL,  LF,  and  draw  LM  perpendicular  to  EF:  then,  because 
ttie  angle  BAC  is  equal  to  the  angle  ELF,  and  iliat  AD  is 
,'to  BC,  as  KP,  that  is,  LM,  to  £F,  the  triangle  ABC  b  si- 

"ar  to  thft  triangle  LiEF,  by  Cor.  1. 
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PROP.  LXXVIU. 


^:i^ 


Ir  ft  triangle  have  one  angle  given^  iuid  if.the  W 
tioof  the  rectangle  of  tbe  sides  Which  contain  the 
given  angle  to  the  square  of  the  third  side  be  given, 
the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  the  given  nngle  BAC,  and  let 
the  ratio  of  the  rectangle  BA,  AC,  to  the  square  of  BC  be 
given;  the  triangle  ABC  is  given  in  species. 

From  the  point  A,  draw  AD  perpendicular  to  BQ,  the 

*  41. 1.  rectangle  AD,  BC,  has  a  given  ratio  to  its  half^  the  triangle 

ABC ;  and  because  the  angle  BAC  is  given,  the  ratio  of  the 

^Cor.  62.  triangle  BAC  to  the  rectangle  BA,  AC  is  given  ^i  and  by 

^*^'      the  hypothesis,  the  ratio  of  the  rectangle  BA,  AC,  tQX\\t 

'  9  Dat  square  of  BC  isf^ven  ;  therefore*  tbe  ratio  of  the  rectab- 

*  1.  6.  gle  AD,  BC,  to  the  square  of  BC,  that  is <^,  the  ratio  of  the 

straight  line  AD  to  BC,  is  given ;  wherefore  the  triaEjgle 
•  77  D»t.  ABC  is  given  in  species*. 

A  triangle  similar  to  ABC  may  be  found  thus  :  Take  a 
straight  line  EF given  in  position  aud  magnitude,  and  make 
the  angle  FEG  equal  to  the  given  angle  BAC,  and  drew 
FH  perpendicular  to  EG,  and  BK  perpendicular  to  ACj 
therefore  the  triangles  *  M  O 
ABK,  EFH,  are  si-     -^^  /s 

milar,  and  the  rect- 
angle AD,  BC,  or  the    ,  r 
rectangle    BK,  AC,  U 

which  is  equal  to  it,  1^— k— v 
is  to  the  rectangle  t'  ^  ^ 
BA,  AC,  as  the  straight  line  BK  to  BA,  that  is,  as  FH  to 
FE.  Let  the  given  ratio  of  the  rectangle  BA,  AC,  to  the 
«quare  of  BC,  be  the  same  with  the  ratio  of  the  straight 
line  EF  to  FL ;  therefore,  ex  ffiquali,  the  ratio  of  the  rect- 
angle A  D,  BC,  to  the  square  of  BC,  that  is,  the  ratio  of  the 
strai^^ht  line  AD  to  BC,  is  the  same  with  llie  nitio  of  HF 
to  FL;  and  because  AD  is  not  greater  than  the  straight  line 
MN  in  the  segment  of  the  circle  described  about  the  trian- 
gle ABC,  which  bisects  BC  at  right  angles;  the  ratio  of 
AD  to  BC,  that  is,  of  HF  to  FL,  uiust  not  be  greater  than 
the  ratio  of  MN  to  BC  :  Let  it  be  so;  and,  by  the  77th 
dat.  find  a  triangle  OPQ  which  has  one  of  its  angles  POQ 
equal  to  the  given  angleBAC,and  the  ratio  of  the  perpen- 
dicular OK,  drawn  from  that  angle  to  the  base  PQ,  the  same 
with  the  ratio  of  HF  to  FL;  'then  the  triangle  ABC. b  ^ 
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milar  to  OPQ:  Because/ as  has  been  shown,  the  ratio  of 
AD  to  BC  is  the  same  with  the  ratio  ot  (HF  to  FJU.that 
18,  hy  tKe  construction,  with  the  ratio  oO  OH  to  PQ )  and 
the  Angle  BAG  is  equal  to  tlie  angle  POQ;  Therefore  the 
triaagie  ABC  is  similar  ^  to  the  triangle  POO.  '  l  C<ir. 

Otherwise^ 

Liet'tbe  triande  ABC  have  the  given  angle  BAQ  and 
iet  the  hiltio  of  the.rectangle  BA,  AC,  to  the  square  of  BC, 
be  givien ;  the  triangle  ABC  is  given  in  species. 

Because  the  angle  BAC  is  given,  the  excess  of  the  square 
df  both  the  sides  BA,  AC,  together,  above  the  square  of.the 
third  side  BC  has  a  given  ^  ratio  to  the  triangle  ABC.  Let  •  76  Dut 
the  figure  D  be  equal  to  this  excess ;  therefore  the  ratio  of 
D  to  the  triangle  ABC  is  given  :  and  the  ratio  -of  the'tri- 
pingle  ABC  to  the  rectangle  BA,  AC,  is  given  ^^  because  ^  Cor.  6* 

BAC  is  a  given  angle  ;  and  the  ^  I 1    ^**^- 

rectii^le  BA,  AC,  has  a  given 
ratio  to  the  square  of  BC ;  where- 
fore <J  the  ratio  of  D  to  the  square      ^ \      | |  •  lO  Dat. 

of  BC  is  given ;  ftnd,  by  compo*      J 

tition<^,  the  ratio  of  the  space  <>rDat. 

D,  together  with  the  square   of  BC,  to  the  square  of 

BC  is  gix'en  ;  but  D,  together  with  the  scfuare  of  BC,  is 

^qoal  to  tlie  square  of  both  BA  and  AC  together ;  there^ 

we  th^  ratio  of  the  square  of  BA,  AC,  together,  to  the 

iquare  of  BC,  is  given ;  and  the  ratio  of  BA,  AC,  together, 

to  BC  is  therefore  given ^;  and  the  angle  BAC  is  given,* 69 Dak 

wherefore^  the  triangle  ABC  is  given  in  species.  '48  Dat. 

The  composition  of  this,  which  de[>ends  upon  those  of 
Ac  T^tii  and  4dtli  propositions,  is  more  complex  than  the 
pi'^eccding  composition,  which  depends  upon  that  of  Prop. 
r?.  wliich  is  ea^y. 


PROP.  LXXIX.  K. 

^^^  a  triangle  have  a  given  angle,  and  if  the  straight  sce  yr. 
'^^ie  dtnftf  n  from  that  tMis\e  to  the  base,  making  a 
§tven  angle  with  it,  divides  the  base  into  segments 
^hich  have  a  given  ratio  to  one  another;  the  tvi* 
Migle  is  given  in  species. 
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Let  the  liwnglc  ABC  have  the  given  aofrfe  BAC,  and  let 
the  straight  line  AD,  drawn  lo  the  base  BC,  making  the 
given  angle  ADB,  divide  CB  into  the  segments  BD,  DC, 
which  have  a  given  ratio  lo  one  another  J  the  triangle  ABC 
IS  riven  in  species. 

Describe"  ihe  circle  BAC  about  the  triangle,  and  froni 
its  centre  E,  draw  £A,  EB,  £C,  ED ;  because  the  angle 
BAC  is  given,  the  angle  BEC  at  the  centre,  which  is  llie 
double ''  of  it,  is  given.  And  the  ratio  of  BE  to  EC  is  giveo, 
because  they  are  equal  to  one  another ;  therefore  the '  tri- 
angle BEC  is  given  in  species,  and  the  ratio  of  EB  to  BC 
is  given  ;  also  the  ratio  of  CB  to  BD  is  given  <',  became  the 
ratio  of  BD  to  DC  is  given  ;  tlierefore  the  ratio  <^  EB  to 
BD  is  given  %  and  the  angle  EBC  is  given,  wherdbte  the 
triangle  EBD  is  given'=  in  species,  and  Ojc  ratio  of  EB, 
that  is,  of  EA,  to  ED,  is  therefore  given;  and  the  angle 
EDA  is  given,  because  each  of  the  angles  BD£,  BDA,  it 
given  J  therefore  the  triangle  AED  is  given  *  in  ipetkt, 
and  the  angle  AED  given  :  also  the 
angle  DEC  is  given,  because  each  of 
the  angles  BED,  BEC,  \i  given; 
therefore  the  angle  AEC  is  given, 
and  the  ratio  of  EA  to  EC,  which 
are  equal,  is  given  ;  and  the  triangle 
AEC  is  therefore  given*  in  species, 
and  the  angle  ECA  is  given;  and  the 
angle  ECB  ia  given ;  wherefore  the  angle  ACB  icgiveo; 
and  the  angle  BAC  is  also  given;  tbereforeM  the  triangle 
ABC  is  given  in  species, 

A  triangle  similar  to  ABC  may  be  found,  by  taking  > 
straight  line  given  in  position  and  magnitude,  and  diTidiojt 
jt  in  the  given  ratio  which  the  segments  BD,  DC,  SK  le- 
quired  to  have  to  one  another;  then,  if  upon  that  etnight 
line  a  segment  of  a  circle  be  described  containing  snu^ 
equal  to  the  given  angle  BAC,  and  a  straight  line  be  dravro 
from  the  point  of  division  in  an  angle  equal  to  the  given 
angle  ADB,  and  from  the  point  where  it  meeis  the  circum- 
ference, straight  lines  be  drawn  to  tlie  extremity  of  the  fiilt 
line,  these,  together  with  the  first  line,  shall  contain  a  tri- 
angle similar  to  ABC,  as  may  easily  be  sliown. 

The  demonstration  may  be  also  made  in  the  maoantrf 
that  of  the  77th  Prop,  and  that  of  the  77th  may  be  iBB^t 
in  the  manner  of  this. 
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PROP.  LXXX.  L. 

iFjtfa^  sides  about  an  angle  of  a  triangle  have  a 
given  ratio  to  one  another,  and  if  the  perpendicu- 
iM"  drawn  from  that  angle  to  the  base  has  a  given 
liitfo  ta  the  base ;  the  triangle  is  given  in  species. 

*   -  ' 

.ii  liet  the  sides  BA^  AC,  about  the  angle  BAG  of  the  tri<i> 
angle  ABC  have  a  given  ratio  to  one  another,  and  let  the 
paqpendicQlar  AD  have  a  given  ratio  to  the  base  BC,  the 
triangle  ABC  is  given  in  species. 

/.  liitt)  let  the  sides  AB»  AC,  be  equal  to  one  another^ 
ikerefore  the  perpendicular  AD  bisects^  the  .  •as.  i. 

hise  BC;  and  the  ratio  of  AD  to  BC,  and  ^ 

tktrefore  to  its  half  DB,  is  given  ;  and  the  ^ 
Wgle  ADB  is  given ;  wherefore  the  triangle*    y/        \     •43  J)^t 
ABD  and  consequently  the  triangle  ABC  is   H    D 
given  ^  in  species.  ^  »» 44  Dat. 

£ut  let  the  sides  be  unequal,  and  BA  be  greater  than 
AG ;  and  make  the  angle  CAB  equal  to  the  angle  ABC ; 
because  the  angle  A£B  is  common  to  the  triangles  A£B, 
CEA9  tliey  are  similar ;  therefore  as  AB  to  BE,  so  is  CA  to 
AR9  and,  by  permutation,  as  BA  to  AC,  so  is  BE  to  EA, 
alid  so  is  EA  to  EC ;  and  the  ratio  of  B A  to  AC  is  given, 
tlterefore  the  ratio  of  BE  to  EA,  and  the  ratio  of  EA  to  EC, 
as  ateo  the  ratio  of  BE  to  EC,  is  given  <^j  wherefore  the  ra- « 9  Dat. 
tie  of  ES  to  BC  is  given << ;  and  the  j^  '  6Dat. 

ratio  of  AD  to  BC  is  given  by  the       ^  ^      ^^--^^^ 
hypothesis,  therefore  ^  the  ratio  of  AD         J-^^'^^y^/ 
to  BE  is  given ;  and  the  ratio  of  BE  -X^^  f\    X"    T 
to  EA  was  shown  to  be  given ;  where-  B     ^  ^'     *'    ^ 
.Core  the  ratio  of  AD  to  EA  is  given ;  and  ADE  is  a  right 
:«Dgle,  therefore  the  triangle  ADE  is  given  ^  in  species,  and  *  46  Dat 
I  the  angle  AEB  given ;  the  ratio  of  BE  to  EA  is  litewise 
:]given,  therefore^  the  triangle  ABE  is  given  in  species,  aad 
oonsequently  the  angle  EAB,  as  also  the  ai^le  ABE,  that 
^tfaejoigleCAE,  is  given:  therefore  the  angle  BAC  is 
-given,  tn^  the  angle  ABC  being  also  given,  the  triangle 
ABC  is  given  *  in  species.  r  43  Dat 

to  .  iWw  to  find  a  triangle  which  shdl  have  the  things  which 
ilM  iMntioned  to  be  given  in  the  proposition,  is  evident^  in 
&e  fiM  ease ;  and  to  find  it  the  more  easily  in  the  other 
ea^,  it  is  to  be  observed  that,  if  the  straight  line  EP  equal 
to  EA  be  placed  in  £B  towards  B,  the  point  F  divides  th^ 
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base  BC  iolo  the  segments  BF,  FC,  which  have  to  one  an« 
other  the  ratio  of  the  sides  BA,  CA,  because  BE,  EAfOt 
*  J9. 5.  EFy  and  EC,  were  shown  to  be  proportiopafoi  therefore* 
BF  is  to  FC,  as  BE  to  EF  or  £A,  that  is,  as  BA  to  AG; 
and  AE  cannot  be  less  than  the  ahitude  of  the  trhngb 
ABC,  but  it  may  be  equal  to  it,  which  if  it  be,  the  triati^ 
in  this  case,  as  also  the  ratio  of  the  sides,  may  be  thus  fou)ii« 
Having  given  the  ratio  of  the  perpendicular  to  thebese^* 
take  the  straight  line  GH,  given  in  position  and  magnitod^ 
for  the  base  of  the  triangle  to  be  found ;  and  let  the'gireo 
ratio  of  the  perpendicular  to  the  base  be  that  of  the  straight 
line  K  to  GH,  that  is,  let  K  be  equal  to  the  perpendicuhr; 
and  suppose  GLH  to  be  the  triangle  which  is  to  be  found, 
therefore  having  made  the  angle  HLM  equal  to  1X3H,  itii 
required  that  LM  be  perpendicular  to  (jfM,  and  equal  to 
K ;  and  because  GM,  MIj,  M  H,  are  proportionals^  as  wn 
shown  of  BE,  EA,  EC,  the  rectangle  GMH  is  equal  tothe 
square  of  ML.     Add  the  common  square  of  NH  (having 

f  6. 2.  bisected  GH  in  N),  and  the  square  of  NM  is  equals  to  Afc 
squares  of  the  given  straight  lines  NH  and  ML,  or  K; 
titerefore  the  square  of  NM,  and  its  side  NM,  is  giTen,  ai 
also  the  point  M,  viz.  by  taking  the  straight  line  NM,  tis 
square  of  which  is  equal  to  the  squares  of  NH,ML.  Diiw 
ML  equal  to  K,  at  right  angles  to  GM;  and  because  ML 
is  given  in  position  and  magnitude,  therefore  the  point  L 
is  given:  Join  LG,  LH  ;  then  the  triangle  LGH  is  tint 
which  was  to  be  found  ;  for  the  square  of  NM  b  equal  to 
the  squares  of  NH  and  ML,  and  taking  away  the  common 
square  of  N  H,  the  rect- 
angle GMH  is  equals^ 
to  the  square  of  ML; 
therefore  as  GM  to  ML, 
so  is  ML  to  MH,  and 

>  6. 6.  the  triangle  LGM  is  ^ 
therefore  equiangular  to 
HLM,  and  the  angle  ^ 
HLM  equal  to  die  an- 
gle LGM,  and  the  straight  line  LM,  drawn  from  the  vertet 
of  the  triangle,  making  the  angle  HLM  equal  to  LGH,  is 
perpendicular  to  the  base,  and  equal  to  the  ^ven  straidbt 
line  K,  as  was  required ;  and  the  ratio  of  the  sides  GL^IA 
is  the  same  with  the  ratio  of  GM  to  ML,  that  is,  widi  the 

L  ratio  of  the  straight  line  which  is  made  up  of  GN,  the  Uf 
of  the  given  base,  and  of  NM,  the  square  of  which  is  eqpl 
to  the  squares  of  GN  and  K,  to  the  straight  line  K. 
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And  whether  this  ratio  of  GM  to  ML  is  greater  or  less 
than  the  ratio  of  the  sides  of  any  other  triangle  upon  the 
base  6Hj  and  of  which  the  altitude  is  equal  to  the  straight 
Koeli^  that  i^  the  vertex  of  which  is  in  the  parallel  to  GH 
dmwQ  thfoagh  the  point  L,  may  be  thus  found.  Let 
OOH  beany  such  triangle,  and^draw  OP,  making  the  an<« 
rib  HOP  equal  to  the  angl^  OGH ;  therefore,  as  before, 
QPf  PO,  PH,  are  prq)ortionals,  and  PO  cannot  be  equal 
to  iiM)  because  the  rectangle  GPH  would  be  equal  to  the 
rcdangle  GMH,  whicb-is  impossible ;  for  the  point  P  can- 
Dot  fidi  upon  M,  because  O  would  then  fall  on  L;  norc^n 
PO  be  loB  than  LM,  therefore  it  is  greater ;  and  conse- 
opently  the  rectangle  GPH  is  greater  than  the  rectangle 
GMH)  and  the  straight  line  GP  greater  than  GM :  There- 
fi>re  the  ratio  of  GM  to  MH  is  greater  than  the  ratio  of  GP 
Id  PH,  and  the  ratio  of  the  square  of  GM  to  the  square  of 
Mli  is  therefore^  greater  than  the  ratio  of  the  square  of  GP  *  <  C^* 
|o  the  square  of  PO,  and  the  ratio  of  the  straight  line  GM  ^'  ^' 
tm  ML  greater  than  the  ratio  of  GP  to  PO.  But  as  GM  to 
ML,  so  is  GL  to  LH;  and  as  GP  toPO,  so  is  GO  to  OH; 
therefore  the  ratio  of  GL  to  LH  is  greater  tlian  the  ratio 
of  GO  to  OH ;  wlierefore  the  ratio  of  GL  to  LH  b  the 
neatest  of  all  ottiers;  and  consequently  the  given  ratio  oi 
the  greater  side  to  the  less  must  not  be  greater  than  this 
ntio. 

But  if  the  ratio  of  the  sides  be  not  the  same  with  this 
greatest  ratio  of  GM  to  ML,  it  must  necessarily  be  less  than 
It :  Let  any  less  ratio  be  given,  and  the  same  things  being 
mppoaed,  viz.  that  GH  is  the  base,  and  K  equal  to  the  al- 
titude of  the  triangle,  it  may  be  found  as  follows :  Divide 
GH  in  the  point  Q,  so  that  the  ratio  of  GQ  to  QH  may  be 
Ae  same  with  the  given  ratio  of  the  sides ;  and  as  GQ  to 
QH,  so  make  GP  to  PQ,  and  so  will*  PQ  be  to  PH;«19.5. 
wherefore  the  square  of  GP  is  to  the  square  of  PQ,  as  ^  the 
straight  line  GP  to  PH  :.  An  J  because  GM,  ML,  MH, 
are  proportionals,  the  square  of  GM  is  to  the  square  of 
ML,  as>  the  straight  line  GM  to  MH  :  But  the  ratio  of 
GQ  to  QH,  that  is,  the  ratio  of  GP  to  PQ,  is  less  than  the 
Nttio  of  6M  to  ML ;  and  therefore  the  ratio  of  the  square 
«f '  GP  to  the  square  of  PQ  is  less  than  the  ratio  of  the 
luiare  of  GM  to  that  of  ML ;  and  consequently  the  ratio 
wche-Bbraight  line  GP  to  PH  is  less  than  the  ratio  of  GIVf 
4b'  MH ;  and,  by  division,  the  ratio  of  GH  to  HP  is  less 
Hmrt  that'iyf  GH  to  HM  ;  wherefore^t  tlie  straight  line  HP  ^  ta  6. 
Il'greafter  tbem  HM,  atid  the  rectangle  GPH,  that  is>-the 
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square  of  PQ,  greater  tlian  the  rectangle  GMH,  \\\tX  i*, 
llian  thesquareof  ML,  and  thestniight  linePQistlierefan 
greacer  than  ML.  Draw  LR  parallel  to  GP,  and  from  P 
inw  PR  at  right  angles  to  GP.  Because  PQ  ie  grealer 
than  ML,  or  PR,  the  circle  described  from  the  centre  P, 
8t  the  iHstance  PQ,  must  necessarily  cut  LK  in  two  poinlsi 
irtthcse  be  O,  S,  and  join  OG,  OH  ;  SG,  SH  :  each  of  the 
triangles  OGH,  SGH,  have  the  things  mcntiooed  to  bf 
given  in  tiie  proposition  :  Join  OP,  SP  ;  and  because  ai 
GP  to  PQ,  or  PO,  so  is  PO  to  !'H,  the  triangle  OGP  k 
ecniUngular  to  HOP ;  as  therefore  OG  to  GP,  so  is  HO M 
OP  ;  and,  by  permutation,  as  GO  to  OH,  so  is  GP  fo  PO. 
orPQi  and  so  is  GQ  to  QH :  Tbereforethe  triangle  OGH 
has  the  ratio  of  its  sides  GO,  OH,  the  same  with  the  f^ven 
ratio  of  GQ  to  QH;  and  the  perpendicular  has  to  the  has* 
the  given  ratio  of  K  lo  GH,  because  the  perpendicular  is 
equal  to  LM,  or  K :  The  like  may  he  shown  in  die  sahic 
way  of  the  triangle  SGH. 

This  construction  by  which  the  triangle  OGH  is  found, 
is  shorter  than  that  which  would  he  deduced  from  the  it 
moDstr.ilion  of  the  datum,  by  reason  that  the  base  GH  a 
gircD  in  position  and  magnitude,  which  was  not  snppost4 
in  the  demonstration :  I'lie  same  thing  is  to  be  ohserva)  ia 
the  next  proposition. 


M.  PROP.  LXXXL 

If  the  sides  about  an  angle  of  a  triangle  be  un- 
equal, and  have  a  given  ratio  to  one  another,  and 
if  the  perpendicular  from  that  angle  to  the  baw  di- 
vides it  into  segments  that  have  a  given  ratio  to  one 
another,  the  triangle  is  given  in  species. 

Let  ABC  be  a  triangle,  the  sides  of  which  about  theao- 
gle  BAG  are  unequal,  and  have  a  given  ratio  to  one  anodier, 
and  let  the  perpendicular  AD  to  the  base  BC  divide  it  iato 
the  segments  BD,  DC,  which  have  a  given  ratio  to  one  an- 
other, the  triangle  ABC  is  given  in  ^cies. 

Let  AB  be  greater  than  AC,  and  make  the  angle  CAE 

equal  to  the  angle  ABC;  and  because  tike  angle  AEB  is 

'♦■  fi,  common  to  the  triangles  ABE,  CAE,  they  are'  ci^uV 

«ngntar  to  one  another ;  TJwrefoKuAB  toBE^JoIa'CA 


I 
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to  AE,  and,  by  permutation,  as  AB 
to  AC,  »  is  BE  to  EA,  and  so  U  E.\  A. 

to  EC:  But  the  rutioofBA  to  AC  /i^X 

ia  given,  therefore  the  ratio  of  BE  ^  \\ 
»EA,  as  also  ihe  ratio  of  EA  to  EC,  B  DC 
13  fit-en;  wherefore'^  the  ratio  of  BE  ^f 

le  EC,  as  also=  the  ratio  of  EC  to  CB,  Q,' 

is  given  :  And  the  ratio  of  BC  to  CD 
!■  givea^,  because  the  ratio  of  BD  to 
DC  is  given:  therefore'*  the  ratio  of(>  KL  tl  T4 
EC  to  CD  is  g;iven,  and  consequently' 
the  ratio  of  DE  to  EC :  And  the  ratio  of  EC  to  EA  was 
■hown  to  be  given,  therefore''  the  ratio  of  DE  to  EA  is 
given  :  And  ADE  is  a  right  angle,  wherefore '  the  triangle  .  ^g  dh. 
AO£I  is  given  in  species,  and  the  angle  AED  given  ;  And 
the  ratio  of  CE  to  EA  is  given,  thereforef  the  triangle  '44Di». 
AEC  is  given  lu  species,  and  consequently  the  angle  ACE 
is  given,  as  also  the  adjacent  angle  ACB.  In  the  same 
manner,  because  the  ratio  of  BE  to  EA  is  given,  the  trian- 
gle BEA  is  given  in  species,  and  the  angle  ABE  isthere- 
"  ire  given  :  And  the  angle  ACB  is  given  ;  wherefore  the 
"  logle  ABC  is  givene  in  species,  i  ts  D«- 

But  the  ratio  of  the  greater  side  BA  to  the  other  AC 
ist  be  less  than  the  ratio  of  the  greater  segment  BD  to 
Because  the  square  of  BA  is  to  the  square  of  AC,  as 
squares  of  BD,  DA,  to  the  squares  of  DC,  DA ;  and 
squares  of  BD,  DA,  have  to  the  squares  of  DC,  DA,  a 
ratio  than  the  square  of  BD  has  to  the  square  of  DCf, 
hecBUsethe  square  of  BD  ts  greater  than  the  square  of  DC; 
ipefore  the  square  of  BA  has  to  the  square  of  AC  a  less 
itio  than  the  square  of  BD  has  to  that  of  DC  :  And  con- 
cntly  the  ratio  of  BA  to  AC  is  less  than  the  ratio  of 
to  DC. 

Thb  being  premised,  a  triangle  which  shallhave  the  tilings 
ioned  to  be  given  in  the  proposition,  and  to  which 
triangle  ABC  is  similar,  may  be  found  thus :  Take  a 
ight  line  GH  given  in  position  and  magnitude,  and  di- 
le  it  in  K,  so  that  the  ratio  of  OK  to  KH  may  be  the 
me  with  the  given  ratio  of  BA  to  AC :  Divide  also  GH 

Y  t  If  AbegreaWrlhnnB.  and  C  any  third  magni to de  ;  thru  A  and  C 
cethec  have  to  B  and  C  together  a  leas  rstio  ihui  A  ba*  Id  B. 
Let  A  be  to  B  49  C  tn  D,  nud  bacame  A  U  grciui:i'  tLnii  B.  C  is  greitcr 
al>:  Butai  A  igto  B.io  A  »nd  C  <u  UoudD;  siid  A  and  C  hare  to 
than  A  and  C  have  to  B  and  D,  beciaie  C  is  neat" 
and  C  have  to  fi  and  C  aleurstiottum  A  to  B^. 
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in  L^  80  that  the  mtip  of  GL  to  LH  may  be  the  sktot  with 
the  giveli  ratio  of  BD  to  DC,  and  draw  LM  at  right  angles 
to  GH  :  And  because  the  ratio  of  the  sides  of  a  trianrk  is 
less  than  the  ratio  of  tlie  segments  of  the  base,  us  has  l)toi 
shown,  the  ratio  ttf  GK  to  KH  is  leas  than  the  ratio  of  GL 
to  LH ;  wherefore  the  pointX<  must  fell  betwixt  K  and  H : 
^  19. 5.  Also  make  as  GK  to  KH,  so  GN  to  NK,  and  so  shall^  NK 
be  to  NH.  And  from  the  centre  N,  at  the  distance  NK, 
describe  a  circle,  and  let  its  circumference  meet  LM  id  0, 
and  join  OG,  OH;  then  OGH  is  the  triangle  wdich  was 
to  be  described  :  Because  GN  is  to  NK,  or  NO,  at  NO  to 
NH,  the  trianrle  OGN,  is  equiangular  to  HON;  tbene/bre 
as  (>G  to  GIi^  8o  is  HO  to  ON,  and,  by  permutation,  as 
GOtoOH,soisGNtoNO,orNK,thatis,a8GKti>KH, 
diat  is,  in  the  given  ratio  of  the  sides,  and  bjr  the  eanstnic- 
tioD,  GL,  LH,  have  to  oneiinother  the  given  ratio  of  the 
segments  of  the  base. 


60.  PROP.  LXXXII. 

If  a  parallelogram  given  in  species  and  magnitude 
be  increased  or  diminished  by  a  gnomon  given  io 
magnitude,  the  sides  of  the  gnomon  are  given  io 
magnitude. 

I 

First,  let  the  parallelogram  AB  given  in  species  and 
magnitude  be  increased  by  the  given  gnomon  £CBDFG> 
each  of  the  straight  lines  CE,  DP,  is  given. 

Because  AB  is  given  in  species  and  magnitude,  and  that 

the  gnomon  ECBDFG  is  given,  therefore  the  whole  space 

C2  De{»  AG  is  given  in  magnitude:  But  AG  is  also  given  in  specie»| 

•<  'd  and  because  It  is  similar  ^  to  AB ;  therefore  the  sides  of  AG  are 

»•  alfbtt  g^v^"**  ■  Each  of  the  straight  lines  AE,  AF,  p  ^ 

'  is  therefore  given ;  and  each  of  the  straight  ^^ 

lines  CA,  AD,  is  given^,  therefore  each  of 

<^4  Dat.  the  remainders  EC,  DF,  is  given^. 

Next,  let  the  parallelogram  AG  given  in 
species  and  magnitude,  be  diminished  by  the 

given    gnomon    ECBDFG,    each  of  the  i ~ 

straight  lines  CE,  DF,  is  given.  |    ,  H 

Because  the  parallelogram  AG  is  given,  as 


alsoitsgnomon£CBDFG^thereaiainjngspa^A3isgiveaiB 


X 


,    H»if!Mtiide:  Bui  it  is  also  given  in  npecics;  because  it  is   (*  DeT. 

-  ■  Btmilar*  to  AG ;  tlicrelbre ''  its  sides  dV,  AD,  are  given,  ''i  '^^'^ 
:    «nd  well  of  tlic  strai};ht  linct.  EA,  AF,  is  iriveii ;  .llierL-fort:  1 60  D*t- 

-  £(«DF  areencliufttiemi^ircn. 

.'. '  -"Vhe  gnoruuii  und  its  sides  CK,  UP,  may  be  found  (bus 
fin  ihe  fint  case.     Let  H  be  the  given  space  to  whieb  tbe 

Ji  -gnomon  must  be  made  equal,  and  liud>'  a  parallelogram  si-  *  95.  e. 

.  /'nilu  to  AB  aud  equal  to  the  tif^ures  AB  and  H  to^^ther, 
.  vod'  l>lacc  its  sides  AE,  AF,  from  the  point  A,  upoji  the 

-  -  afraight  Hues  AC,  AD,  and  complete  the  paralL-logram  AG 

,    firhtoi  is  about  the  same  diameter*  wiib  AB;  because •  K. 6. 

-  Cbcrefore  AG  is  equal  to  both  AB  acid  H,  tiike  away  the 
ooniDon' part  AB,  the  remaining  gnomon  ECBDFG  is 

-  equaltotlieremttiniiigfiscureH;  therefore  a  gnomon  equal 
..  to  Ht  and  its  sides  CE,  DP,  arc  found :  And  in  like  man- 
ner tbey  may  be  found  in  the  other  ease,  in  which  the  given 
figure  H  must  be  less  than  the  hgtire  FE  from  which  it  is 
to  be  taken. 


PROP.  LXXXIII.  Ai. 

If  a  parallelogram  eqtial  to  a  given  space  be  ap- 
";  plied  to  a  given  straight  line,  deticient  by  a  paraU 
telogram  given  in  species ;  the  sides  of  Uie  defect 
"   aft  given. 

Let  the  paralltlogram  AC  equal  to  a  given  space  be  ap- 

*    pltett  to  tbe  iriven  straight  line  AB,  deficient  by  the  paral- 

'  lelogram  BDCL  given  in  species,  each  of  the  straight  lines 

CD,  DB,  are  given. 

''-■     Bisect  AB  in  E;  therefore  EB  is  given  in  magnitude; 

*-  'tipoQ  EB  describe  ■'  the  paraIle)o;;rRm  EF  similar  to  DL '  18.  S. 

'"ind  ^itnilarly  placed;  theretiire  EF  is 

^"givenin  species,and  is  abuut  tliesame  Xj     R   F 

■^iametcr'' with  DL;  let  BCGbe  the  r~ — 

dimneter,  and  cunstroct  the  figure;  rr 

i  therefore,  because  the  tifTure  EF  given    "  " 

ID  species  is  described  upon  the  given 

"fltnie^J  iiie  EB,  EFisgiven^inmajf- 

■  nitude,  and  the  gnoftion  ELH  is  equal  ■* 


S&6. 
L 


TTIJ    '56 


Sgifruflgnre  AOj  thereHire'sitice  EF  isdiminishcd  .^^^ 
by  thti  given  gnomon  ELH,  the  sides  KK,  FH,  of'the  gno- 
mon arc  giVAi;  hut  KKisetiunl  h>  DC,  aiid  FH  to  BD ; 
rfb«refe^e  flli  1>B  ttre  ead»'yf  tiwrtt-^Ven.  . 
■-'  F 
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This  demonstration  is  the  analysis  of  the.pooblem.  ifii^the 
28th  Prop,  of  Book  6.  the  construction  and  deoioo&ti^tioD 
of  which  proposition  is  the  composition: of  ibe-an^ysjs; 
and  because  the  given  space  AC>  orits  equal  the  gnomon 
£LH,  is  to  be  taken  from  the  figune  EF,  desciib^  upon 
the  half  of  AB  similar  to  BC,  tbereforeACmW  not  be 
greater  than  EF,  as  is  shown  in  the  fi'Jth  Prop,  B.  6* 


59.  PROP.  LXXXIV. 

If  a  panallelogram  equal  to  a  given  ^papCyJ^^ap- 
'  plied  to  a  given  straight  line  exceeding  by  a  paral- 
lelogram given  in  species ;  the  sides  of  the  excess 
are  given. 

/  Let  the  parallelogram  AC  equal  to  a  given  spuqc  \)e  ap- 
plied to  the  given  straight  line  AB,  exceeding  by  the  pa- 
rallelogram BDCL  given  in  species ;  each  of  the  straight 
lines  CD,  DB,  are  given. 

Bisect  AB  in  E;  therefore  EB  is  given  in  magnitude: 

•18.6.  Upon  BE  describe  a  the  parallelogram  EF  simiJpr  JoJLiD, 
and  similarly  placed ;  therefore  EF  is  givep  in  speqeSyaod 

«» 26.  6.  is  about  the  same  diameter^  with  LD.        '  -;  ^^         '' 
Let  CBG  be  the  diameter,  and  con-  G  -  x-  I^ 

struct  the  figure  :  Tlierefore,  because  .  «^ 
the  figure  EF  given  in  species  is  de-  ^ — Jtd 
scribed'  upon  the  given  straight  line 


^56  Dat  EB,  EF  is  given  in  magnitude  %  and  v^ 

the  gnomon  ELH  is  equal  to  the  given  .      .   ,   ^  - 

*  36.  and  figure^  AC ;  wherefore,  since  EF  is  increased  by  th^ given 
eut^n'*  gnomon  ELH,  its  sides  EK,  FH,  are  givea®;.  l;mt,£|C  is 
®^  ^^^'  equal  to  CD,  and  FH  to  BD,  therefore  CD,  DB,  are  each 
/         of  them  given. 

This  demonstration  is  tlie  analysis  of  the  problem  in  the 
29th  Prop.  Book  G.  the  construction  and  demonstration  of 
which  is  the  composition  of  the  analysis.  , 

Cor.  If  a  parallelogram  given  in  species  be  applied,  to  a 
given  straight  line,  exceeding  by  a  parallelogram  equal  to 
a  given  space;  the  sides  of  the  parallelogram  are  given. 

Let  the  parallelogram  ADCE  given  in  species  6e  ap- 
plied to  the  given  straight  line  AB,  exceeding  by  the  pa- 
rallelogram BDCG  equal  to  a  given  space ;  the  sides  *AD, 
DC,  of  the  parallelogram  are  given, 
*        Draw  the  diameter  DE  of  the  parallelogram  AC,  and 
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construct  the  figure.    Because  the  parallelogram  AK  is 
'  «quiih»- td  BC  which  is  given,  there-    E  (j       C    •  43.  i. 

*  fore  AKIirf  given ;  and  BK  is  similarly       \^         [        ]      '*24.6. 
-to  AG,  therefore  BK  is  given  in  spe- 
cies.     And  since  the  parallelogram  H 
AK  given  in  magnitude  is  applied  to     __________ 

the  given  straight  line  AB,  exceeding  J^  5       J) 

by  the  parallelogram  BK  given  in  species,  therefore  by  this 
proposition,  BD,  DK,  the  sides  of  the  excess,  are  given,,  and 
the  straight  line  AB  is  given;  therefore  the  whole  AD,  as 
also  DC,  to  which  it  has  a  given  ratio,  is  given, 

PROB. 

To  apply  a  parallelogram  similar  to  a  given  one,  to  a 
given  straight  line  AB,  exceeding  by  a  parallelogram  equal 
to  a  given  space. 

To  the  given  straight  line  AB  apply '^  the  parallelogram « «9.^ 
AK  equal  to  the  given  space,  exceeding  by  the  parallelo- 
gram BK  similar  to  the  one  given.  Draw  DF  the  diameter 
of  BK,  and  through  the  point  A  draw  AE  parallel  to  BF,  . 

•  meeting  DP  produced  in  £,  and  complete  the  parallelogram 

Aa 

The  parallelogram  BC  is  equal  ^  to  AK,  that  is,  to  the 

given  space ;  and  the  parallelogram  AC  is  similar  ^  to  BK ; 

V-  therefore  the  parallelogram  AC  is  applied  to  the  straight 

\^  Bne  AB  similar  to  the  one  given,  and  exceeding  by  the  pa- 

'  ralldogram  BC  which  is  equal  to  the  given  space. 

PROP.  LXXXV.  ^  3^ 

If  tvt^o  straight  lines  contain  a  parallelogram  given 
in  aiagnitude  in  a  given  angle ;  if  the  difference  of 
^    the  straight  lines  be  given,  they  shall  each  of  them 
be  given. 

Let  AB,  BC,  contain  the  parallelogram  AC  given  in  mag- 
nitude, in  the  given  angle  ABC,  and  let  the  excess  ofBC 

*  above  AB  be  given ;  each  of  the  straight-  lines  AB,  BC,  is 
'  *  given; 

• '     Let  DC  be  the  given  excess  of  BC       A^ 
i^bove  BA,  therefore  the  remainder  BD 
"is  eqifail  to  BA.     Complete  the  parallel- 
ogram AD ;  and  hecaruse  AB  is  equal  to  

•  3M>,  the  ratio  of  AB  to  BD  is  given ;  and  B  1)    C 

*  the  angle  ABD  is  given,  therefore  the  parallelt^ram  AD  is 
•^  given  Wfepccies;  and  because  the  giv^n  parallelogram  AC 

4s  applied  to  the  qivcn  straight  line  DCv  exceeding  by  the 
.'•-•.•     -  -;    •-      .  2F*2  '.    ■  ■ 
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parallelogram  AD  given  in  species,  the  sides  of  the  excess 
•  g4  Dat  are  given  ^ :  therefore  BD  is  given ;  and   DC  is  given, 
wherefore  the  whole  BC  is  given :  and  AB  b  given,  there- 
fore AB,  BC,  are  each  of  them  given. 

85.  PROP.LXXXVL 

If  hvo  straight  lines  contain  a  parallelogradi  glyen 
in  nriagnitude,  in  a  given  angle;  if  both  of  them  to- 
gether be  given,  they  shall  each  of  them  be  given. 

Let  the  two  straight  lines  AB,  BC,  contain  the  parallelo- 
gram AC  given  in  magnitude,  in  the  given  angle  ABC, 
and  let  AB,  BC,  together  be  given  j  each  of  lUe  straight 
lines  AB,  BC,  is  given. 

Produce  CB,  and  make  DB  equal  to  BA,  and  complete 
tlie  parallelogram  ABDE.  Because  DB  is  equal  to  BA| 
and  the  angle  ABD  given,  because  the        y.  ^ 

adjacent  angle  ABC  is  given,  the  paral-       y^ ^ 

y  lelogram  AD  is  given  in  species  :  And       / 

hecause  AB,  BC,  together  are  given,  and     / 
AB  is  equal  to  BD;  therefore  DC  k   fr 
given :  And  because  the  given  parallelo- 
gram AC  is  applied  to  the  given  straight  line  DC,  deficient 
i)y  the  parallelogram  AD  given  in  species,  the  sides  AB, 

•80  Dat.  BD,  of  the  defect  are  given  a;  and  DC  is  given^  wherefore 
the  remainder  BC  is  given ;  and  each  of  the  straight  liais 
,  AB,  BC,  is  therefore  given. 

i7.  PROP.  LXXXVIL 

If  two  straight  lines  contain  a  pmtillelogram  given 
in  magnitude,  in  a  given  angle;  if  the  excess  of  the 
square  of  the  greater  above  the  square  of  the  lesser 
be  given,  each  of  the  straight  lines  shall  b^  given. 

Let  the  two  straight  lines  AB,  BC,  contain  the  given 
parallelogram  AC  in  the  given  angle  ABC  ;  if  the  excess 
of  the  square  of  BC  above  the  square  of  BA  be  given,  AB 
and  BC  are  each  of  them  jiriven. 

l^et  the  given  excess  of  the  square  of  BC  above  the  square 
of  BA  be  the  rectangle  CB,  BD ;  take  this  from  the  square 
»  2.  g.  of  BC,  the  remainder,  which  is^  the  rectangle  BC,  CD,  is 
equal  to  the  square  of  AB :  and  because  the  angle  ABC  of 
tlie  parallelogram  AC  is  gi\'en,  the  ratio  of  the  rectangle 
^«2  Dirt,  of  the  sides  AB,  BC,  to  the  parallelogram  AC  is  given**; 
and  AC  is  given,  therefore  th6l:ectangle  AB,  BC,  is  given; 


DATA,  437 

and  the  rectangle  CB,BD,  is  given ;  therefore  the  ratio  of    , 
the  rectangle  CB,  BD,  to  the  rectangle  ABJ,  BC,  that  is^ « i.  6. 
the  ratio  of  the  straight  line  DB  to  BA  is  ^iven ;  therefore^  <>  54  Dat. 
the  ratio  of  the  square  of  DB  to  the  square  of  BA  is  given: 
and  the  square  of  BA  is  equal  to  the 
rectangle  BC,  CD :  wherefore  the  ra- 
tio of  the  rectangle  BC,  CD,  to  the 
square  of  BD  is  given,  as  also  the  ratio 
of  four  times  the  rectangle  BC,  CD, 
to  the  square  of  BD ;  and,  by  compo- 
sition %  the  ratio  of  four  times  the  rectangle  BC,  CD  to-  •  7Dat 
f  ether  with  the  square  of  BD  to  the  square  of  BD  is  given : 
lUt  four  times  the  rectangle  BC,  CD  together  with  the 
square  of  BD,  is  equaH  to  the  square  of  the  straight  lines  ^  8. 2. 

BC,  CD  taken  together :  therefore  the  ratio  of  the  square 
of  BC,  CD,  together  to  the  square  of  BD  is  given ;  where- 
fores theratiuof  the  straight  line  BC,  together  with  CD  f  58  Dat. 
tolBD,  is  given  :  And,  by  composittop,  the  ratio  of  BC  to- 
gether wi&  CD  and  DB,  that  is,  the  ratio  of  twice  BC  to 

BD.  is  gi?en ;  therefore  the  ratio  of  BC  to  BD  is  given,  as 
also^  tlie  ratio  of  the  square  of  BC  to  the  rectangle  CB,  VS^ ; 
But  the  rectangle  CB,  BD,  is  given,  being  the  given  excess 
of  the  squares  of  BC,  B  A  ;  therefore  the  square  of  BC,  and 
the  straight  line  BC,  is  given  :  And  the  ratio  of  BC  to  BD, 
as  also  of  BD  to  BA,  has  been  shown  to  be  given  \  tliere* 
fore'*  the  ratio  of  BC  to  BA  is  given ;  and  BC  is  given,  ^  9  D»t. 
wherefore  BA  is  given. 

The  preceding  demonstration  is  the  analysis  of  this  pro* 
blerq,  viz.  . 

A  parallelogram  AC,  which  has  a  given  angle  ABC,  being 
given  in  magnitude,  and  the  excess  of  the  square  of  BC,  one 
of  Its  sides  above  the  square  of  the  other  Bx\,  being  given ; 
to  find  the  sides :  And  the  composition  is  as  follows : 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  i^ 
required  to  be  eoual,  and  from  ]\j 
any  point  E  in  FE,  draw  EG 
perpendicular  to  FG;  let  the 
rectangle  EG,  GH,  be  the  given 
space  to  ^hich  the  parallelo- 
gram AC  is  to  be  made  equal ;    rnr f — 1\ Hh\J 

and  th^  rectangle  HG,  GL,  be   ^    "^     ^    ^       Jli^ 
the  given  excess^ of  the  squares  of  BC,  BA. 

Take,  in  the  straight  line  GE,  GK  equal  to  FE,  and 
make  GM  double  of  GK ;  join  ML,  and  in  GL  produced, 
take  LN  equal  to  LM :  Bisect  GN  in  O,  and  between  GH,' 
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u         .  r  nt: 


»  i 


■\f 


GO,  fihd  a  mem  proportional  BC :' As  OQ*  to -GLj  so 
make  CB  to  BD;  ^nd  inake  the  s^^  CBA  e(|ual  to 
OFE,  and  as  LG  to  6K,'so  make  DB  taBA,  and  com«- 
plete  the  parallelogram  AC:  'AC  is  equal  to  the  rectangle 
EG,  GH,  and  the  excess  of  the  squares  of  CB,  BA,  is  equal 
to  the  rectangle  HG,  GL/  ... 

.  Because  as  CB  to  BD,'  s6  is  OG  to  GL,  the  square  of 
'  ^.  6.  CB  is  to  the  rectangle  CB,  BI>,  as*  the  rectangle  KG,  GO, 
to  the  rectangle  HG,  GL:  end  the  square  of  CB  is  equal 
to  the  rectangle  HG,  GO,  because  G(«),  ^BG,  GH,.are  pro- 

»» 14. 5.  pottionals  5  therefore  the  recthngle  CB,  BD  is  ieiquaJA  to 
HG,  GL :  And  because  ^  CB  to  BD,  so  i»  OG  to  GLf 
twice  CB  is  to  BD,  as^twice  OG,  that  is,  GN^to4j»L;  atu), 
by  division,'  as  BC  together  with  CD  is  to  BD^ •sais'NI^^ 

« J2. 6.  that  is,  LM,  to  LG :  llierefore^^  the  square  of  BC  together, 
with  CD  is  to  the  square  of  BD,  as^  the  square  of  MLta 
the  square  of  LG :  But  the  square  of  BC  and  GD  together 
*  8. 2.  is  equal  ^  to  four  times  thcrectaogle  BC,  CD  together  with 
the  square  of  BD ;  therefore  four  times  the  rectangle  BC^ 
CD  together  with  the  square  of  BD  isf  to  the  squareof  BD, 
as  the  square  of  ML  to  the  square  of  LG :  And(,  by  dimion, 
four  times  the  rectangle  BC,  CD  i&to  the  square  of  tBD» as 
the  square  of  MG  to  the  square  of  GL  \  wherefore  the  recti 
jfngle  BC,  CD  is  to  the  square  of  BD,  as  (the  squareof 
KG  the  half  of  MG  to  the  square  of  GL,  that  is,  as)  the 
square  of  AB  to  the  square  of  BD,  because  as  LG  to  GK, 
So  DB  was  made  to  BA  :  Therefore**  the  rectangle  BC, 
CD  is  equal  to  the  square  of  AB.  ,  To  each  of  these  add 
the  rectangle  CB,  BD,  and  the  square  of  BC  become  equal 
to  the  sqiwre  of  AB,  together  with  the  rectangle  €B,BD ; 
therefore  this  rectangle,  that  is,  the  given  rectangle  HG,GL, 
is  the  excess  of  the  squares  of  BC,  AB.  From  thepoint  A 
draw  AP  perpendicular  to  BC,  and  because  the  angle  ABP 
is  equal  to  the  angle  EFG,  the  triangle  ABP  is  equiangu- 
lar  to  EFG :  and  DB  was  made  to  BA,  as  LG  to  GK  5 


A 


•  *        '">(:« 
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therefore  as  the  rectangle  CB,  BD,  to  CB,  BA,  so  Js  the 
rectangle  HG,  GL,  to  HG,  GK ;  and  as  the  rectangle 
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CB,  BA,  to  AP,  BC,  so  is  (the  straight  line  B A  to  AP,  and 
so^  is  FB  or  GK'to  EG,  and  so  is)  the  rectangle  HG,  GK,  r 
id  lt&;  GE-;  rtierefore,  ex  ffiquali,  as  the  redtanjsrlc  CB, 
BD,  to' APi  BC,  so  is  the  rectangle  HG,  GL,  to  EG,  GH : 
Arid  the  i«€taftgle  CB,  BD,  is  equal  jto  HG,  GL ;  there- 
fore the  rectangle  AP,  BC,ithat  is,  the  parallelogram  AC, 
is  equal  to  the  given  rectangle  EG>  GH.  ^ 

PROP.  LXXXVIll.  N. 

If  two  straight  lines  contain  a  parallelogram  given 
in  magnitude  in  a  given  angle;  if  the  sum  ot  the 
squares  of  its  sides  be  given,  the  sides  shall  each  of- 
them  be  given. 

-  Let  the  two  straight  lines  AB,  BC,  contain  the  parallcl- 
ogrank  ABCD  given,  in  magnitude  in  the  given  angle  A3C, 
and  let  the  sum  of  the  squares  of  AB,  BC  be  given ;  AB^ 
BC  are  each  of  them  given.  ' 

'  First,  let  ABC  be  a.  right  angle:  and  because  twice  the 
rectangle  contained  by  two  equal  str»*ght  lines  is  equal  to 

both  their  squares ;  but  if  two  straight  lines  are   •  ^^. 

unequal,  twice  the  rectangle  contained  by  them  ^         ' 
is  Ites  than  the  sum  of  their  squares,  as  is  cvi. 


dcat  from  the  7th  Prop.  B.  2.  Elem. ;  therefore  li. 
twice  the  given  space,  to  which  space  the  rectangle  of 
which  the  sides  are  to  be  found  is  equal,  must  not  be  great-. 
er  than  the  given  sura  of  the  squares  of  the  sides  ;  Anil  if 
twice  that  space  be.  equal  to  the  given  sum  of  tlie  square^, 
the  side»  of  the  rectangle  must  necessarily  be  equal  ,to  one 
aaother:  Therefore  in  this  case  describe  a  sqvare  ABCD 
eoual  to  the  given  rectangle,  and  its  sides  AB,  BQ  are  those 
wmieh  were  to  be  found :  For  the  rectangle  AC  is  equal  to 
the  given  space,  and  the  sum  of  the  squares  of  its  sides  ^B^ 
BCy  is  equal  to  twice  the  rectangle  AC,  that  is,  by  the  hy* 
pothesis,  to  the  given  space  to  which  the  sum  of  the  squares 
was  required  to  be  equal. 

But :if  twice  the  given  rectangle  be  not  equal  to  the  given 
sum  of  the  squares  of  the  sides,  it  must  be  less  than  it,  as. 
has  been  shown.  Let  ABCD  be  the  rectangle,  join  AC,  and 
draw  BE  perpendicular  to  it,  and  complete  the  rectangl^ 
AEBF,  and  describe  the  circle  ABC  about  the  triangle 
ABC;  AC  is  Its  diameter^:  And  because  the  .triangle •  Cor.  5.n 
ABC  is  similar '^  to  AEB,  as  AC  to  CB,  so  is  AB  to  fiJE ;  •>  8 , 6. 
therefore  the  rectangle  AC,  BE,  is  equal  to  AB,  BCj  and  ,  * . 


.:  i. 
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the  rectangle  AB,  BC  b  given,  wherefore  AC,  BE,  is 
given  :  And  because  the  sum  of  the  squares  of  AB,  BCj  » 
*47.i.  given,  the  square  of  AC  which  is  equal <^  to  tlmt  sum  is 
given;  and  AC  itself  is  therefore  given  in  magnhode; 
Let  AC  be  likewise  given  in  posi- 
tion-, and  the  point  A;  therefore 
*  S^Dat  AF  IS  given "^  in  position  :  And  the 

rectangle  AC,  BK  is  given,  as  has    /  I 
been   shown,    and  AC   is   given,  I«^iv 
-  61  Dat  wherefore*"  BE  is  given  in  magni- 
tude, as  also  AF  which  is  equal  to  it; 
and  AF  is  also  given  in  position,  and    p       t^  ir  r 

f  30  Dat.  the  point  A  is  given,  wherefore^ the 
f  31  Dat  point  F  is  given,  and  the  straight  line  FB  in  positions: 
And  the^ circumference  ABC  is  given  in  position,  where- 
»»  28  Dat.  fore*»  the  point  B  is  given.  And  the  points  A,  C,  aregivcri; 
i29  Dat.  therefore  the  straight  lines  AB,  BC  arc  given*  in- position 
and  magnitude. 

The  sides  AB,  BC  of  the  rectangle  may  be  found  thus: 
Let  the  rectangle  GH,  GK  be  tlie  given  space  to  which  the' 
rectangle  AB,  BC  is  equal ;  and  let  GH,  Gf^  he  the  given 
rectangle  to  which  the  sum  of  the  square!  of  AB,  BC,  is 
^  14.  2.  equal:  Find*^  a  square-  equal  to  the  rectangle  GH,  GL: 
And  let  its  side  AC  be  given  in  position  ;  upon  AC  as  a 
diameter  describe  the  semicircle  ABC,  and  as  AC  to  GH, 
so  make  GK  to  AF,  and  from  the  point  A  place  AF  at 
right  angles  to  AC  :  Therefore  the  rectangle  CA,  AF,  is 
1 16.  6.  equal*  to  GH,  GK  ;  and,  by  the  hypothesis,  twice  the  rect- 
angle GH,  GK,  is  less  than  GH,  GL,  that  is,  than'the 
square  of  AC ;  wlierefore  twice  the  rectangle  CA,  AF,  is 
less  than  the  square  of  AC,  and  the  rectangle  CA,  AF,  it- 
self less  than  half  the  square  of  AC,  that  is,  than  the  rect- 
angle contained  by  the  diameter  AC  and  its  half;  where- 
fore AF  is  less  than  the  semidiameter  of  the  circle,  and  con- 
sequently the  straight  line  drawn  through  the  point  F  i>a- 
rallel  to  AC  must  meet  the  circumference  in  two  points: 
Let  B  be  either  of  them,  and  join  AB,  BC,  and  complete 
the  rectangle  ABCD;  ABCD  is  the  rectangle  which  was 
to  be  found  :  Draw  BE  perpendicular  to  AC  ;  therefore 
«  34.  l.jMBfe  equal™  to  AF,  and  because  the  angle  ABC  in  a  se- 
>8*[6.ihi<?frcle  is  a  riglrt  angle,  tlie  rectangle  AB,  BC  is  equal^ 
,  .';^  '  to  AC,  BE,  tliat  is,  to  the  rectangle  CA,  AF,  which  is  equal 
V    ''to  the  given  rectangle  GH,  GK :  And  the  squares  of  AB, 
•  47. 1.  BC,  are  together  equal  ^  to  the  square  of  AC,  that  is^  to  the 
given  rectangle  GH,  GL. 
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But  if  Ae  given  angle  ABC  of  the  parallelogram  AC  be 
not  a  right  angle ;  in  this  case,  because  ABC  is  a  given  an- 
gle, the  ratio  of  the  rectangle  contained  by  the  sides  AB, 
BC,  to  the  parallelogram  AC  is  given  ^ ;  and  AC  is  givien,  •  6tDat. 
therefore  tbe  rectangle  AB,  BC,  is  given  :  and  the  sum  of 
the  squares  of  AB,  BC  is  given :  therefore  the  sides  AB, 
BC,  are  gjven  by  the  preceding  case. 

The  sides  AB,  BC,  and  the  parallelogram  AC,  may  be 
found  thus:  Let  EFG  be  thegivennngle  of  the  parallelogram, 
and  from  any  point  E  in  FE  draw  EG  perpendicular  to 
FG ;  and  let  the  rectangle  EG,  FH,  be  the  given  space  to 
which  the  parallelogram  is'  to  be  made  equal,  and  let  EF, 
FK,  be  the 'given  rectangle  to  which  the  J\.  _  JD 
sum  of  the  squares  of  the  sides  is  to  be  e-  ''*~^ 
Qual.  And,  by  the  preceding  case,  find 
the  sides  of  a  rectangle  which  is  equal  to  |>nr 
the  given  rectangle  EF,  FH,  and  the 
squares  of  the  sides  of  which  are  together 
equal  to  the  given  rectangle  EF,  FK ; 
therefore,  as  was  shown  in  that  case, 
twice  the  rectangle  EF,  FH,  must  not  be 
greater  than  the  rectangle  EF,  FK :  let 

it  be  so,  and  let  AB,  BC,  be  the  sides  of         ^   

the  rectangle  ^ined  in  the  angle  ABC  F    HCV    K 
equal  to  the  given  angle  EFG,  and  complete  the  parallel- 
ogram ABCD,  which  will  be  that  which  was  to  be  found : 
Draw  AL  perpendicular  to  BC,  and  because  the  angle 
ABL  is  equal  to  EFG,  the  triangle  ABL  is  equiangular  to 
£FG;  and  the  parallelogram  AC,  that  is,  the  rectan- 
ffe  All,  BC,  is  to  the  rectangle  AB,  BC,  as  (the  straight 
Kne  AL  to  AB,  that  is,  as  EG  to  EF,  that  is,  as)  the  rec- 
^ngle  EG,  FH,  to  EF,  FH ;  and,  by  the" construction, 
*o  rectangle  AB,  BC,  is  equal  t<J  EF,"  FH,  therefore  the 
'^tangle  AL,"BC,  or  its  equal,  the  parallelogram  AC,  is 
^Ual  to  tlie  given  rectangle  EG,  FH  :  and  the  squares  of 
A'B,  BC,  are  together  equal,  by  construction,  to  the  given 
^ctangle  EF,  FK,      ' 


•    !• 
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86.  PROP.  LXXXIX. 

If  tH;o  straight  lines  contaij)  a  giyeo  p^raU^^ograrn 
in  a  given  angle,  and  if  the  excess  of  the  square  of 
one  of  them  above  a  given  space  has  a  given  ratio' 
to  the  square  of  the  other;  each  of  the  .straight  hpes' 
shall  be  givea.  ^:  ' ;  i 

Let  the  two  straight  lines  AB,  BC,  contaiu  the  given 
paral  Wogram  AC  in  the  given  angle  ABC,  and  let  the  ex- 
cess of  the  square  of  BC  above  a  given  space  hnye  a  giveti 
ratio  to  the  square  of  AB,  each  of  the  straight  Unes'AJB,' 
BC,  is  given. 

Because  the  excess  of  the  square  of  BC  above  a  given 
space  has  a  given  ratio  to  the  square  of.BA,  let  the  rtct- 
angle  CB,  BD,  be  the  given  space ;  take  this  from  the 
■  2.  2.  square  of  BC,  the  remainder,  to  wit,  the  rectangle*.  BC^ 
CD,  has  a  given  ratio  to  the  sqqare.  of  BA :  Diaw  AIE; 
perpendicular  to  BC,  and  let  the  square  of  BF  be  equal  to 
the  rectangle  BC,  CD ;.  then,  because  the  angle  ABC/as 
also  BEA,  is  given,  the  triangle  A5£  is       *  t^ 

*  43  Dit.  given*'  in  species,  and  the  ratio  of  AE  to     a 
AB  is  given  :   And  because  the  ratio  of  A?j 
the  rectangle  BC,  CD,  that  is,  of  the    /  / 

square  of  BF  to  the  square  of  BA,  is  r/y*y^ p 

given,  the  ratio  of  the  straight  line  BF  to       ,   -*^^        ^' 

•^  58  Dat.  BA  is  given^^ ;  and  the  ratio  of  AE  to  AB  is  given,  wbere- 
•*  9  l>at.  fore^  the  ratio  of  AE  to  BF  is  given ;  as  a^So  the  ratio  of 
•^  35. 1.  the  rectarfgle  AE,BC,  that  is^,  of  the  parallelogram  AC,  to 
the  rectangle  FB,  BC  ;  and  AC  is  given,  where£pre  the 
rectangle  FB,  BC,  is  given.  The  excess  of  the  square  erf 
BC  above  the  square  of  BF,  that  is,  above  the  rectangle 
BC,  CD,  is  given,  for  it  is  equal^  to  the  given  rectangle 
CB,  BD ;  therefore,  because  the  rectangle  contained  by 
the  straight  lines  FB,  BC,  is  given,  and  also  the  excess  (rf 
the  square  of  BC  above  the  square  of  BF;  FB,  BC,  are 

^87  Dat  each  of  them  given^;  and  the  ratio  of  FB  to  BA  is  given; 
therefore  AB,  BC,  are  given. 

The  Composition  is  as  follows: 

Let  GHK  be  the  given  angle  to  which  the  angle  of  the 
parallelogram  is  to  be  made  equal,  and  from  any  point  G 
in  HG,  draw  GK  perpendicular  to  HK ;  let  GK,  HL,be 
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the  rcehmgle  to  which  the  parallelottram  -^ 
is  to  be  made  equal,  and'let  I.H,'  HM,  q/ 
be.tbftrect^iigle  equal  tn  tlie  given  S[)ace        A  ^ 

W^ch  H  ^o  hp  [aken  from  ihe  square  of    /  I  r 
(Uepf^f  sides  ;  and  lettlie  ratio  of  llieHK.M'         Ij 
reinaiDdef  to  the'square  of'ilie  other  sitle  be  the  same  witli 
the  raiio  ©("the  square  of  thfe'given  Straight  line  NH'to  the 
square  of  the  given  straight  line  HG. 

.^y  help  pf  the  87th  dat.  find  two  straight  lines  BC,  BF, 
\vl)V:a  contain  a  rectangle  equal  to  tiie  given  rectangle  NH, 
Ul^.opd  such  that  the  excess  of  the  ]i\ 

f4|uaTe  oEBC  ^bove  the  square  of  BF        AA ^ 

l^  equal  to  the  given  rectangle  LH,  /  / 

MM ;  ana  join  ,CB,  BF,  in  rhe  angle       /   ^j, J 

FBC  em«l  to  the  given  angle  GHK:  BED  C 
Aai  Bs  NH  tp  HG,  so  make  FB  to  BA,  and  complete  the 
paraUeVogram  AC,  and  draw  AI^  perpendicular  to  BC; 
then  AC  h  equal  to  the  rectangle  GK,  HL ;  ^pd  if  from 
the  square  of  BC,  the  given  rectangle  LH,  IJM,  be  taken, 
the  remainder  shnjl  have  to  the  square  of  BA  the  same  n- 
tio  which  the  square  of  iJtf  has  to  ttie  square  of  HG. 

Because,  by  the  construction,  the  square  of  BC  is  equal 
to  the  square  of  BF  together  with-the  recfangle  LH,'  H!V{; 
ififroni  thf  square  of  BC  there  be  taken  the  rectangle  Lfl, 
HM,  ihf r^  renjains  the  square  of  BF,  which  has  s  to  the '  "■  <■■ 
square  of  BA  the  same  ratio  which  the  square  of  ^tt  has 
to  the  square  of  HG,  because,  as  NH  to  HG,  so  FB  was 
made  to  BA ;  but  as  HG  to  GK,  so  is  BA  to  Mi,  because 
the  triangle  GHK  is  equiangular  to  ABE ;  therefore,  ex 
jequali,  as  NH  to  GK,  so  is  FB  to  AE ;  wherefore  >>  the  ^  '■  * 
rectangle  NH,  HL,  is  to  the  rectangle  GK,  HL,  as  the 
reciani^ie  FB,    BC,  to  AE,  BC ;  but  by  the  construction 
the.  rectangle  NH,  Hf-,  is  equal  to  FB,  BC ;  tlitrfefore'  the  '  '♦■  ^^ 
rectangle  GIv,  HL,  is  equal  to  the  rectangle  AE,  BC,  that 
is,  to  the  parallelofj'ram  At. 

,  The  analysis  of  this  i)roblem  mijght  have  been  madt  aS  in 
ttie  Stitii  l^rop.  in  the  Gtcekj^ahA  the  cbnipositibn  ofiV  ihay 
be  made  as  that  which  Is  iu  Prop.  S7th  of  this  edition. 
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O.  ^  PROP,  XC. 

Ir  two  straight  lines  contain  a  given  parallelo^ 
gram  in  a  given  angle,  and  if  the  square  of  one  of 
them,  together  with  the  space  w  hich  has  a  given 
ratio  to  the  square  of  the  other,  be  given,  each  of 
the  straight  lines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given  pa- 
rallelogram AC  in  the  given  angle  ABC,  and  let  the  sgoare 
of  BC  together  with  the  space  which  has  a  given  ratio  to 
the  square  of  AB  be  given,  AB,  BC,  are  each  of  them 
given. 

Let  the  square  of  BDJ)e  the  space  which  hasthc  givei 
ratio  to  the  square  of  AB:  therefore,  by  the  hypothesis, 
the  square  of  BC  together  with  the  square  of  BD  is  given. 
From  the  point  A,  draw  AE  perpendicular  to  BC ;  anc}  be- 
cause the  angles  ABE,  BE  A,  are  given,  the,  triangle  ABE 

*45Dat.  is  given*  in  species  ;  therefore  the  ratio  of  BA  to  AE  is 
given  :  And  because  the  ratio  of  the  square  of  BD  to  the 
square  of  BA  is  given,  ^the  ratio  of  the  straight  line  BD  ta 

^58  Dat  BA  is  given  ^;  and  the  ratio  of  BA  to  AE  is  given ;  there- 

*  9  Dat  fore«  the  ratio  of  AE  to  BD  is  given,  as  also  the  ratio  of  the 

rectangle  AE,  BC,  that  is,  of  the  parallelogram  AC,  to  the 

rectangle  DB,  BC  ;  and  AC  is  given,  therefore  the  rectaa- 
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gle  DB,  BC  is  given  ;  and  the  square  of  BC  together  with 
*58  Dat.  the  square  of  BD  is  given  :  therefore'^  because  the  rectan- 
gle contained  by  the  two  straight  lines  DB,  BC,  is  given, 
and  the  sum  of  their  squares  is  given  ;  The  straight  lines 
-  DB,  BC  are  each  of  them  given  ;  and  the  ratio  of  DB  ta 
BA  is  given;  therefore  AB,  BC  are  given. 

TIw  Composition  is  as  follows  :. 

Let  FGH  be  the  given  angle  to  which  the  angle  of  thf 
parallelogram  is  to  be  made  equal,  and  from  any  point  Fin 
GF  draw  FH  perpendicular  to  GH  ;  and  let  the  rectangle 
FH,  GK  be  tliat  to  which  the  parallelogram  is  to  be  madief 
equal ;  and  let  the  rectangle  KG,  GL  be  the  space  to  which 


BAT  A.  Ar^i 

the  square  of  one  of  the  sides  of  the  parallelogram,  together 
with  the  space  which  has  a  given  ratio  to  the  square  of  the 
other  side,  is  to  be  made  equal ;  and  let  this  given  ratio  be 
the  same  which  the  square  of  the  given  straight  line  MG 
has  to  the  square  of  GF. 

By  the  88th  dat.  find  two  straight  lines  DB,  BC,  which 
contain  a  rectangle  equal  to  the  given  rectangle  MG,  GK, 
an4  such  that  the  sum  of  their  squares  is  equal  to  the  given 
rectangle  KG,  GL;  therefore,  by  the  determination  of  the 
problem  in  that  proposition,  twice  the  rectangle  MG,  GK 
must  not  be  greater  than  the  rectangle  KG,  GL.  Let  it 
be  s^,  and  jcun  the  straight  lines  DB,  BC  in  the  angle 
DBC  equal  to  the  given  angle  FGH;  and,  as  MG  toGF, 
so  make  DB  to  BA,  and  complete  the  parallelogram  AC  : 
AC  is'equal  to  the  rectangle  FH,  GK :  and  the  square  of 


BE 
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BC  together  with  the  square  of  BD,  which,  by  the  con- 
struction, has  to,  the  square  of  BA  the  given  ratio  which 
the  square  of  MG  has  to  the  square  of  GF,  is  equal,  by  the 
construction,  to  the  given  rectangle  KG,  GL.  Draw  AE 
perpendicular  to  BC. 

Because,  as  DB  to  B A,  so  is  MG  to  GF ;  and  as  B  A  to 
AE,  so  GF  to  jFH  ;  ex  lequali,  as  DB  to  AE,  so  is  MG  to 
FH  ;  therefore  as  the  rectangle  DB,  BC,  to  AE,  BC,  so 
is  the  rectangle  MG,  GK,  to  FH,  GK  ;  and  the  rectangle 
DB,  BC,  is  equal  to  the  rectangle  MG,  GK;  therefore 
the  rectangle  AE,  BG,  that  is,  the  parallelogramr  AC,  is 
^ufll  to  the  rectangle  FH,  GK. 

PROP.  XCI. 

If  a  straight  line  drawn  within  a  circle  given  in 
tnagnitude  cuts  off  a  segment  which  contains  a^ 
given  angle ;  the  straight  line  is  given  in  magnitude. 

In  the  circle  ABC  given  in  magnitude  let  the  straight 
tine  AC  he  dravrn,  cutting  off  the  segment  A  EC  which 
contains  the  given  angle  AEC;  the  straight  line  AC  is 
^ven  in  magnitude. 
*  Tikt  Djthe  centre  of  the  circle*,  join  AD,  and  produce '  i  ^^ 
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U.to.E,  apd  join  EC  :^  The  angle  A<CE 

*Si.3.beJng  2(  right**  angle,  15  given  ;  and ^he 

' 43 Dat. angle  AEC  is  given;  therefore^  the 

.triangle  ACE  is  given  in  species^  and 

the  ratio  of  EA  to  AC  is  therefore  given, 

,.  an(l  EA  is  given  in  magnitude,  because 

^  /VDeCjihe  circle  is  given  4  in  fnagnkvide  :  AC 

•  2  Dav  is  tbqr^^bre  given*^  in  njagnitude. 


89. 


PROP.  XCII. 


.'  If  &^  straight  line  givea  in  magnitude  be.  drawn 
within  a  circle  given  in  naagnitude,  it  sbaJl  cut  off 
^  segment  containing  a  given  angle. 

Jjet.tbe  straight  line  AC^iven  in  magnitude  be  drawn 
within  the  circle  ABC  given  in  magnitude;  itsbafrcut 
off  a  segment  containing  a  given  angle. 

Take  D  the  centre  of  the  circle,  join       R 
AD  and  produce  it  to  E,  and  join  EC :      /^  \v 

And  because  each  of  the  straight  lines 
EA  find  AC  is  given,  their  ratio  is 

,1  Dat. given*;  and  the  angle  ACE  is  a  right  ^ir^ /C 

angle,  there/ore .  the.  triangle  ACE  is 
<»46Dftt.given^  in  species,  an4  C9nseq!uent|y  the 
. .  angle  AEC  is  given. 
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PROP.  XCIII. 

If  from  any  point  in  tlie  circumference  9f  a  cijclc 
given  in  position  two. straight  lines,  b^^  dr|Lwn, 
meeting  the  circumference,  and  contaiping  a  gven 
angle  ;  if  the  point  in  which  one  of  thcm.ajeets  .the 
circumference  again  be  given,  the  point  in  which 
the  other  meets  it  is  also  given. 

From  any  point  A  in  the  circumference  of  a  circle  ABC 
given  in  position,  let  AB,  AC,  be  drawn 
to  the  circumference  making  the  given 
^ng)e  BAC:  if  the  point  B  be  given, 
^he  point  C  13  also  given. 

Take  D  the  centre  of  the  circle,  andjg^ 
join  BI),  DC  ;  and  because  each  oftbe 
ppints  B,  D,  is  given,  BD  is  given*  in 
position  ;  and  because  the  angle  BAC  is  given,  the  ;ingk 
BDC  is  given  *»,  therefore  because  the  straiffbt'ijMlJCi 
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drawn  to  the  given  point  D,  in  the  straight  line  BD  given 
in  position  in  the  given  ^ngle  BDC,  DC  is  given^  in  posi-'«  32  Dat. 
tio^j ; .  And  the  circumference  ABC  is  given  in  position, 
therefore*'  the  point  C  is  given.  *  «8  Dat 

PitOP.  XCIV.  91. 

,  If,  from  a  given  point  a  straight  line  be  drawn 
touching  a  circle  given  in  position ;  the*  straight 
line  is  given  in  position  and  magnitude. 

Let  the  stniight  line  AB  he  drawn  from  the  given  point 

A,  touching  the  chcle  BC  given  in  position;  AB  is  given 

in  position  and  hiagnitude. 

TakeD  the  centre  of  the  circle,  and  join  DA, 'DB  : 
.    Because  each  of  the  points  D,  A  is  giveii,  the  strtiight  line 

AD  is  given*  in  position  and  magni- 
.^tude:  And  DBA  is  a  right**  artgle,' 
V  frherpfore  DA  is  ft  iliameter<^  of  the. 

circle 'DBA,  described  about  the  tri-l 

angle  DBA;     and' that   circle   is\ 

therefore  given  in  position  :  And  the 

circle  BC  is  givcn^^  in  positio^^  there-    ^^"^^ ^  J  6  Dcf. 

fore  the  point  B  is  given®.    The  point  A  is  also  given  t  e  ^  ^^j 
..Therefore  the  straight  line  AB  is  given*  in  position  and 

magnitude. 

p^op:  XCV.  9^^ 

:  If  a  straight  line  b6  drawn  from  a  given  point 
'  ^without  a  circle  given  irt  position ;  the  rectangle 
"  trtnitained  by  the  segments  betwixtthe  point  and 
the  circumfehence  of  the  circle  is  given. 

Let  the  straight  line  ABC  be  drawn  from  the  given 
:     point  A  without  the  circle  BCD  given  in  position,  cutting 
it  in  B,  C ;  the  rectangle  BA,  AC, .       '^ — "\D 
A%  given,  /^  ^. 

From  the  point  A  dTdiv;^  AD     f  yS.      -ir.j. 

torching  the  circle  ;  therefore  AD  Cf  ""/Sa 

is  given^  in  position  and  magnitude :     V  /-^       •'94  Dat. 

And  because  AD    is    given,  the      ^^^^         / 
'  'square  of  AD  is  glvenS  which  is  ^  ^ 

'  ^  equaV  to  the  rectangle  BA,  AC:  Therefore  the  rectangle  1 36.3*^' 
BAyAC,  is  given. 
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93.  PROP,    XCVI. 

If  a  straight  line  be  drawn  tlirough^a  given  point 

tvitliin  a  circle  given  in  position,  the  rectangle  cop- 

tained  by  the  segtnents  betwixt  the  point  add  the 

circumference  of  the  circle  is  given. 

Let  the  straight  line  BAG  be  drawn  tbrough  the  gfea 
point  A,  within  the  circle  BCE  given  in  position;  the 
rectangle  BA,  AC,  is  given. 

'I'ake  D,  the  centre  of  the  circle,  join 

AD,  and  produce  it  to  the  points  E,  F : 

Because  the  points  A,  D  are  given,  the 

*  29 Dtt. straight  line  AD  is  given  ^  in  position] 

and  the  circle  B£C  is  given  in  position ;  r>\ 
**  &8  Dat.  t|>erei'ore  the  jK)ints  E,  F,  are  given**;  ^< 
and  the  point  A  is  given,  therefore  EA,  ' 
AF,  are  each  of  them  given  %  and  the  rectangle  EA|  AF, 
"^35,  %\s  therefore  given ;  and  it  is  equal^  to  the  rectangle  BAj 
AC ;  which  consequently  is  given*. 

94*  PROP.  XCVIL 

'  Ira  straight  line  be  drawn  within  a  circle  given  in 

magnitude,  cutting  off  a  segment  containing  a 
given  angle  ;  if  the  angle  in  the  segment  be  bisect- 
ed by  a  straight  line  produced  till  it  meets  the  cir- 
cunjference,  the  straight  lines  which  contain  the 
given  angle  shall  both  of  them  together  have  a 
given  ratio  to  the  straight  line  which  bisects  the  an- 
gle. And  the  rectangle  contained  by  both  these 
lines  together  which  contain  the  given  angle,  and 
part  of  the  bisecting  line  cut  off  below  the  base  of 
the  segment,  shall  be  given. 

Let  the  straight  line  BC  bedrawn  within  the  circle  ABC, 
given  in  magnitude,  cutting  off  a  segment  contmioing  tbc 
given  angle  13 AC,  and  let  the  angle  BAG  be  biseclid  bj 
the  straight  Ihie  AD ;  BA  together  with  AC  has  a  given 
ratio  to  AD;  and  the  rectangle  contained  by  BA  and  AC 
t(%ether,  and  the  straight  line  ED  cut  off  from  AB  bclof 
.    BC  the  base  of  the  segment,  is  given. 

Join  B D;  aiid.becausc  BC  b  drawn  within  tlie  cirde  ABC 
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piven  in  magDitude  cutting  off  the  segment  BACyContain*^ 
ing  the  given  angle  BAC  ^  BC  is  given  » in  magnitude :  By » 9i  D«%. 
the  same  reason  BD  is  given ;  therefore  ^  the  ratio  of  BC  ■*  i  D»t. 
to  BD  is  given :  And  because  the  angle  BAC  is  bisected  by 
AD,  as  BA  to  AC,  so  is*"  BE  to  EC ;  and,  by  permutation, '  *  ^ 
'  as  AB  to  BE,  so  is  AC  to  C£ ;.  wfaeiefore'^i  as  BA  and  AC  *  12-  A. 
together  to  BC,  so  is  AC  to  CE  j  And  because  the  angle 
BAE  b  equal  to  EAC^  and  the  an-  |^^' 

^e  ACE  to  ADBS  the  triangle -l^  \:>sA/^  X     •2k3. 

ACE  is  equiangular  to  the  triangle 
ADB ;  therefore  as  AC  to  CE^  so 
is  AP  to  DB :  Biit  as  AC  to  CE, 

so  is  iBA  together  with  AC  to  BC ;  K^ZT^v — ^f^' 

as  therefore  BA  atfd  AC  to  BC,  so  ^^n:^:^.-*^'  V 

is  AD  to  DB ;  and  by  permutation, 
as  BA  and  AC  to  AD,  so  is  BC  tp  BD :  And  tht  ratio  of 
BC  to  BD  is^^  given,  therefore  the  ratio  of  BA  together  witk 
AC  to  AD  is  given. 

Also  the  rectangle  contained  by  BA  and  AC  together^ 
and  DE,  is  given. 

Because  the  triangle  BDE  is  equiangular  to  the  triangle 
ACE,  as  BD  to  DE,  so  is  AC  to  CE ;  and  as  AC  to  CE, 
so  is  BA  and  AC  to  BC ;  Uierefore  as  BA  and  AC  to  BC, 
so  is  BD  to  DE ;  therefore  the  rectangle  contained  by  B A 
and  AC  iowsxhetf  and  DE,  is  equal  to  the  rectangle  CB^ 
BD :  But  CB,  BD,  is  given ;  therefore  the  rectangle  con* 
tained  by  BA  and  AC  together,  and  DE,  is  given. 


OtherKise^ 

'  '       '    ■ 

Produce  CA,  and  make  AF  equal  to  AB,  and  ioin  BF; 
and  because  the  angle  BAC  is  double*  of  each  of  the  angles*  5^^ 
^  BFA,  BAD ;  the  angle  BFA  is  equal  to  BAD  5  and  the  ^ 
.  angle,  BCA  is  equal  to  BD  A,  therefore  the  triangle  FCB  is 
equiangular  to  ABD :  As  therefore  FC  to  CB,  so  is  AD  to 
DB ;  and,  by  permutation,  as  FC,  that  is,  BA  and  AC  to- 
giether,  to  AD,^  is  CB  to  BD :  And  the  ratio  of  CB  to 
BD  is  given,  therefore  the  ratio  of  BA  and  AC  to  AD  is 
given. 

And  because  the  ansle  BFC  is  equal  to  tlie  angle  DAC,. 
that  is,  to  the  angle  DBC,  and  the  angle  ACB  equal  tt>the 
angle  ADB  ;  the  triangle  FCB  is  equiangular  toBDE :  at 
therefore  FC  to  CB,  so  is  BD  to  DE ;  therefore  the  rect* 
tingle  contained  by  FC,  that  is,  &A  and  AC  toga^ar,  and 

26 


EUCLID'S 

DB  itequal  to  the  rectangle  CB,  BO,  wliicb  it  give%Mi 
tfacrefore  tbe  rectangle  contained  by  BA,  AC  (o^ether,an3 
US,  is  given. 


PROP.  XCVIII. 

If  a  straiglit  line  he  drawn  within  a  circle  givectn 
magnitude,  cutting  off  a  segment  containing  agiven 
angle  :  If  the  angle  adjacent  to  the  angle  in  the 
segment  be  bisected  by  a  straight  line  produced  till 
it  meet  the  circumference  again,  and  the  base  of  the 
segment ;  the  excess  of  tiie  stra^ht  lines  which 
contain  the  given  angle  shall  have  a  givea  ratio  to 
the  segmeot  ef  the  bisecting  line  which  is  within 
the  circle ;  and  the  rectangle  contained  by  llic  same 
excess,  and  the  segment  of  the  bisecting  line  be- 
twixt the  base  produced  and  the  point  where  it 
again  meets  tbe  circumlerence  shall  be  givea. 

Let  the  straight  lineBCbeilrawn  within  the  circle  ABC 
givea  ID  magnitude,  ctUting  off  a  segment  contatiuog  the 
given  angle  BAC,  and  let  the  angle  CAF  adjacent  to  BAC 
be  bisected  by  the  straight  line  DAE,  naeelin^  dtecircuBi- 
ference  again  in  D,  and  BC  llie  base  of  ilie  segment  pro- 
duced in  £;  the  excess  of  BA,  AC,  has  a  given  jata^fD 
AD  ;  and  the  rectangle  which  is  contained  by  the  Mine 
excess  and  the  straight  line  ED  is  given. 

Join  BD,  and  through  B,  draw  BG  parallel  to  DEmett- 
ing  AC  produced  in  G :  And  because  BC  cuts  off  ^t)^ 
circle  ABC  given  in  magnitude,  ~ 

tbe  segment  BAC  containing  a 
j^iven  angle,  BC  is  therefore 
•  91  Dal, given"  in  magnitude:  By  the 
same  reason  BD  is  given,  because 
the  angle  BAD  is  equal  to  the 
given  angle  EAF ;  therefore  the 
ratio  of  BC  to  BD  is  given :  And 

because  tbe  angle  CAE  is  cqtial  _ 

to  EAF,  of  which  CAE  is  equal  to  the  alternate  angle  ACB. 
and  EAF  to  the  interior  and  opposite  angle  ABG  ;  thetc- 
ibrc  the  angle  AGB  is  equal  to  ABG,  and  the  straight  line 
AB  equal  to  AG ;  bo  that  GCis  the  excess  of  BA,  AC; 


DATA. 

And  because  the  angle  BGC  U  equal  to  GAE,  that  is,  to 
(EAF,or  the  Angle  BAD;  and  that  the  angle  £ICG  is  ctjual 
to  the  opposite  interior  angle  EDA  of  the  quadrilateral 
BGAD  in  the  circle ;  therefore  the  iriaag^le  BGC  is  equi- 
angular to  BDA.  Tlierefore  as  GC  to  CB,  so  is  AD  to 
DS  ;  and,  by  pennutatioo,  as  GC,  which  is  the  excess  of 
BA,  AC,  to  AD,  so  is  BC  to  BD :  And  the  ratio  of  C  B  to 
BD  is  given ;  therefore  the  ratio  of  the  excess  of  BA,  AC, 
to  AD  is  given. 

«  And  because  the  augle  GBC  is  equal  to  llie  alternate 
«(i^  DEB,  and  the  angle  BCG  equal  to  BDE ;  the  im 
liogleBCG  is  equiangular  to  BDE:  Therefore  as  GC  t© 
IDB,  so  k  BD  to  DE ;  and  eonsequently  the  rectangle  GC, 
Z>E  is  equal  to  the  rectangle  CB,  BD  which  is  given,  b«- 
cautcits  aides  CB,  BD  are  given  :  Therefore  the  rcctaogla 
coDtsined  by  the  excess  of  BA,  AC,  and  tbe  straight  line 
DE  is  given. 

PROP.  XCIX. 

If  from  the  given  point  in  the  diameter  of  a  eirde 
given  ia  position,  or  in  the  diameter  produced,  » 
straight  line  be  drawn  to  any  point  in  the  drcnm- 
ference*  and  from  that  point  a  straight  line  be  drawn 
at  rif^ht  angles  to  the  Unt,  and  from  the  point  in 
which  tliis  meets  the  circumference  again,  a  straight 
line  be  drawn  parallel  to  the  tirst;  the  point  in 
which  this  parallel  meets  the  diameter  is  f^iven ;  angi 
the  rectangle  contained  by  the  two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  p  ven  in  position. 
or  in  BC  produced,  let  the  given  point  D  be  taken,  and 
from  D  let  a  straight  line  DA  be  drawn  to  any  point  A  io 
the  circumference,  and  let  AE  be  drawn  at  right  angles  tg 
I)Ar  and  from  the  point  E  where  it  meets  the  circumfer' 
cnce  again  let  EF  be  drawn  parallel  to  DA  meeting  BC  ii) 
F;  the  point  F  is  given,  as  also  the  rectangle  AD,  EF. 

Produce  EF  to  the  circumference  in  G,  and  join  AO; 
Because  GEA  is  a  right  angle,  the  straight  line  AG  is"  the  •  Coi.  \A 
diameter  of  the  circle  ABC  ;  and  BC  is  also  a  diameter  i^ 

;  therefore  the  point  H,  where  ihey  meet,  is  the  centre 


f  the  circle,  and  c 
f  is  given,  wherefore  DH  ii 
tWcause  AD  is  parallel  to  FG.  wi  GH  equafw  HA;  DH  k 
2G2 


mtly  H  is  given  :  And  the  point 
■  1  magnitude.     Aud 


give 
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»46.  eq«il<»  te  HF,  and  AD  equal  to  GF:  AndDfl  n  gir«u, 
therefore  HF  is  given  in  magnitude ;  and  ft  is  ftlso  ^ve« 


« SO  Dat.  iQ  positioDi  and  the  point  H  is  gWcOy  therefore*^  the  point 
F  18  given. 

And  because  the  straight  line  EFG  is  drawa  from  a  giien 

point  F  without  or  within  the  circle  ABC  given  in  poudon, 

^95 or 96 therefore <i  the  rectangle  EF,  FG  is  given:  And  GF  is 

^^    equal  to  AD,  wherefore  the  rtctangle  AD,  EF  is  givea.    : 

Q.  PROP.  C. 

If  from  a  given  point  in  a  straight  line  given  in  po- 
sition, a  straight  line  be  drawn  to  any  pokit  io  the 
circumference  of  a  circle  given  in  position ;  ami 
'  from  this  point  a  straight  line  be  drawn,  making 
with  the  first  an  angle  equal  to  the  difference  of  a 
right  angle,  and  the  angle  contained  by  the  straight 
line  given  in  position,  and  the  straight  line-  which 
joins  the  given  point  and  the  centre  of  thecirde; 
and  from  the  point  in  which  the  second  line  meetis 
the  circumference  again,  a  third  straight  line  t)e 
drawn,  making  with  the  second  an  angle  equal  to 
that  which  the  first  makes  with  the  second :  'the 
point  in  which  this  third  line  meets  the  straight  line 
given  in  position  is  given ;  as  also  the  rectangle 
contained  by  the  first  straight  line,  and  the  s^- 
ment  of  the  third  betwixt  the  circumference  ati4 
the  straight  line  given  in  position,  is  giveu.     .    . 

Let  the  straight  line  CD  be  drawn  from  the  given  point 
C  in  the  straight  line  AB  given  in  position,  to  the  circum-; 
ference  of  the  circle  DEF  given  in  position,  of  which  G  is 
the  centre ;  join  CG,  and  from  the  point  D  let  DF  be  drawn, 
making  the  angle  CDF  equal  to  ^he  diderence  of  a  right 
uigla,  and  the  angle  BCG,  a;id  from  the  point  F  let  FE  be 
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drawD,  nlJdni  the  angle  DFE  equal  to  CDF,  meeting  AB 
ID  H:  The  point  H  is  given ;  as  also  the  rectangle  CD,  FH* 

Let  CD,FH,  meet  one  another 
in  the  point  K,  from  which  draw 
KL  perpendicular  to  DF;  and  let   j\ 
DC  meet  the  circumference  again 

in  M,  and  let  FH  meet  the  same  ^.^ 

in  E,  and  join  MG,  GF,  GH.      a  I  \     ^^VT^     TIP 

Because  the  angles  MDF,DFE,  ^^ 
are  equal  to  one  another,  the  cir- 
cumferences MF,  DE,  are  equal »; 
and  adding  or  taking  away  the 
oommon  part  ME;  the  circum- 
ference DM  is  equal  to  EF;  there- 
fore the  straight  line  DM  is  equal 
to  the  straight  line  EF,  and  the 
angle  GMD  to  the  angle  ^  GFE; 
and  the  angles  GMC,  GFH  are 
equal  to  one  another,  because 
they  are  either  the  same  with  the 
aD^es  GMD,  GFE,  or  adjacent 
to  them :  And  because  the  angles 
KDI^  LKD,  are  together  equal  ^ 
to  a  right  angle,  that  is,  by  the 
hraothesis,  to  the  angles  KDL, 
GCB ;  the  angle  GCB  or  GCH  is  r — Jl 
«qiial  to  the  angle  (LKD,  that  is,  ^  ^ 
tatiie  angle)  LKF  or  GKH :  Therefore  the  pointy  C,  K,, 
H.^^  ape  in  the  circumference  of  a  circle :  and  the  angle 
CqpCk  b  tlierefore  equal  to  the  angle  GHF :  and  the  angle 
GMC  is  equal  to  GFH,  and  the  straight  line  GM  to  GF ; 
therefbre^  CG  is  equal  to  GH,  and  CM  to  HF :  And  be-  *  ae.  i. 
cttoae  C6  is  equal  to  GH,the  angleGCH  is  equal  to  GHC; 
faotthe  angle  GCH  is  given :  Therefore  GHC  is  given,  and 
CJODsequeDtlv  the  angle  CGH  is  given ;  and  CG  is  given  in 
pocitiofi,  and  the  point  G ;  therefore^  GH  is  given  in  posi-  *  32  Dtt. 
tion  ;  ^d  CB  is  also  given  in  position,  wherefore  the  point 
His  given. 

And  because  HF  is  equal  to  CM,  the  rectangle  DC,  FH, 
is  equal  to  DC,  CM :  But  DC,  CM  is  given  f,  because  the  f  95  or  9^ 
point  C  is  given,  therefore  the  rectangle  DC,  FH  is  given*     ^^ 
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DEFINITION  [I. 

T0IS  is  made  luore  explicit  than  in  the  Greek  text,  to  pre- 
vent a  mistake  which  the  author  of  the  second  demoiutra- 
tioQ  of  the  24th  proposition  in  tlie  Greek  edition  has  fallen 
into,  of  thinkiog  that  a  ratio  is  given  to  which  another  ratio 
is  shown  to  be  equal,  though  this  other  be  not  exhibited  in 
given  magnitudes.  See  the  Notes  on  that  Proposition, 
which  is  the  13th  in  this  edition.  Besides,  by  l\m  defini- 
tion, as  it  IS  now  given,  some  propositions  are  demonstrated 
whidi  in  the  Greek  arc  not  so  well  done  by  help  of  Prop.  2. 

DEF.  IV. 
In  the  Greet  text,  def.  4,  is  thus :  "  Points,  lines,  spaces, 
"  and  angles,  are  said  to  be  given  in  position  which  have 
"  always  the  same  situation ;  but  this  is  imperfect  and 
tiseless,  because  there  are  innumerable  cases  in  which  things 
maybe  given  according  to  this  definition,  and  yet  their  po- 
sition cannot  be  found :  for  instance,  letthe  triangle  ABC  be 
given  in  position,  and  let  it  be  proposed  to  draw  a  straight 
line  BD  from  the  angle  at  B  to  the  A. 

opposite  side  AC,  which  shall  cut  " 

off  the  angle  DBC,  which  shall  be 
the  seventh  partoftheangle  ABC;  -- 
suppose  this  is  done,  therefore  the  " 
straight  line  BD  is  invariable  in  its  position,  that  is,  hai 
always  the  same  situation ;  for  any  otiier  straight  line  drawn 
from  the  point  B  on  either  side  of  BD  cuts  off  an  angle 
greater  or  lesser  than  the  seventh  part  of  the  angle  ABC ; 
therefore,  according  to  this  definition,  the  straight  line  BD 
is  given  in  position,  as  also  "  the  point  D  in  which  i(  meets  *  IS  Vt- 
the  straight  line  AC,  which  is  given  in  position.  But  from 
the  things  here  given,  neither  the  straight  line  BD,  nor  the 
point  D  can  be  found  by  the  help  of  Euclid's  Elements 
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only,  hy  which  every  thing  in  his  data  is  supposed  may  be 
feund.  This  definition  is  therefore  of  no  use.  We  haTc 
amended  it  by  adding,  ^*  add  which  are  either  actuaUy  ex- 
*^  hibited,  or  can  be  found/^  for  nothing  is  to  be  reckoned 
given,  which  cannot  be  foun^'or  is  not  actually  exhibited. 
The  definition  of  an  angle  given  by  position  is  taken  oat 
o^  the  4th,  add  given  mdre  tS^doctly  by  itself  in  the  dcfitt* 
tion  marked  A. 

DEF.  XL  XIL  XIII.  XIV.  XV. 

The  11th  and  12th  are  omitted,  because  they  cannot  be 
given  in  English  so  as  to  have  any  tolerable  sense :  and 
therefore,  wherever  the  tempts  defined  occur,  the  words 
which  express  their  meaning  are  made  use  of  in  their 
place. 

The  13th,  14th,  15th,  are  omitte.d,  as  being  o>f  no  use. 
'  It  is  to  be  observed  in  general  of  the  data  in  this  book, 
that  they  are  to  be  understood  to  be  given  geometricsUj, 
not  always  arithmetically,  that  is,  they  cannot  alwajs  be 
exhibited  in  numbers ;  for  instance,  if  the  side  of  a  square 
be  given,  the  ratio  of  it  to  its  diameter  is  given  geometri- 
^  44  Dat  cally  *>,  but  not  in  numbers ;  and  the  diameter  is  given «;  but 

*  2  Dat  though  the  number  of  any  equal  parts  in  the  side  be  given, 

for  example  10,  the  number  of  them  in  the  diameter  cannot 
be  given :  and  the  like  holds  in  many  other  cases. 

PROPOSITION  I. 

In  this  it  is  3hown  that  A  is  to  B  as  C  to  D,  from  ibLs 
that  A  is  to  C  as  B  to  D,  and  then  by  permytatiqn;  byt  if 
follows  directly  without  these  two  steps,  frpm  7,  5. 

PROP-  H. 

The  limitation  added  at  the  end  of  this  propositJon  be* 
tween  the  inverted  commas,  is  ^uite  necessary,  becaux 
without  it  the  proposition  cannot  always  be  demonstrated: 
For  the  author  having  said*,  *'  because  A  is  given,  a  magni- 

*  1  Def.  ^  ^u<^6  equal  to  it  can  be  found  a;  let  this  l)e  C;  and  because 

f*  the  ratio  of  A  toB  is  given,  a  ratio  which  is  the  same  toit 
>  2  Dcf.  "  can  be  found  V'  adds, "  let  it  be  &>und,  and  Jet  it  be  tfic 
"  ratio  of  Cto  A."  Now,  from  the  second. definition,  notfainj 
.more  follows  than  that  some  ratio,  suppose  the  ratio  of  li)  to 
Z,  can  be  found,  which  is  tlie  same  with  the  ratio  of  A  to  B ; 
lund  when  the  author  supposes  that  the  ratio  of  C  to  A ,  which 
,    '  .  ■ 

f  %ttJ>u,Qft^gx^\  QiUjUfm  ttf  the  Data. 
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is  alsa  the  same  with  the  ratio  of  A  to  B^  can  be  found,  he^ 
neceasarity  supposes  tliat  lo  the  thnee  magnitudes  E,  Z,  C^ 
a  fourth  proportional  A  may  be  found ;  but  this  cannot  al- 
ways be  done  by  the  Elements  of  Eudid ;  from  which  it  is 
phon  Eticlid  must  have  understood  the  pifoposition  under 
tfaeUmitatioh  which  is  now  added  to  his  texL  An  ex- 
ample win  make  this  clear :  Let 
A  be  a  given  angle,  and  B  another 
angle  to  which  A  has  a  given  ra- 
tio ;  for  instance,  the  ratio  of  the 
given  straight  line  £  to  the  given 
one  Z^  then,  having  found  an  angle 
C  eq«al  to  A,  how  can  the  angle  ^      V  111 

be  foand  to  which  C  has  the  same      / \  ^ 

latio  that  E  has  to  Z  ?  Certainly    /     \       ^~~ 
no  way,  until  it  be  shown  how  to  /         \ 
find  an  angle  to  which  a  given 

angle  has  a  given  ratio,  which  cannot  be  done  by  Eu- 
clidV  Elements,  nor  probably  by  any  Geometry  known 
in  his  time.  Therefore  in  all  the  propositions  of  this  book 
which  depend  upon  this  second,  the  above-mentioned  li- 
mitation must  be  understood,  though  it  be  not  explicitly 
mentioned. 


PROP.  V. 

The  order  of  the  Propositions  in  the  Greek  text  between 
Prop.  4.  and  Prop.  25.  is  t\o,w  changed  into  another  which 
is  nK>re  natural,  by  placing  those  which  are  more  simple 
before  those  wliich  are  more  complex ;  and  by  placing  io- 
gether  those  wliich  a!re  of  the  same  kind,  some  of  which 
lyere  mixed  among  others  of  a  different  kind.  Thus,  Prop. 
12.  in  the  Greek  is  now  made  the  5th,  and  those  which 
were  the  22d  and  23d  are  made  the  1 1th  and  J  2th,  as  they 
str^e  more.sim))le  than  the  propositions  concerning  magni- 
tudes, the  excess  of  one  of  which  above  a  given  magmnude 
lias  a  given  rjjitio  to  the  other,  after  which  these  two  were 
placed;  and  the  2Uh  in  the  Greek  te:it  is,  for  the  same 
jre^n,  made  the  13th. 

PROP.  VI.  VII. 

These  are  universally  true^  though,  in  the  (Jreefc  tesct, 
they  are  demonstrated  by  Prop.  Q,.  which  has  a  limitation  ; 
they  are  therefore  my»y  d^m^n  wUhoMt  jt,    ■ ; 
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PROP.  xn. 

hi  the  23d  Prop,  in  the  Greek  tex^  which  here  ia^lim 
1  Sth,  the  wordfl^  **  [iAf  rovs  autws  $e,''  are  wrong  txwaalkUii 
by  Claud  Hardy,  in  hii  edition  of  Euclid*!  Oata,  prinM 
at  Paris,  anno  1625,  which  waa  the  firsjt  editioivof  dif 
Greek  text ;  and  Dr.  Gregory  foilowa  him  in  tranabftiiy- 
them  by  the  words,  ^^  etsi,  non  easdem,*'  aa  if  the  Gffrii, 
had  been  £<  xtci  furj  rovg  avtovi,  as  in  Prop.  9«  of  the  Gri^; 
text.     Euclid's  meaning  is,  that  the  latioa  mendooed  in 
the  proposition  must  not  be  the  same :  for,  if  tiiey  wenv> 
the  proposition  would  not  be  true.    Whatever  iitk>  the 
whole  has  to  the  whole,  if  the  ratios  of  the  parts  of  tbeirst 
to  the  parts  of  the  other  be  the  same  with  this  latio,  ow* 
part  of  the  first  may  be  double,  triple,  &e.  of  the  other  part 
of  it,  or  have  any  other  ratio  to  it,  and  consequently  ca»«^ 
not  have  a  given  ratio  to  it  y  wherefore,  these  words  most 
be  rendered  by  '^  non  autem,  easdem,''  but  not  the  aamesa*^ 
tios,  as  Zambertus  has  translated  them  in  his  edidon*  ■ 


PROP.  XIIL 

SoMB  very  ignorant  editor  has  given  a  second  demon- 
stration of  this  proposition  in  the  Greek  text,  which  has 
been  as  ignorantly  kept  in  by  Claud.  Hardy  and  Dr.  Gre- 
gory, and  has  been  retained  in  the  translations  of  Zamber« 
tus  and  others :  Carolus  Renaldinus  gives  it  only.  Tbe 
author  of  it  has  thought  that  a,  ratio  was  given,  if  another 
ratio  could  be  shown  to  be  the  same  to  it,  though  this  last 
ratio  be  not  found.  But  this  is  altogether  absurd,  because 
from  it  would  be  deduced  that  the  ratio  of  the  sides  of  any 
two  squares  is  given,  ^nd  the  ratio  of  the  diameters  of  9mj 
two  circles,  &c.  And  it  is  to  be  observed,  that  the  moderns 
frequently  take  given  ratios,  and  ratios  that  are  always  the 
same,  for  one  and  the  same  thing;  and  Sir  Isaac  Newton 
has  fallen  into  this  mistake  in  the  17th  Lemma  of  b^ 
Principia,  edit.  17 13,  and  in  other  places;  but  tliis  shoi^ 
be  carefully  avoided,  as  it  may  lead  into  other  errors. 


PROP.  XIV.  XV.  ; 

Euclid  in  this  book  has  several  propositions  concerning 
magnitudes,  the  exeessof  one  of  which  above  a  given  magni^ 
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tude  has  a  given  ratio  to  the  other;  but  he  has  given  none 
conceraiDg  magnitudes  whereof  one  together  with  a  given 
magnitude  has  a  given  ratio  to  the  other ;  though  these  last 
occur  as  frequently  in  the  sohition  of  problems  as  the  first; 
the  reason  of  wliich  is,  that  the  last  may  be  all  demonstrated 
by  h^p  of  the  first ;  for  if  ar  magnitude,  together  with  a 
given  magnitude,  has  a  given  ratio  to  anotlier  magnitude^  , 
the  excess  of  this  other  above  a  given  magnitude  shall  have 
a  given  ratio  to  the  first,  and  on  the  contrary ;  as  we  have 
demonstrated  in  Prop.  14.  And  for  a  like  reason.  Prop. 
15.  has  been  added  to  the  Data.  One  example  will  make 
the  thing  clear :  Suppose  h  were  to  be  demonstrated,  that 
if  a  ms^itude  A  together  with  a  given  magnitude  has  a 
given  ratio  to  another  magnitude  B,  that  the  two  magni- 
tudes A  and  B,  tc^ther  with  a  given  magnitude,  have  a 
given  ratio  to  that  other  magnitude  B ;  which  is  the  same 
proposition  with  respect  to  the  last  kind  of  magnitudes 
lAove-mentibned,  that  the  first  part  of  Prop.  16.  in  this 
edition,  is  in  respect  of  the  first  kmd :  This  is  shown  thus^ 
from  the  hypothesis,  and  by  the  first  part  of  Prop.  14.  the 
excess  of  B  above  a  given  magnitude  has  unto  A  a  given 
ratio;  and,  therefore,  by  the  first  part  of  Prop.  17.  the  ex- 
cess of  B  above  a  given  magnitude  has  unto  B  and  A  toge- 
tiberagtven  ratio;  and  by  the  second  part  of  Prop.  14,  A 
and  B  together  with  a  given^ magnitude  has  unto  B  a  given 
ratdo ;  which  is  the  thing  that  was  to  be  demonstrated.  In 
like  manner,  the  other  propositions  concerning  the  last 
kind  of  magnitudes  may  be  shown. 

PROP.  XVI.  'XVII. 

In  the  third  part  of  Prop.  10.  in  the  Greek  text,  which 
is  the  I6th  in  this  edition,  after  the  ratio  of  EC  to  CB  has 
b(ten  shown  to  be  given  ;  from  this,  by  inversion  and  con- 
vernon,  the  ratio  of  BC  to  BE  is  demonstrated  to  be  given; 
bm  without  these  two  steps,  the  conclusion  should  have 
beenrmade  only  by  citing  the  6th  Proposition.  And  in 
iSke  manner,  in  the  first  part  of  Prop,  il,  in  the  Greeks 
which  in  this  edition  is  the  l7th,  from  the  ratio  of  DB  to  BC 
being  given,  the  ratio  of  DC  to  DB  is  shown  to  l>e  given, 
by  inversion  and  composition,  instead  of  citing  Prop.  7* 
^md  the  same  fault  occurs  in  the  second  part  ai  the  same 
Prop.  U. 
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PROP.  XXL  XXII. 
TliBiB  now  are  added,  as  being  wanting  to  complete  .the 
subject  treated  of  in  the  four  preceding  propoflitions.    

PROR  XXIIL 
This,  which  is  Prop.  20.  in  the  Greek  tex^  was  separa- 
ted from  Prop.  14s  15. 16.  in'that  ta^t,  after  which  it  should 
have  been  immediately  placed,  as  being  of  the  same  kind; 
it  is  now  put  in.  its  proper  place;  but  Prop.  21.  in  the 
Greek  is  left  out,  as  being  the  same  with  Prop.  14,  iq  that 
text,  which  is  here  Prop.  18. 

PROP.  XXJV. 

This,  which  is  Prop.  IS.  in  the  Greek,  is  now  put  into 
its  proper  place,  liaving  been  disjoined  from  the  three  lid- 
lowing  it  in  this  edition,  which  are  of  the  same  kind. 

PROP.  XXVIII. 

This,  which  in  the  Greek  text  is  Prop.  25.  and  several 
of  the  following  propositions,  are  there  deduced  from  Def. 
4.  which  is  not  sufficient,  as  has  been  mentioned  in  the 
note  on  that  definition.  They  are  therefore  now  shown 
more  explicitly. 

PROP.  XXXIV.    XXXVI. 

Each  of  these  has  a  determination,  which  is  now  added,^ 
which  occasions  a  change  in  their  demonstrations. 

PROP.  XXXVII.  XXXiX.  XL.  XLI. 

The  35th  and  56th  Propesitions  in  the  Greek  text  arc 
joined  into  one,  which  makes  the  39t!i  in  this  edition,  be- 
cause the  same  enunciatit)n  and  demonstration  serves  both : 
And  for  the  same  reason  Prop.  37.  38.  in  tlie  Greek  are 
joined  into  one,  which  liere  is  the  40th. 

Prop.  37.  is  added  to  the  Data,  as  it  frequently  occurs 
in  the  solution  of  problepis;  and  Prop.  41.  is  added,. to 
complete  the  rest,  .   , 

PROP.  XLII. 

This  is  Prop.  39.  in  the  Greek  text,  where  tlie  whole 
construction  of  Prop.  22.  of  Book  I.  of  the  Elements  is^ 
put,  without  need,  into  the  demonstration,  but  is  now  only 
cited.^  .  ^         .     ;    -  , 

PROP.XLV.  .  :.  :     .  ^:  '.V 

This  is  Prop;  4£.  in  the  Greek,  wlrere  the  three  stmighr- 
lines  made  ^use  of  in  the  constraction  are  said,  bdt  ribt^ 
shQwn,.  to  jbe  suiih  that  any  .two  of  them  is  greater  than  the 
third,  which  is  now  done.     :       w    :  '        :  •    .- ;.-  ^ i' 
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FROP.  XLvrr. 

TMfs  h  Prop:  44:  In  the  Greek  text;-  but  the  demon- 
stratioD  of  it  h  changed  into  another^  wherein  the  several 
cases  of  it  are  shown,  which^  thougli  necessary,  is  not  done 
in  the  Greek. 

PROP.  XLVIII. 

Thxrb  are  two  cases  in  this  proposition,  arising,  from 
the  two  cases  of  the  third  part  of  Prop.  47-  on  which  the 
48th  depends :  and  in  the  composition  these  two  cases  are 
explicitly  given,  . 

PROP,  Lir. 

'  'Thb  construction  and  demonstration  of  this,  which  U 
Pirop.  48.  in  the  Greek,  are  made  somctliinjg  shorter  than 
in  that  text. 

PROP.  LIII. 

Prop.  03.  in  the  Greek  text  is  omitted,  being  only  a  case 
of  Pfc^  49.  in  that  text,  which  is  Prop.  53.  in  this  edition. 

PROP.  LVIII. 

This  is  not  in  the  Greek  text,  but  its  demonstration  it 
contained  in  that  of  the  first  part  of  Prop.  54.  in  that  text ; 
which  proposition  is  concerning  figures  that  are  given  in 
species  :  1  his  58th  is  true  in  similar  figures,  though  they 
be  not  given  in  species,  and  as  it  frequently  occurs,  it  was 
necessary  to  add  it, 

PROP.  LIX.  LXL 

This  is  the  54th  in  the  Greek  :  and  the  77A  in  the 
Greek,  being  the  very  same  with  it,  is  left  out,  and  a  shorter 
demonstration  is  given  ot'Pi'op.  61. 

PROP.  LXII. 

Thi8>  which  is  most  frequently  useful,  is  not  in  the 
Greek,  and  is  necessary  to  Prop.  87.  38.  in  this  edition,  as' 
also,  though  not  mentioned,  to  Prop.  8G.  87.  in  the  former 
editions.    Prop.  6G.  in  the  Greek  text  is  made  a  corollary 
to  it 

PROP.  LXIV. 

This  contains  both  Prop.  74.  and  73.  in  the  Greek 
text ;  the  first  case  of  the  74  th  is  a  repetition  of  Prop.  56. 
from  which  it  is  separated  in  that  text  by  mtny  propositions  y 
and  asr  there  is  no  order  in  these  propositions,  as  they  stand ' 
in  the  Greek,  they  are  now  put  into  the  order  whicl^ ' 
seemed  most  convenient  lind  natural 
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The  demonstration  of  the  first  part  of  Prop.  "JZ,  in  the 
Greek  is  grossly  vitiated.  Dr.  Gregory  says,  thai  the  md- 
tences  tie  has  indosed  betwixt  two  stars  are  Guperfluoui, 
and  ought  to  be  caocelled ;  but  he  has  not  observed,  that 
what  follows  them  \^  absurd,  being  to  prove  that  the  raQo 
[See  his  figure}  of  AT  to  rJt  is  given,  which,  by  tfre  hypo- 
thesis at  the  beginning  of  the  proposition,  is  expiesrir 
given ;  so  that  the  whole  of  this  part  wu  tv  be  dCem, 
which  is  done  in  this  Prop.  64, 

PROP,  LXVU.  LXVIil. 

Prop.  ^0.  in  the  Greek  text  is  divided  into  these  two, 
for  the  salte  of  distinctness ;  and  the  demonstratioa  of  the 
67th  a  rendered  shorter  than  that  of  the  first  part  of  Prop. 
70.  in  the  Greek,  by  means  of  Prop.  23.  of  Book  C.  oE  the 
Elements. 

PROP.  LXX. 

Tbis  it  Prop.  62.  in  the  Greek  text;  Prop.  7S.  in  thst  text 
is  only  a  pailicular  ca^  of  it,  and  is  therefore  omitted. 

Dr.  Gregory,  in  the  demonstration  of  Prop,  62.  cites  the 
4!)th  Prop.  dat.  to  prove  that  the  ratio  of  the  figure  AEB  to 
the  parallelogram  AH  is  given  ;  whereas  this  was  down  a 
few  lines  before :  And  besides,  the  49th  Prop,  is  not  appli- 
cable to  these  two  figures ;  because  AH  is  not  given  inspe- 
cies,  hilt  is,  by  the  step  for  which  the  citation  is  brou^t, 
proved  to  be  given  in  species. 

PROP.  LXXllI. 
Prof.  S3,  in  the  Greek  text,  is  neither  well  enunciated 
nor  demonstrated.  The  73d,  which  in  this  edition  is  put 
in  place  of  it,  is  really  the  same,  a^  -.vill  appear  by  consider- 
ing [See  Dr.  Gregory's  edition],  that  A,  B,  r,  E,  in  the 
Greek  text,  are  four  proportionals,  and  that  the  proposidon 
is  to  show,  that  A,  which  has  a  given  ratio  to  E,  la  to  T,  u 
B  is  to  a  straight  line  to  which  A  has  a  given  ratio;  or,  ^ 
inversion,  that  r  is  to  A,  as  a  straight  line  to  which  A  Iwi 
a  given  ratio  is  to  B:  that  is,  if  the  proportionals  be  placed 
in  this  order,  viz.  I",  E,  A,  B,  tliat  the  first  r  is  to  A,  to 
which  the  second  E  has  a  given  itttio,  as  a  straight  Une  to 
which  the  third  A  has  a  given  ratio  is  to  the  fourth  B; 
which  is  the  cniiuciatiun  ol  this  73J,  and  was  thus  change<l 
tliut  it  might  be  made  like  to  tliat  of  I'rop.  '2.  in  tbis  «U- 
lloii,  wliic'h  1%  the  H'2A  in  the  Greek  text :  And  the  dcinon- 
atr^tignpfProp,  7S.  Ut]i«»oiewttb  Uiat<ifPr9p^7&aii3; 
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ai&king  use  of  Prop,  23.  ioatead  of  Prop,  2i.  of  Book  5.  of 
tfae£UoKDts. 

PROP.  LXXVIl. 
This  is  put  in  place  of  Prop.  79.  in  the  Greek  text,  which 
ii  not  a  daintii,  but  a  theorem  premised  as  a  lemma  to  Prop. 
80.  in  that  text :  And  Prop.  79.  is  made  Cor.  1.  to  Prop. 
77.  ID  ihie  edition.  CI.  Hardy,  in  his  edition  of  the  Data, 
takes  notice,  that  in  Prop.  fiO.  of  the  Greek  text,  the  parai- 
tel  KL  in  the  figure  of  Prop.  77- '"  '^i"  edition,  miist  meet 
the  circumference,  but  does  not  demonstrate  it,  which  is 
dMie  here  at  the  end  of  Cor.  9.  Prop,  77*  '1  the  construction 
Sat  finding  a  triangle  similar  to  ABC, 

PROP.  LXXVllI. 
Thb  demonstration  of  this,  which  is  Prop.  80.  in  the  Greek, 
is  rendered  a  good  deal  shorter  by  help  of  Prop.  77- 

PROP.  LXXIX.  LXXX.  LXXXI. 
TeXSB  are  added  to  Euclid's  Data,  as  propositions  which 
are  often  useful  in  the  solution  of  Problems. 

PROP.  LXXXII. 
This,  which  is  Prop.  60.  in  the  Greek  text,  is  placed  be- 
fore the  83d  and  S4fh,  which  in  the  Greek  are  the  ."iSth  and 
59th,  because  the  demonstration  of  these  two  in  this  edition 
are  deduced  from  that  of  Prop.  82,  from  whicli  they  natu- 
rally follow. 

PROP.  LXXX\in.  XC. 
Db.  Gregory,  in  his  preface  to  Euclid's  works,  which 
he  published  at  Oxford  in  170S,  after  having  told  that  he 
had  supplied  the  defects  of  the  Greek  text  of  the  Data  in 
innumerable  places  from  several  manuscripts,  and  corrected 
CI.  Hardy's  translation  by  Mr.  Bernard's,  adds,  that  the 
Sfith  theorem,  "  or  proposition,"  seemed  to  be  remarkably 
dtiatet^  but  which  could  not  be  restored  by  help  of  the 
■DaDuscripIs ;  then  he  gives  three  different  translations  of 
it  in  Latin,  according  to  which  he  thinks  it  may  be  read  j 
^s  Brst  two  have  no  distinct  meaning,  and  the  third,  which 
be  says  is  the  bes*,  though  it  contains  a  true  proposition, 
vluch  is  the  iiOlh  in  this  edition,  has  no  connexion  in  the 
least  with  the  Greek  text;     And  it  is  strange  that  Dr.  Gre- 
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gOTf  did  not  observe,  ih^  it  IVop.  86*  hbs  dni^^ed  into 
this,  the  demonstration  of  the  86th  most  be  otticclted,  and 
another  put  into  its  place :  Bat  the  truth  is,  both  the  enoD- 
ciation  and  the  demonstration  of  Prop.  86*  are  quite  entire 
and  right,  only  Prop.  87*  which  i8'more.6iitiple^.ooght  to 
have  b^n  placed  before  it;  and  tiie  deficiency  which  the 
Doctor  justly  observes  to  be  in  this  part  of  Euclid's  Data, 
aod  wluch,  no  doubt,  is  o^>Qg  to  the  carelesMte^  and  igno- 
rance of  the  Greek  ediunss,  should  have  been  supplied,  not 
by  cjianging  Prop.  8G.  which  is  both  entire  aq4  n^cessaiy, 
but;  >hy.  adding  the  two  propositions,  which  aqa  the  ^i^cb  and 
VOAk  in  thb  edition. 


PROP.  XCVIII.  C. 

Thbsb  were  communicated  to  me  by  two  excellent  g<^- 
meterf,  the  first  of  them  by  the  Right  Honourable  the  &rl 
of  Stanliope,  and  the  other  by  Dr.  Matthew  Stewart ;  to 
which  I  have  added  the  demonstrations. 

Though  the  order  of  the  propositions  has  been  in  roapy 
|daces  changed  from  that  in  former  editions,  yet  this  wiltbe 
of  little  disadvantage,  as  the  ancient  geometers  never  ote 
the  Data,  and  the  moderns  very  rarely. 


As  that  part  of  the  composition  of  a  problem  which  is  its 
construction  may  not  be  so  readily  deduced  from. the  ana- 
lysis by  beginners,  for  their  sake  the  following  example  is 
given ;  in  which  the  derivation  of  the  several  parts  ol  the 
construction  from  the  analysis  is  particularly  showus  that 
they  may  be  assisted  to  do  the  like  in  other  problems. 


PROBLEM. 

Having  given  the  magnitude  of  a  parallelogram,  the 
angle  of  which  ABC  is  given,  and  also  the  excess  of  the 
square  of  its  side  BC  above  the  square  of  the  side  AB ;  to 
find  its  sides  and  describe  it. 

The  analysis  of  this  is  the  same  with  the  demonstration 
of  the  87th  Prop,  of  the  Data,  and  the  construction  that  is 
given  of  the  problem  at  the  end  of  that  proportion  is  thus 
derived  from  the  analysis. '  '     ■.■.:■:■■:  .^u:-,^ 
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-  Let  EFG  be  equal  to  the  given  angle  ABC,  and  hemuK 
io  the  analysis  it  is  said  that  the  ratio  of  the  rectangle  AB, 
iBC  to  the  parallelogram  AC,  is  given  by  ihe  62d  Prop. 
Aa.  therefore,  from  a  point  in  FE,  the  perpendicular  EG  is 
,dnwD  to  FG,  as  the  ratio  of  FE  to  EG  it  the  ratio  of  ilie 


HN 


rectangle  AB,  BC,  to  the  parallelogram  AC,  by  wliat  is 
shown  at  the  end  of  Prop.  62.  Nuxl,  the  magiiiiude  of  AC 
is  exhibited  by  making  the  rectangle  EG,  GH  equal  to  it ; 
■Dd  ibe  ^ven  excess  of  the  square  of  BC  above  the  square 
of  BA,  to  which  excess  the  rectangle  CB,  BD  h  equal,  is 
exhibited  by  the  rectangle  HG,  GL :  'I'lien,  in  the  aualy- 
«s,  the  rectangle  AB,  BC,  is  said  to  be  given,  and  this  is 
equal  to  the  rectangle  FE,  GH,  because  the  rcctiingle  AB, 
BC  is  to  the  paralielcK^m  AC,  as  (FE  to  EG,  tlut  is,  as 
the  rectangle)  FE,  GH  to  EG,  GH ;  and  the  parallelogram 
AC  is  equal  to  the  rectangle  EG,  GH  ;  therefore  the  rect- 
angle AB,  BC,  is  equal  to  FE,  GH  :  And  consequently  the 
ratio  of  the  rectangle  CB,  BD,  that  is,  of  the  rectangle 
HG,  GL,  to  AB,  BC,  that  is,  of  the  straight  line  DB  to 
BA,  is  the  same -with  ilie  ratio  (of  the  rectangle  GL,  GH, 
.to  FE,  GH,  that  is)  of  the  straight  line  GL  to  FE,  wiiich 
'  itio  of  DB  to  BA,  is  the  nest  thing  said  to  be  given  in  the 
.jialysis!  From  this  it  is  plain  that  the  square  of  FE  is  lo 
ttie  square  of  GL,  as  the  square  of  BA,  which  is  equal  lo 
the  rectangle  BC,  CD,  is  to  the  square  of  BD :  The  ratio 
uf  which  spaces  is  the  next  thing  said  to  be  given :  And 
from  this  it  follows,  that, four  times  ihe  square  of  FE  is  to 
the  square  of  GL,  as  four  times  the  rectangle  BC,  CD  is  to 
the  square  of  BD ;  and,  by  composhion,  four  times  tiie 
square  of  FE,  together  with  the  square  of  GL,  is  to  ilic 
square  of  GL,  as  four  times  the  rectangle  BC,  CD,  together 
with  the  square  of  BD,  is  to  the  square  of  BD,  that  is  (8, «.) 
as  the  square  of  the  straight  lines  BC,  CD,  taken  together 
is  to  ihe  square  of  BD,  which  ruilo  is  the  next  thing  said 
to  be  given  in  the  analysis ;  And  because  four  times  the 
square  of  FE  and  the  square  of  GL  are  Hi  be  added  toge- 
ther ;  therefore  in  the  perpendicular  EG  there  he  taken 
I  KG  equal  to  FE,  and  MG  equal  to  the  doable  of  it,  beenuse 
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fliereby  the  squares  of  MG,  GL,  ihat  <i^  jwtiifijf^iML^  tiie 
iKjuare  of  ML  is,  equal  to  four  tiines  the  square/ot:  FE^  and' 
to  the  square  of  GL :  And  l)tfcause-ttie  square;  oi'ML  -19  Ui 
.  .  the  pquare  ef  QL,  as  the  square  of  the  stmi|pht  Mike  nsade 
t>pof  BCaod  CD  is  to  the  square  of  BD^  tkenfero  (82/€^ 
ML  is  to  LG|  as  fiC  tc^ether  with  CD  is  to  BD ;  and,  by 
composition,  ML  and  LG  together,  that  is,  prqfiucing  GL 
to  N,  so  that  ML  be  equal  to  LN,  the  straight  Ube  NG,  is 
to  GI  J,  as  twice  BC  is  to  QD ;  and  by  taking  GO  equal  to 
tlie  half  of  NG,  GO  is  to  GL,  as  BC  to  BD,  the  ratio  of 
which  is  said  to  be  given  in  the  analysis:  And  ^ni;1||ii8  it 
follows,  that  the  rectangle  HG,  GO,' is  to  HG,  GL,iiis  the 
square  )i  BC  is  to  the  rectangle  CB,  BD,  whiefa  iitquatto 
the  recfangle  HG,  GL;  and  therefore  the  square  of  BC  is 
..  «qual  to  the  rectangle  HG,GO;  and  BC  is  consequent^ 
found  by  taking  a  mean  piopoitional  betwixt  HGaiM  GO^ 
as  is  said  in  the  construction:  And  because  it  irasiah^wA 
that  GO  is  to  GL,  as  BC  to  BD,  and  that  now  the  three 
first  are  found,  the  fourth  BD  isl  found  by  12.  G.  It  was 
likewise  shown  that  LG  is  to  FE^  of  GK,  as  DB  to  BA,  and 
the  three  first^  are  now  found^  aod  thereby  the  fourth  BlL 
Make  the  angle  ABC  equal  to  EFX3,  and  complete  the  pa* 
rallelogram  of  which  the  sides  .are  AB,  BC,  sind  the  oM* 
struction  is  finished ;  the  rest  bf  the  cbmpositioa  eontaios 
the  demonstration. 


t. 


*  , 


As  the  propositions  from  the  ISth  to  the  28th  may  be 
thought  by  beginners  to  be  less  useful  than  the  rest,  because 
they  cannot  so  readily  see  how  they  are  to  be  made  use  of 
in  the  solution  of  problems ;  on  this  account  the  two  fbl« 
lowing  problems  are  added,  to  show  that  they  are  equally 
useful  with  the  other  propositions,  and  from  which  it  may 
-  be  easily  judged'that  many  other  problems  depend  upon 
these  propositions. 

PROBLEM  l. 

To  find  three  straight  lines  such,  that  the  ratio  of 
the  first  to  the  second  is  given;  and  if  a  given 
straight  liile  be  taken  fr6ni  the  second,  the^tio  of 
the  remainder  to  the  third  is  given  ;  also  the  tect- 
angle  (^ntain<tdiby  the  iBrst  m^  third  is  giyea.    .  :^ 
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I 

Let  AB  be  the  first  stra^ht  Itn^  CD  tlie  second,  atid  EF 
the  third :  And  because  the  ratio  of  AB  to  OD  is  given, 
Md  that  if  a  f^^cA  stfa%ht  line  be  taken  ftom  CD,  the  ra-r 
tid  of  tiM  teitiabidtr  to  £F  is  given ;  therefore*  the  excess  *  <«  Dat 
of  the  irMAB  above  a  given  straight  line  has  a  given  ratio 
to*  the  third  EF:  Let  BH  be  that  given  straight  line; 
therefore  AH  the  excess  of  AB  above  it,    .  lj      u 

has  a  given  ratio  to  £F*;  and  conse-  ^ Q^ iP 

^eBll5F^ the  rectangle  BA,  AH,  has  a  « t.l 

i5**e*  ratio  td  the  rectangle  AB,  EF,  C       Gr   D 
Wbkk  lltot' rectangle  is  given  by  the  by-  ""^      ' 

piliChe^  f  thci»tfore«  the  rectangle  BA,  E F  '  •  ^^ 

AHfogft^H,  and  BH  the  excess  of  its 

aides  h  given :  wherefore  the  sides  AB,  J^  ^^j^    Q 

AH  Misgiven  <*:  Arid  becaose  the  ratios  *  85  Dtt, 

of^'ttf  CD,  and  of  AH  to  EF,  are  given,  CD  and  EF 

are*  given* 

* '  The  Compositum. 

Lbt  thef  given  ratb  of  KL  to  KM  be  that  which  AB  is 
r«^ilk^  to  httve  to  CD ;  and  let  DG  be  the  given  straight 
liil^HrUich  n  to  be  taken  from  CD,  and  let  the  given  ratpo 
cfP^KlNf  td^KN  be  that  which  the  re^nainder  mu§t  liave*^ 
£Pf  al^  let  the  given  rectangle  NK,  KO,  be  that  to  which 
the-'¥eetmgte  AB,  EF  is  required  to  be  equal :  Find  th^ 
^ven  straight  line  BH  which  is  to  be  taken  from  AB| 
whiiih  is  done^  as  plainly  appears  from  Prop.  24.  dat.  by 
matkii^  as  KM  to  KL,  so  GD  to  HB.  To  the  given  straight 
line  BH  apply  ^  a  rectangle  equal  to  LK,  KO,  exceeding  *  t9.  ^ 
foy  a  square,  and  let  BA,  AH  be  its^ides :  Then  is  AB  the 
first  of  tlie  straight 'lines  required  to  be  found,  and  by 
making  as  LK  to  KM,  so  AB  to  DC.  DC  will  be  the  se« 
cond  :  And'  lastly,  make  as  KM  t  j  KN,  so  CG  to  EF,  and 
EPisthetbirti. 

'  For  «»  AB  to  CD,  so  b  HB  to  GD,  each  of  these  ratios 
being  the  same  with  the  ratio  of  LK  to  KM  5  therefore  **'ia.  5* 
AH  is  to  CG,  as  (AB  to  CD,  that  is,  as)  LK  to  KM ;  and 
as  CG  to  EF,  so  is  KM  to  KN ;  wherefore,  ex  cequali,  as 
AH  to  EF,  so  is  LK  to  KN :  And  as  the  rectangle  BA,  AH 
to  the  rectangle  BA,  EF,  so  is*  the  rectangle  LK,  KO,  to « 1. 6. 
the  rectangle  KN,  KO:  And  by  the  construction,  the 
rectangle  BA,  AH  is  equal  to  LK,  KO :  Therefore  »>  the »» i*.  5. 
rectangle  AB,  EF  is  equal  to  the  given  rectangle  NK,  KO : 
And  AB  has  to  CD  the  given  ratio  of  KL  to  KM ;  and  from 
CD  the  given  straight  line  QD  being  taken,  the  remainder 
CG  has  t6  EFtiK  given  mio  of  KM  to  Ktt.    QL  E.  D. 

2H2 


419 


NOTES   ON 


PRoan. 

To  find  three  straight  lines  such,  that  the  ratio  of 
the  first  to  the  second  is  given ;  and  if  a  given  straight 
line  be  taken  firom  the  second,  the  ratio  of  the  re- 
mainder to  the  third  is-g^ven ;  also  the,  sum  of  the 
squares  of  the  first  and  third  b  given. 

,  Let  AB  be  the  first  straight  line,  BC  the  second,  and  BD 
tlie  third :  And  because  the  ratio  of  AB  to  BC  is  given,  aad 
that  if  a  given  straight  line  be  taken  from  BC^  the  ratio  of 
'  94  Dat.  the  remainder  to  BD  is  given ;  tlierefore*  the  exoeaiof  the 
first  AB  above  a  given  straight  line  has  a  riven  ittiD  to  the 
third  BD :  Let  A£  be  that  given  straight  hne,  fherelbretfae 
remainder  EB  has  a  given  ratio  to  BD :  Let  BD  bephced 
at  right  angles  to  £B,  and  join  DE ;  then  the  triangle  EBD 
^  44  Dat  is^  given  in  species ;  wherefore  the  angte  BED  is  given : 
Let  AE  which  is  given  in  magnitude,  be  given  also  m  po- 
sition, as  also  the  point  E,and  the  straight  line  ED  wiU  be 
« S3  Pat.  given  ^  in  position :  Join  AD,  and  because  the  sum  of  the 
*  47. 1.  squares  of  AB,  BD,  that  is^,  the  square  of  AD  is  givea, 
therefore  the  straight  line  AD  is  given  in  magnitude;  and 
c  34  Dat  it  is  also  given '  in  position,  because  from  the  given  point  A 
it  is  drawn  to  the  straight  line  ED  given  in  position :  Hiere- 
fore  the  point  D,  in  which  the  two  straight  lines  AD,  BD, 
'28  Dat.  given  in  position,  cut  one  another,  is  given  ^:  And  the 
f  ss  Dat.  straight  line  DB,  which  is  at  right  angles  to  AB,  is  given  s 
in  position,  and  AB  is  given  in  position,  therefore^  the 
point  B  is  given  :  And  the  points  A,  D,  are  given,  where- 
in 29  Dat  fore  *»  the  straight  lines  AB,  BD  are  given :  And  the  ratio  of 
'  2  Dat  AB  to  BC  is  given,  and  therefore^  BC  is  given. 

The  Composition. 
Lbt  the  given  nitio  of  FG  to  GH  be  that  wliich  AB  is 
required  to  have  to  BC,  and  let  HK  be  the  given  straight 

D  ^ 
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line  which  is  to  be  taken  from  BC,  and  let  the  ratio  which 
the  remainder  is  required  to  liave  to  BD  be  the  given  ratio 
i){  HG  to  LG,  and  place  GL^it  right  angles  to  FH,  and  join 
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LF,  LH:  Next,  as  HG  is  to  GF,  so  make  HK  to  AE ; 
produce  A£  to  N,  so  that  AN  be  the  straight  line  to  the 
square  of  wlych  the  sum  of  the  squares  of  AB,  BD,  is  re- 
quired to  be  equal ;  and  make  the  angle  NED  equal  to  the 
aogle  GFL;.  and  from  the  centre  A,  at  the  distance  AN, 
describe  k  circle,  and  let  its  circumference  meet  ED  in  D, 
and  draw  1)]^  perpendicular  to  AN  and  DM  making  the 
angle  BDM  equal  to  the  angle  GLH.  Lastly,  produce 
BM  Co  C,  so  that  MC  be  equal  to  KH  ;  then  is  AB  the 
fint,  BC  the  second,  and  BD,  the  third  of  the  straight  lines  ' 
that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  also  DBM ,  LGH,  being 
equiangular,  as  EB  to  BD,  so  is  FG  to  GL ;  and  as  DB 
to  BM,  so  is  IXj  to  GH  ;  therefore,  ex  ssquali,  as  EB  to 
BM,  so  is  (FG  to  GH,  and  so  is)  AE  to  HK  or  MC ; 
wheiefore^',  AB  is  toBC,  as  AE  to  HK,  that  is,  as  FG  to  GH,  ^  M.  5. 
that  is,  in  the  given  ratio :  and  from  the  straight  line  BC 
taking  MC,  which  is  equal  to  the  given  straight  line  HK, 
the  remainder  BM  has  to  BD  the  given  ratio  of  HG  to 
GL :  and  the  sum  of  the  squares  of  AB,  BD,  is  equal<^ '  ^^*  i- 
to  the  square  of  AD  or  AN,  which  is  the  given  space. 
Q.E.D. 

I  believe  it  would  be  in  vain  to  try  to  deduce  the  prece- 
dii^  construction  from  an  algebraical  solution  of  the  pro- 
Mem* 
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LEMMA  L    Fio.  I. 

Lm  ABC  be  a  rectilineal  angle:  if  about  the  point  B  at 
a  centre,  and  with  any  distance  BA,  a  circle  be  described, 
meeting  BA,  BC,  the  straight  lines  including  the  angle 
ABC  in  A,  C  ;  the  angle  ABC  will  be  to  four  right  angles, 
as  the  arch  AC  to  the  whole  circumference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and 
through  B  draw  DE  perpendiculat  to  AB,  meeting  the  cir- 
cle in  D,  E.       -  ^ 

By  33.  6*.  Elem.  the  angle  ABC  i»  to  a  right  angle  ABD, 
as  the  arch  AC  to  the  arch  AD  ;  and  quadrupling  the  con* 
sequents,  the  angle  ABC  will  be  to  four  right  angles,  i!^  the 
arch  AC  to  four  times  the  arch  AD,  or  to  the  whole  cir- 
cumference. 

LEMMA  II.    Fig.  2. 

liBT  ABC  be  a  plane  rectilineal  angle  as  before :  About  B. 
as  a  centre  with  any  two  distances  BD,  BA,  let  two  circles 
be  described  meeting  BA,  BC,  in  D,  E,  A,  C;  the  arch  AC 
will  be  to  the  whole  circumference  of  which  it  is  an  arch, 
as  the  arch  D£  is  to  the  whole  circumference  of  which  it 
is  an  arch. 

By  Lemma  1.  the  arch  AC  is  to  the  whole  circumference 
of  whicli  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  an- 
gles; and  by  the  same  Lemma  1.  the  arch  D£  is  to  the 
whole  circumference  of  which  it  is  an  arch,  as  the  angle 
ABC  is  to  four  right  angles ;  therefore  the  arch  AC  is  to 
the  whole  circumference  of  which  it  is  an  arch,  as  the  arch 
DE  to  the  whole  circumference  of  which  it  is  an  arch. 

DEFINITIONS.    Fig.  S. 

I. 
JjBT  ABC  be  a  plane  rectilineal  angle ;  if  about  B  as  a 
centre,  with  BA  any  distance,  a  circle  ACF  be  described, 
meeting  BAf  BC^  in  A,  C ;  tha  arch  AC  is  called  the  mea* 
sore  of  the  angle  ABC. 
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IL 

The  circumference  of  a  circle  is  supposed  to  be  divided  in- 
to ddO  ^qual  psrti  Called  degrees^  luid  'eadi  degree  into 
60  equal  parts  called  minutes,  and  each  minute  into  60 
equal  parts  called  seconds,  &c«  And  as  many  degrees, 
minutes,  seconds,  &c«  as  are  contained  in  any  arch^  of  so 
many  degrees,  minutes,  ^conds,  &c.  is  tke  ang^,  of 
which  that  arch  is  the  measure,  said  to  be. 

CoR.  Whatever  be  the  radius  of  the  cirele  of  wbiA  the 
measure  of  a  given  angle  is  an  arch,  that  arch  will  con* 
tain  the  same  number  of  degrees,  i^iautes,  aecondsy&c. 
as  is  manifest  from  Lemma  2* 

IIL 

Let  AB  be  produced  tiUit  meet  tbe  circle  again  in  F^  the 

angle  CBF,  which,  together  with  ABC  is  equal  to  two 

'  ij^  angles,  is  caUfd  the  Suppkmevit  of  the  an^  ABC 

IV. 

•  ^  

A.»traight  line  CD  dmwn  through  C,  one  of  the  extremi** 
ties  of  the  arch  AC  perpendicular  upon  the  (iiameter 
passing  through  tlte  other  extremity  A,  is  called  the  Shie 
of  the  arch  AC,  or  of  the  angle  ABC,  of  which  it  is  the 
measure* 

^R.  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is  equal 

■    to^the  radius. 

V 

I 

The  segment  DA  of  the  diameter  passing  through  A,  one 
extremity  of  the  arch  AC,  between  the  sine  CD,  and  that 
extremity,  is  called  the  Versed  Sine  of  the  arcli  AC,  or 
angle  ABC. 

VI. 

A  straight  line  AE  touching  the  circle  at  A,  one  extremitj 
of  the  arch  AC,  and  meeting  the  diameter  BC  passing 
through  the  other  extremity  C  in  E,  is  called  the  Tangent 
of  the  arch  AC,  or  of  the  angle  ABC. 

VU. 

The  straight  line  BE  between  the  centre  and  the  extremity 
of  the  tangent  AE,  is  called  the  Secant  of  the  arch  AC, 
or  angle  ABC.  .   .   •. 

Cor.  to  def.  4. 6.  7-  The  sine,  tangent,  and  secant  4)f  any 
angle  ABC,  are  likewise  the  #iiie,  tangent,  and  seeiaaMof 
its  supplement  CBF.  '      3* '  ^ 


..    \A  .J 
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It  is  manirest  from  dct'.  l,  that  CD  Is  tlic  sine  of  the  hngU 
CBF.  Let  CH  be  produced  till  it  niifet  tlie  circle  ogain 
in  G-;  atid  it  is  nmnifest  tliM  AK  'is  ihe  tangent,  and  BE 
the  secunt,  of  the  angle  ABG  or  EBF,  from  def.  «.  7. 

Cos.  to  def.  4.  5.  6.  7.  'flie  sine,  vorwd  sine,  tangent,  and  Fig.  i. 
secant,  of  any  arch  which  is  (lie  measure  of  any  given 
sngle  ABC.  is  to  the  sine,  versed  aino,  tangent,  and  ac. 
cant,  of  uiiy  other  arch  which  is  the  measure  uf  ihcsame 
angle,  as  the  radius  of  the  lirst  is  to  the  radius  of  the 
second. 

I,<et  AC,  MN  be  measures  of  the  angle  ABC,  according  to 
def.  J.  CD  the  sine,  DA  the  versed  sine,  AE  the  tan- 
gent, and  BE  the  secant,  of  the  arch  AC,  according  to 
3ef.  4. 5.  6.  7.  and  NO  the  sine,  OM  the  versed  sine, 
MP  the  tangent,  and  BP  the  secant  of  the  arch  MN,  ac- 

'  cording  to  the  same  definitions.  Since  CD,  NO,  A  E, 
MP,  are  piirnllel,  CD  is  to  NO  as  the  radius  CH  to  the 
radius NB,  and  AE  to  MPa*  AB  to  BM.  and  BC  or BA 
.  to  BD,  as  BN  or  BM  to  BO ;  and,  hy  conversion,  DA 
toMO  us  AB  to  MB.  Hence  the  corollary  is  manifest; 
therefore,  if  tlic  mdius  he  supposed  to  be  divided  into 
any  given  number  of  equal  pans,  the  sine,  versed  sine, 
tangent,  and  secant  of  any  given  angle,  v/ilt  each  contain 
a  given  number  of  these  parts ;  and,  hy  irigitnometrical 
tables,  the  length  of  the  sine,  versed  sine,  tangent,  and 
feeantof  any  angle  may  be  found  In  parts  of  which  the 
radius  contains  a  given  number ;  and,  vice  versa,  a  num- 
ber expressing  the  length  of  the  sine,  versed  sine,  tati- 
l^nt,  and  secnni,  being  given,  the  angle  of  which  it  is  the 
_^ ^iie,  versed  suie,  tangent,  and  secant,  may  he  found. 

Wg\-'  VIII.  FiK   ^ 

^^Bte  dilturenee  of  an  angle  from  a  right  angle,  is  called  the 
^Kileompl^menl  of  that  angle.  Thus,  if  BH  he  drawn  per- 
H&  pendicular  to  AB,  the  angle  CBH  tvill  he  the  comple- 
K. .  ju«nt  ul'  the  angle  ABC,  or  of  CBF. 

*  IX. 

Uet  UK  he  the  tangent,  CL  or  DB.  which  is  equal  to  it, 

the  sine,  and  BK  the  secant  of  CBH,  the  coinplemenl 

_,.   of  ABC,  according  10  def.  4.  (i.  7,  HK  is  called  the  eo. 

^  -  taiig<-iil,  BD  the  cos'me,  and  BK  the  cosecant,  of  the  an- 

Bn»  -gte  ABC. 

BAiki  J .  1'he  mdius  a  «  mean  proportional  betwccD  the 
^^m  tangent  and  cotangent 
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For,  since  HK,  BA  are  ptnUel,  the  askf^  HKS»  ABC, 
wUl  be  equal,  aod  the  angles  KHB,  BAE  ane  right; 
therefore  the  triangles  BAE,  KHB  are  similar,  and  tbm- 
fore  AE  is  to  AB,  as  BH  or  BA  to  HK. 

Cor.  2*  The  radius  is  a  mean  proportional  between  th^  co- 
sine and  secant  of  any  angle  ABC 

Since  CD,  AE,  are  parallel,  BD  is  to  BC  or  BA,  asBAto 
BE. 

PROP.  I.    Fic.  5. 

In.  a  right  angled  plane  trian^ :  if  the  hypothec 
liuse  be  made  radius,  the  sides  become  the  sines  of 
the  angles  opposite  to  them ;  and  if  either  side  be 
made  radius,  the  remaining  side  is  the  tangent  of 
the  angle  opposite  to  it,  and  the  hypothenuse  the 
secant  of  the  same  angle. 

Let  ABC  be  a  right  angled  triangle:  if  the  hypothenuse 
BC  be  made  radius,  either  of  the  sides  AC  will  be  the  sine 
of  the  angle  ABC  opposite  to  it ;  and  if  either  Ade  BA  be 
made  radius,  the  other  side  AC  will  be  the  tangent  of  the 
angle  ABC  opposite  to  it,  and  the  hypothenuse  fiC  tbe  se- 
cant of  the  same  angle. 

About  B,  as  a  centre,  with  BC,  BA  for  distanc^  let  two 
circles  CD,  EA  be  described,  meeting  BA,  BC,  in  D,  £ : 
Since  CAB  is  a  right  angle,  BC  being  radius,  AC  is  the 
sine  of  the  angle  ABC,  by  def.  4.  and  BA  being  radius, 
AC  is  the  tangent,  and  BC  the  secant,  of  the  angle  ABC, 
*  by  def.  6'.  7. 

Cor.  1.  Of  the  hjrpothenuse,  a  side,  and  an  angle  of  a 
right  angled  triangle,  any  two  being  given,  the  third  is  also 
given. 

Cor.  2.  Of  the  two  sides  and  an  angle  of  a  right  angled 
triangle,  any  two  being  given,  the  third  is  also  given. 

PROP.  II.    Fig.  6.  7. 

The  sides  of  a  plane  triangle  are  to  one  another, 
as  the  sines  of  the  angles  opposite  to  them. 

In  right  angled  triangles,  this  Prop,  b  manifest  from 
Prop.  I.  for  if  the  hypothenuse  be  made  radius,  the  sides 
are  the  sines  of  the  angles  opposite  to  them,  and  the  radius 
is  the  sine  of  a  right  angle  (cor*  to  def.  4.)  which  is  (^posite 

to  the  hypothenuse.  ^      , 
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hi  mjihliqtt  tingled  triangle  ABC,  kny  two  sides  AB| 
AC,  will  be  to  one  another  as  the  sines  of  the  angles  ACB, 
ABC,  which  are  opposite  to  them. 

FVom  C,  B,  draw  CE,  BD,  perpendicular  upon  the  op- 
pojsite  sides  AB,  AC,  produced  if  need  be.  Since  CEIB, 
CDB  are  right  angles,  BC  being  radius,  CB  is  the  sine  of 
fhe  angfe:CBA,  and  BD  the  sine  of  the  angle  ACB;  but 
the  two  triangles  CAE,  DAB  have  each  a  right  angle  at  D 
and  E;  and  likewise  the  comiQon  angle  CAB ;  therefore 
they  are  sinular,  and  consequently,  CA  is  to  A B,  as  CB  to 
DB ;  that  is,  the  sides  are  as  the  sines  of  the  angles  opposite 
totbem, 

CoR.  Hence  of  two  sides,  and  two  angles  opposite  to 
them,  in  a  plane  triangle,  any  three  being  given,  the  fourth 
is  also  given. 

PROP.  III.    Fig.  8. 

Ik  a  plane  triangle,  the  sum  of  any  two  sides  is  to 
their  difference,  as  the  tangent  of  half  the  sum  of 
the  atagles  at  the  ba3e,  to  the  tangent  of  half  their 
difference.  i 

Let  MC  be  a  plane  triangle,  the  sum  of  any  two  sides 
AB>  AC  will  be  to  their  difference  as  the  tangent  of  half 
the  sum  of  the  angles  at  the  base  ABC,  ACB  to  the  tan- 
gent of  half  their  difference. 

About  A  as  a  centre,  with  AB  the  greater  side  for  a  dis- 
^nce,  let  a  circle  be  described,  meeting  AC,  produced  in 
£,  F,  and  BC  in  D ;  join  DA,  EB,  FB ;  and  draw  FG  pa- 
rallel to  BC,  meeting  £B  in  G. 

The  angle  EAB  (32.  1.)  is  equal  to  the  $um  of  the  an- 
gles at  the  base,  and  the  angle  £FB  at  the  circumference 
IS  equal  to  the  half  of  EAB  at  the  centre  (20.  3.);  therefore 
EFB  is  half  the  sum  of  the  angles  at  the  base ;  but  the  an- 
gle ACB  (32.  1.)  is  equal  to  the  angles  CAD,  and  ADC  or 
ABC,  together :  therefore  FAD  is  the  difference  of  the  an- 
gles at  the  base,  and  FBD  at  the  circumference ;  orBFG, 
on  account  of  the  parallels  FG«  BD,  is  the  half  of  that  di£. 
ference :  but  since  the  angle  EBF  in  a  semicircle  is  a  right 
angle  (I.  of  this),  FB  being  radius,  BE,  BG  are  the' tangents 
of  the  angles  EFB,  BFG;  but  it  is  manifest  that  EC  is  the 
sum  of  the  sides  BA,  AC,  and  CF  their  difference ;  and 
iince  BC,  FG  are  parallel  (2.  ^.)>  EC  is  to  CF,  as  EB  to 
BG ;  tlmt  is,  the  sum  of  the  sides  is  to  their  diflFerence,  as 
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tht  tangent  of  half  the  sum  of  the  angles  at  the  bese,  totlie 
tangent  of  lialf  their  difference. 

PROP.  IV.  FI0.-18. 
In  any  plane  triangle  BAC,  whose  two  sides  art 
BA,  AC,  and  base  BC,  tlie  less  of  the  two  sides, 
which  let  be  BA,  is  to  tlie  greater  AC,  as  the  radius 
K  to  the  tangent  of  an  angle  ;  and  the  radius  is  to 
the  tangent  of  the  excess  of  tbia  angle  above  half  a 
right  angle,  as  the  tangent  of  half  the  sum  of  Ibc 
angles  B  and  C  at  the  base,  is  to  the  tangent  of 
half  their  difference. 

At  the  point  A,  draw  the  straight  line  ElAD  perpenAcu- 
lar  to  BA  ;  make  AE,  AF,  eath  equal  to  AB,  aad  AD 
AC ;  join  BE,  BF,  BD,  and  from  D  flran  DG  perpendlc 
lar  upon  BF.  And  because  BA  is  at  right  angles  to  EP, 
and  EA,  AB,  AF,  are  equal,  each  of  the  angles  EBA,  ABF 
is  half  a  right  angle,  and  the  whole  £BF  is  a  right  ai^le; 
also(4.  l.EIOEBiscqualtoBF.  And  since  EBF.FGD 
are  right  angles,  EB  h  parallel  to  GD,  and  the  trianglei 
EBF,  FGD  are  similar;  therefore  EB  is  lo  BF,  asDGw 
GF,  and  EB  being  equal  toBF,  FGmust  be  equal  toGD. 
And  because  BAD  is  a  rigiit  angle,  BA  the  less  side  is  » 
AD  or  AC  the  greater,  as  the  radius  is  to  the  tangent  of  th( 
angle  ABD ;  and  becjiuse  BGD  Is  a  right  angle,  BG  is  to 
GD  or  GF,  as  the  radius  is  to  the  tangent  of  GBD,  which 
is  the  excess  of  the  angle  ABD  above  ABF  half  a  right  aiK 
gle.  But  because  EB  is  parallel  to  GD,  BG  is  toGF,  u 
ED  is  to  DF ;  that  is,  since  ED  is  the  sum  of  the  3id« 
BA,  AC,  and  FD  their  difference  (3.  of  this),  as  the  taDgeat 
of  half  the  sum  of  the  angles  B,  C,  at  the  base,  to  the  un- 
gem  of  half  ilieir  differeace.  Therefore,  in  any  plane  tri- 
angle, &c.     Q.  E.  D. 

PROP.  V.  Fio.  9.atiJ  ID. 
Is  any  triangle,  twice  the  rectangle  contained  by 
any  two  bides  is  to  the  difference  ot'  tiie  sum  of  the 
squares  of  these  two  sides,  and  the  square  of  the 
base,  as  the  radius  is  to  the  cosine  of  the  angle  in- 
clutle'd  by  the  two  sides. 

Let  ABC  be  a  plane  triangle,  twice  the  rectangle  ABO' 
contained  by  any  two  sides  BA,  BC,  is  to  the  diGeruNH: 
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(be  sum  of  the  squares  of  BA,  BC,  and  the  square  of  tbe 
«se  AC>a3  the  radius  to  the  tosint!  of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  opposite  side 
BC.then  (by  12.  and  13.  2.  El.)  the  difference  of  the  sum 
of  tbe  squares  of  AB,  BC,  and  the  square  of  the  base  AC,  is 
eqoal  to  twice  the  rectangle  CBD ;  but  twice  the  rectangle 
CBA  is  to  twice  the  reciangle  CBD,  that  is,  to  the  difter- 
euce  of  the  sum  of  the  squares  of  AB,  BC,  and  the  square 
of  AB(I.6.),  nsABto  BD;  that  is,  by  Prop.  I.  as  radius 
to  tbe  sine  of  BAD,  which  is  the  complement  of  the  angle 
ABC ;  that  ia,  as  radius  to  the  cosine  of  ABC. 

PROP.  VI.  Fig.  n. 
Iwany  triangle  ABC,  whose  two  sides  are  AB,  AC, 
and  base  BC,  the  rectangle  contained  by  half  the 
peiiQieter,  and  the  excess  of  it  above  the  base  BC, 
is  to  the  rectan}»Ie  contained  by  the  str;iigtit  lines 
by  whtcli  the  half  of  tlie  perimeter  exceeds  the 
other  two  sides  AB,  AC,  as  the  square  of  the  radius 
is  to  the  square  of  tlie  tangent  of  half  the  angle 
BAC  opposite  to  the  base. 

Let  the  angles  BAC,  ABC,  be  bisected  by  tlie  straight 
linea  AG,  BG ;  and  producing  the  side  AB,  let  the  exterior 
angle  CBH  be  bisected  by  the  s'raight  line  BK,  meeting 
AG  in  K  ;  and  from  the  points  G,  K,  let  there  be  drawn 
Mmi^ndicular  upon  the  ^ides  the  aimight  tines  GD,  GE, 
fcP,  KH,  KL,  KM.  Since  therefore  (4.  4 .)  G  is  the  cen- 
tre of  the  circle  inscribed  In  the  triangle  ABC  |  GD,  GF, 
G£  will  be  equal,  and  AD  will  be  equal  to  At:,  BD  to  BF, 
and  CE  to  CF.  in  Uke  manner  KH,  KL,  KM,  will  be 
equni,  and  BH  will  be  eijual  to  BM,  and  AH  to  AL,  be- 

I cause  the  angles  HBM,  HAL,  are  bisected  by  the  siraighi 
Hoes  BK,  KA :  And  because  in  the  triangles  KCL,  KOI, 
tiie  sides  LK,  KM  are  equal,  KG  is  common,  and  KLC, 
|CMC  are  right  angles,  CL  will  be  equal  to  CM :  Since 
therefore  BM  is  equal  lo  BH,  and  CM  to  CL;  BC  wilt 
tc  equal  to  BH  and  CL  toijclher;  and,  adding  AB  und 
AC  together,  AB,  AC,  and  BC  will  togetKer  be'  equal  to 
AH  and  AL  together:  But  AH,  AL,  are  equal :  Where- 
fore each  of  them  is  equal  to  lialf  the  perimeter  of  the  tri- 
atigle  ABC:  But  since  AD,  Ali,  are  equal,  and  BD,  BF, 
and  also  CK,  CF ;  AB,  together  with  FC,  will  be  equal  to 
ieii  tlie  perimeter  of  the  triangle  to  which  AH  or  ALwai 


ft 


PLANE   TRIGONOMETRY. 

shown  to  be  equal;  taking  nway  therefore  the  comDiooAB, 
the  remainder  FC  will  be  equal  to  the  temauider  BU:  In 
the  same  manner  it  is  dt^mnnarratetl,  that  BF  isequal  toCL: 
And  since  the  points  B,  D,  G,  F,  are  in  a  circle,  the  angle 
DGF  will  be  equal  to  the  exterior  anil  opposite  angle  FBH 
(22.  3.);  wherefore  their  halves  BGD.HBK,  will  beequsl 
to  one  another:  'Ihe  right  angled  triangles  BGD,  UfiK, 
will  therefore  be  equiangular,  and  GD  will  betoBDiai 
BH  to  HK(  and  the  rectangle  contained  by  GI^  HK, 
will  be  equal  to  the  rectangle  DBKorBFC:  Bat  siuct 
AH  is  to  HK,  as  AD  to  DG,  the  rectangle  HAD  (22.6.) 
will  be  to  the  rectangle  contained  by  HK,  D G, op  tjje  rect- 
angle BFC,  (as  the  s<)uare  of  AD  is  to  the  square  of  DG, 
that  is)  as  the  square  of  the  radius  is  to  the  square  of  the 
tangent  of  the  angle  DAG,  that  is,  the  half  of  BAC:  But 
HA  is  half  the  perimeter  of  the  triangle  ABC,  and  AD  is 
the  excess  of  the  same  above  HD,  that  is,  above  the  base 
BC  ;  but  BF  or  CL  is  the  excess  of  HA  or  AL  above  the 
side  AC,  and  FC,  or  HB,  is  the  excess  of  the  same  HA 
above  the  side  AB ;  therefore  the  rectangle  contained  by  half 
the  perimeter,  and  the  excess  of  the  same  above  the  bau, 
viz.  the  rectangle  HAD,  is  to  the  rcctaogle  coatained  by 
the  straight  lines  by  which  the  half  of  the  perimeter  ex- 
ceeds the  other  two  sides,  that  is,  the  rectangle  BPC,  »! 
the  square  of  the  radius  is  to  the  square  of  the  tangent  of 
half  the  angle  BAC  opposite  to  the  base.     Q.  E.  D. 

PROP.  VII.     Fic.  12.  IS. 

In  a  plane  triangle  the  base  is  to  the  sum  of  the 
sides  as  the  difft^rence  of  the  sides  is  to  the  sum  or 
difference  of  the  segments  of  the  base  made  by  the 
perpendicular  upon  it  from  the  vertex,  according  as 
the  sqtiare  of  the  greater  side  is  greater  or  less  Aan 
the  sum  of  the  squares  of  the  lesser  side  and  the  base. 

Let  ABC  be  a  plane  triangle;  if  from  A  the  vertex  be 
drawn  a  straight  line  AD,  per|>endicular  upon  the  baseBC, 
the  base  BC  will  be  toihe  sum  of  the  sides  BA,  AC,88ll« 
difference  of  the  same  sides  is  to  the  sum  or  diSsreoc*  of 
the  segmpnts  CD,  BD,  according  as  the  square  of  AC  ibe 
greater  side  is  greater  or  less  than  tlie  sum  of  the  square; 
of  the  lesser  side  AB,  and  the  base  BC. 

About  A,  as  a  centre,  with  AC  tlic  greater  side  for  a  di)- 
lance,  let  a  circle  be  described  meeting  AB  produced  iaE> 
F,  andCBinG  :  It  is  manifest,  that  FB  is  the  sQii],andWi 
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the  dif&rence  of  the  sides ;  and  since  AD  is  perpendicular 
to  GC,  GD,  CD  will  he  equal ;  consequently  GB  will  be 
equal  to  ilie  sum  or  difference  of  the  segments  CD,  BD, 
according  ns  the  perpendicular  AD  meets  the  base  pro- 
duced, or  the  base;  that  is  (by  \2  13.  2.)i  according 
as  the  stjuare  of  AC  is  greater  or  less  than  (lie  sum  of  the 
AJnarea  of  AB,  BC :  But  (by  55.  3.)  the  rectangle  CBG  is 
«qi»al  to  the  rectnngle  EBF;  that  is  (16.  6.)  BC  is  to  BF, 
U  B£  is  to  BG  ;  that  is,  the  base  is  to  tlie  sum  of  the  sides 
as  the  difference  of  the  sides  is  to  tlie  sum  or  difference  of 
the  segments  of  the  base  made  by  the  perpendicular  from 
the  veitei,  according  as  the  square  of  t!ic  greater  side  is 
greater  or  less  llian  the  sum  of  the  squares  of  the  lesser 
side  land  the  base.     Q.£.D. 

PROP.  VIII.    PROa  F.c.  14. 
TuE  sum  and  difference  of  two  inagnittjdes  being 
given,  to  find  Iheni. 

Half  the  given  sum  added  to  half  the  given  difference, 
will  be  the  greater,  and  half  the  difference  subtracted  from 
tiall'the  sum,  will  be  the  less. 

For  let  AB  he  the  given  sum,  AC  the  greater,  and  BC 
the  le?s.  Ut  AD  be  h«lf  the  given  sum ;  and  to  AD,  DB, 
which  ore  equal,  let  DC  be  added  ;  then  AC  will  be  equal 
to  "BD  and  DC  lo.eether;  that  is,  to  BC,  aiul  twice  DC; 
consequently,  twice  DC  is  the  difference,  and  DC  half  that 
diflfercnce;  but  AC  the  greater  is  equal  to  AD,  DC;  thai 
is,  to  half  the  sum  added  to  half  llie  difference,  and  BC 
(he  less  is  equal  to  the  excess  of  BD,  half  the  sura,  above 
""half  die  difference.  Q.E.D. 
aCHOLlUM. 

Of  the  six  parts  of  a  plane  triangle  (the  three  sides  and 

ree  angles)  any  three  being  given,  to  find  the  other  three 
b  the  business  of  plane  trigonometry;  and  the  several  cases 
of  that  problem  may  be  resolved  by  means  of  the  preceding 
dropositlnns,  as  in  the  two  fblloK-ing,  with  the  tables  annexed. 
In  these,  the  solution  is  expressed  by  a  fourth  pioportiona!  to 
three  given  lines;  but  if  the  given  parts  be  expressed  by 
numbers  from  tripirrometrical  tables,  it  may  be  obtained 
Britliiiurtk-ally  by  the  common  Rule  of  Three. 

Non.  Ill  ihe  tubln  ibe  roJIoirins  iit>bretiiitifiti'<  tn  iia^d:  R.  h  pvT  fat 
AiflUdlin ;  T.  (orTnnRcxt :  aiid  S.  lor  S»e.  Dfgren.  nii>alei,*McMd>,  &c. 

■I*  «it«n  ill  ibu  suiuiMr :  Id*  ti!  19".  li&  nliicb.  i4M>ifi«i  SO  dcgccmt  Si> 
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Solution  of  the  Cases  of  Right  Afigkd  Triangles. 


GENERAL  PROPOSmoiJ. 

In  a  right  aogled  trkiQgle,  of  the  three  sides  and 
three  angles,  any  two  being  given  besides  the  right 
angle,  the  other  three  may  he  found;  ^jpcepC  ^Heff 
the  two  acute  angles  are  given ;  in  whidh  ctiAe  thi 
ratios  of  the  3ides  are  only  given,  being  the  sam&  wits 
the  ratios  of  the  sines  of  the  angles  opposite  to  tbein* 

It  is  manifest  from  47«  1  •  that  of  ihfe  two  sides  atidltypb^ 
thenuse,  if  any  tyro  be  given,  the  third  may  also  be  found.  It 
is  also  manifest  from  82.,  1.  that  if  one  of  the  acute  angles 
of  a  right  angled  triangle  be  given,  the  other  is  abo  giveb^ 
for  it  is  the  complement  of  the  former  to  a  tight  angle. , 

If  two  angles  of  any  triangle  he  given,  the  thira  is  also 
giv^n,  being  thfe  supplement  of  the  iW6  given  an^tfa  ib  tiro 
right  angles, 
fig.  15.     Xhe  other  cases  may  be  resolved  by  help  of  the  pretfedtt^ 
pA^K>sitions,  as  in  thd  following  table. 

Given.  Souffht. 

•    •      ■         ■  I  .-•.-.•  •  CI     ■        ■  ,       ■  ....  J  . 


1 


Two  sides,  AB, 
AC. 


AB,BC,aside 

and  the  hypo- 
thenuse. 


AB,  B,  a  side 
and  an  angle. 


AB  and  B,  a 
side  and  an  an- 


ffle. 


(i   BC  and  B^the     The    side 


hypothenuse 
and  an  angle. 


r  -5    r.    I    • 


The  angles 


B,C. 


The  angles 
B,C. 


ITie  other 
side  AC. 


The  hypo- 
thenuse BC. 


AC. 


AB:AC::1l:T,.  b,  ci[ 
which  C  is  the  campieineDt. 


BC  :  BA  : :  R  2  S,  C, 
which  B  is  the  con)[dcmenti 


R:T,B::BA:AC. 


S,C:R::BA:Ba 


1*1  I 


^■Mi 


R:SvB::BC:GA. 


»■   •'  « '     .ft 


These  five  cases  are  resolved  by  Pn^4» 


'  "^'"mff 


9hAH% 


O'dHeallftRY* 


«M 


Solutim  i^  the  Cam  df  Oblique  AngM  Tftmgles. 


■•■ts=si 


/  . 


.1 


-  Li/ 


OENlRAL  f  ROPOSITliON. 

In  an'o^Hqu^  angled  triangle,  of  the  three  sides 
and  Ihree.angles,  any  tttree  being  given,  theoth^r 
thi^ee  maiy  be  foaild^  exiiept  when^  three,  angles 
are  given  p  kt  Which  cdse  the  ratios  of  the  sides 
are"lni!!y"*givitf,  bftfn^  the  same  with  the  ratios  of 
fhe^incs  of  the  anglfe  opposite  to  ihem. 


•  •  1  - 


■ .  1 ' 


^i: 


tk 


tore  C,  sfiia  tb( 
pideA^V 


[  BC,  AC. 


■* .  u 


I  /fhe  angles 


B^twoisiilqsaBdAaudC.  . 

site  to  one  oi\ 

'   tbc'qnw;    ■  ,'.'..♦     ' 

mi    iht    .iot[  .    ! 

cladd4  togie. 


S,  C  :  S,  A  :  :  AB  :  Bt, 
and  also  S;  C  :  S,  B  : :  AB 

:  AC.  (2.)  : 


■ii  I  fc- 


AC:  A]fe::S,  B  :  S,  C. 

2.)  This  (jase  admits  of  two 
solutions ;  for  C  may  be 
greater  or  less  than  a  quii- 
drant.     (Qor,  to  def.  4.) 

i 1 


Fig.  1€.  17. 


AB  +  Ad:AB-AC::t, 


Zi 


c+B  ^  k:-.b 

2        •   *>  •       a 


(3). 


the  sum  ind  difference  ^f 
the  angle^  C,  B,  beidg 
given,  eafch  of  them  is 
given,  (5^.)  Otherwi&B, 
Fifi.  18,    ; 

^.  BAi.Alt-:iJL:UVBli, 

and  alsoR:T,  ABD-45^ 

B+C         B-C 
:T,  -2L,:T,-r-.  (4.) 


therefore  B  and  C  are  given 
as  before.     (7.) 


^mtmmmm 


!>I2 
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Given. 


Sought 


.#■ 


■teMNife 


ibe  three  sides,  three  an^es.  CBq.  Fic.  17*  (4^) 


OkRj  BC^f  CA| 


2ACxCB:  ACq-fCBq 
— ABq  :%:  R  :  CoS,  C.  If 
ABq+CBq  be  greater  than 
ABq.  Fig.  16. 

2ACxCB:ABq^ACq 

— CBq!:R:Cod»C.    If 

A,B|  C,  the  ABq  be  greater  than  AC4+ 


•  LetAB+BC +AC=2P. 
PxP-AB:P-ACx 


Zi»m~tm 


P  — BC  ::R4]:Tq,   fC, 
and  hence  C  is  known.  (5.) 
OtherwUey 

Let  AD  be  perpendicular 
to  BC.  1.  If  ABq  be  less 
than  ACq+CBq.  Pio.  16. 
BC  :  BA+AC  :  :  BA- 
AC  :  BD--IX;  and  BC 
thesum  cf  BD|  DC  is  gifen ; 
therefore  each  of  them  is 
given.  (7.) 

2.  If  ABq  be  greater  than 
ACq+CBq.  FiG.  I?.  BC  : 
BA+AC::BA— AC:BD 
-f  DC;  and  BC  the  differ- 
ence of  BD,  DC,  is  giveo, 
therefore  each  <k  them  is 
given.    (7.) 

And  CA  :  CD  :  :  R  :  Co 
S,  C.  (1.)  and  C  being 
found,  A  and  B  are  found 
by  case  6  or  3. 


I 


TKY. 


jftj^/*    46*^:. 


Fig. 17. 


CONSTRUCTIONS 


OF  THE 

TRIGONOMETRICAL  CANON. 


A  Trigonometrical  Canon  U  a  Table,  which,  beginning 
from  one  second  or  one  minute,  orderly  expresses  the 
lengths  that  every  sine,  tangent,  and  secant  have,  in  re- 
spect of  the  radius,  which  is  supposed  unity;  and  is  con- 
ceived to  be  divided  into  10000000  or  more  decimal 
parts.     And  so  the  sine,  tangent,  or  secnnt  of  an  arc,  may 
be  had  by  help  of  this  table  ;  and,  contrariwise,  a  sine, 
tangent,  or  secant  being  given,  we  may  find  the  arc  it 
expresses.     Take  notice,  tlmt  in  the  following  tract,  R 
signifies  the  radius,  S  a  sine,  Cos.  a  cosine,  T  a  tan- 
'   gent,  and  Col.  a  cotangent ;    also  ACq  signifies  llie 
square  of  the  riglit  line  AC ;  and  the  msrlts  or  characters, 
+  ,  —,=,;,  ::,  and  v',  are  severally  used  to  signify 
Q   addition,  subraction,  equality,  proportionality,  and  the 
,   extracttou  of  the  square  root.     Again,  when  a  line  is 
,    drawn  over  the  sum  or  difference  of  two  quantities,  then 
that  sum  or  difference  is  to  be  considered  as  one  quantity. 


Constructmis  of  the  Trlgonomelrical  Canon.  'S 


m 


.  PROP.  I.     THEOR. 

The  two  sides  of  any  right  angled  triangle  being 

Ipven,  the  other  side  is  also  given, 

i     For{bv47.  I.)  ACq=ABq  +  BCq,  and  ACq-BCq=  Pi 
ABq,  ana  interchangeably  ACq— ABq=BCq.     Whence, 
bj  the  extraction  of  the  square  root,  there  is  given  AC:^ 
*''ABq  +  BCq ;    and  AB  =  •  ACq  —  BCq ;  and  BC  = 
V'ACq-ABq. 

PROP.  II.   PROB. 

ITiiE  sine  DE  of  the  arc  BD,  and  tlie  radius  CD,  r*»-^ 

-fceing  given,  to  find  the  cosine  DF. 
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The  radius  CD,  and  the  sine  DE,  being  given  in  the  right 
angled  trianjgle  CDE,  there  will  be  given  (by  the  last  Prop.) 
V'Cbq-DEq=  (CE=)DF. 

PROP.  III.     PROB. 

Fig.  «9.  The  sine  DE  of  any  arc  DB  being  given,  to  find 
DM  pr  3M,  the  sine  of  half  the  arc. 

'  •  ,  ■  *     ft 

P£  being  given,  CE  (by  j^he  l^st  Prop*)  will  be  gifjpn, ' 
^nd  accordingly  ^B,  which  i^  |he  iiS^iipc^^  bie^fteo  ^he 
CQsine  and  rad^    Th^refooe  PE,  £B,  ^ipg  giY^^9  Vi  ^^ 
right  angle4  triangle  DISS,  ^h^re  will  he  givien  JPfi^vhpse 
\j^{  DM  U  the  ^ipe  of  tbe  arc  Dhszi  ihe  ^«  PD. 


PROP.  IV.    PROB. 

fig.  99.  Toe  *ine  BM  of  tbe  arc  BL  be|ng  ffyev^  tp  fipd 
^e  dine  of  double  tb^t  arc. 

The  sine  BM  being  rivien,  there  will  be  given  (t|y  Prop. 
S.)  the  cosine  CM.  But  the  triangles  GBM,  iDBE,  are 
•quiangular,  because  the  angles  at  £  and  M  are  right  an- 
gles, and  the  angle  at  B  common :  Wherefore  (by  4. 6^,)  we 
have  CB  :  CM  :  :  (BD,  or)  2  BM :  DE.  Whence,  since 
the  three  first  terms  of  this  analogy  are  given,  the  fourth 
also,  which  is  the  sine  of  the  arc  DB,  will  be  known. 

Cor.  Hence  CB  :  2  CM  : :  BD  :  2  DE ;  that  is,  the  ra^ 
dius  is  to  double  the  cosine  of  one  half  of  the  arc  Do,  as 
the  subtense  of  the  arc  DB  is  to  the  subtense  of  double  that 
arc.  Also  CB  :  2  CM  : :  (2  BM  :  2  DE  : :)  BM  :  DE:: 
4  CB  :  CM.  Wherefore  thp  sine  of  an  ^rc,  and  the  sine  of  iU 
2louble  being  given,  the  cosine  of  the  ?irc  itself  is  given. 


PROP,  V.    PROB. 

Fig.  30.  The  sines  of  tTvo  arcs,  BD,  FD,  being  giyeij,  to 
find  FI,  the  sine  of  the  sum,  as  likewise  EI^'  thfe 
sine  of  their  difference. 

Let  the  radius  CIJ  be  drawn,  and  then  CO  is  the  cosine 
«f  the  arc  FD,  which  accordingly  is  given,  and  draw  OP 
t(if6vigl>  (Q  pantllel  ito  DK ;  also  let  OM,  OE,  be  dMwb 
parallel  to  CB.    ^Jif  n  tfipw^  Ac  fri»ngles  £a)|i,' 1^^ 


T&iaONOMETRICAL  CANQ;^.  ^ 

CH]^  Wifl,  FOM,  are  equiangjular^  in  the  jSrst  placp, 
Ct) :  D||[ ; ;  CO :  6P^  which*  coixsequently^  is  known.  Also 
wp  have  CD :  CK  :  :  FO  :  FM  :  and  so,  likewise,  this  will 
bp  known.  But  because  FO=:EO,  then  will  FM:=MG=: 
ON;  and  so  OP+FM=:FI=:siue  of  the  sum  of  the  arcs: 
4na  OP-FM  :  that  is,  OP-ON=EL=sine  of  the  4if- 
fec^Ape  .of  the  arcs :  which  were  to  be  found. 

Cpk.  Bi&cayse  the  differences  of  the  arcs  BE,  BD,  BF, 
are  eou^,  the  arc  BD  is  an  aritlunedcal  mean  bejt^een  the 

vq?,^^bf:  •      • 


PROP.  VI.    THEO?. 

TtHm^ffifie  Things  being  supposed,  the  radifus  is  to 
doqble  the  cosine  of  thi^  nnean  arc,  as  the  sine  of 
the  difference  is  to  the  difference  of  the  sines  of  the 
extremes. 

For  we  have  CD :  CK  : :  RO :  FM  j  whence  by  doublinff  Fig.  90^ 
the  consequents,  CD :  2CK  : :  PD :  (2  FM,  or)  to  FG,  whicS 
is  the  difference  of  the  sines  EL,  FI.     Q.  E.  D. 

CoB.lf  the  arc  BD  be  60  d^rees,  the  difference  of  the 
siixes  Fl,  EL,  will  be  equal  to  the  sine  FO  of  the  diflfer- 
ehce.  For,  in  this  case,  CK  is  the  sine  of  30dcgjpees ;  the 
d.ouble  whereof  is  equal  to  theraaius  (by  15.  4.)  5  ahd  so, 
rince  CP=2CK,  we  shall  haire  FOnFG.  And,  conse. 
quently,  if  the  two  arcs  BEi,  BF,  am  equidistant  fVom  the 
arc.  of  60  degrees,  the  difFerence  of  the  sines  will  be  equ^l 
td  the  sine  cJ  the  difference  FD. 

Con.  2.  Hence,  if  the  sines  of  all  arcs  distant  from  one 
atiothcr  by  a  given  interral,  be  given,  from  the  beginning 
of  a  quadrant  to  60  degrees,  the  other  sines  may  be  found 
by  one  addition  only.  For  the  sine  of  61  degrees  =: the 
sine  of  51/  degrees  +  the  sine  of  1  degree;  and  the  sine  of 
63  degrees = the  sine  of  58  degrees  +  the  sine  of  2  degrees. 
Also,  the  sine  of  63  degrees  r:the  sine  of  57  degrees + the 

Cop,  9'  ft  the  sines  pf  all  arcs,  from  the  beginning  of  a 
quadrant,  to  any  part  6f  a  quadrant,  distant  from  each  other 
by  a  given  interval,  be  given,  thence  we  may  find  the  sines 
of  ^  ffifcfi  tQ  tjb^^  4oHUie  of  tbpt  part*  For  exaj^ipk :  let  all 
tjie  i^n^  t9  15  fi€|p%;j^..b^  givf^l  then,  by  t^e  {jreceding^ 
W^««7>  1^  *)M?  s ji w^o.  ^  Amm  m¥^  be  found,  FgsT  .^f 
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radius  is  to  double  tfae  cosine  of  J5  dagrees,  as  the-sine  of 
1  degree  is  to  the  difference  of  the  sines  of  14  decrees,  and 
1)S  degrees ;  So,  also,  is  tiie  sine  of  S  d^rees  to  the  differ- 
ence between  the  sines  of  12  and  18  d^rees;  and  so  <Hi 
continually,  until  you  come  to  the  sine  of  50  degrees. 

After  the  same  manner,  as  the  radius  is  to  double  tiie 
cosine  of  50  degrees,  or  to  double  the  sine  of  60  degrees, 
so  is  the  sine  of  1  degree  to  the  difference  of  die  sln^  of 
29  and  51  degrees : :  sine  2  degrees  to  the  difference  cf  the 
sines  of  28  and  52  degrees : :  sine  3  degrees  to  the  ^fferencif 
of  the  sine  of  27  and  53  degrees.  But,  in  thb  case,  the 
radius  is  to  double  the  cosine  of  50  degrees,  as  1  to  v^5. 

For  (see  the  figure  for  Prop.  15,  Book  IV.  of  the  Ele- 
ments) the  angle  BGC=r60  degrees,  as  the  arc  BC,  its  mea- 
sure, is  a  sixth  part  of  the  whole  circumference ;  and  the 
straight  line  BC = R.  Hence  it  b  evident  that  the  sine  of  50 
degrees  is  equal  to  half  the  radius;  and  therefore^  by  Pkop.2. 

'  R*  "5755* 

the  cosine  of  30degrees=  •&* =T1 — >and  itsdouUe 

=:  •5K^=R  X  V'S.    Consequently,  radius  i^  to  double  die 
cosine  of  50® : :  R :  Rx  v'5  : :  I  :  •S... 

And,  accordingly,  if  the  sines  of  the  distances  from  tfae 
arc  of  50  degrees  be  multiplied  by  v'5,  the  difierenceaof 
the  sines  will  be  had. 

So,  likewise,  may  the  sines  of  the  minutes  in  the  b^in- 
ning  of  the  quadrant  be  found,  by  having  the  sine  and  oo« 
sines  of  one  and  two  minutes,  given.  For,  as  the  radiu3  is 
to  double  the  cosine  of  2': :  sine  1' :  difference  of  the  sines 
of  I'  and  3' :  :  sine  2' :  difference  of  the  sines  of  O'  and.4'v 
that  is,  to  tlie  sine  of  4^  And  so,  the  sines  of  the  four  first 
minutes  being  given,  we  may  thereby  find  the  sines  of  the 
others  to  8',  and  from  thence  to  16',  and  so  on. 


PROP.  VII.    THEOR. 

In  small  arcs,  the  sines  and  tangents  of  the  same 
arcs  are  nearly  to  one  another,  in  a  ratio  of  equa- 
lity. 

Fig.  31.  For,  because  the  triangles  CED,  CBG,  are  equiangular, 
CE :  CB : :  ED :  BG.  But  as  the  point  E  approaches  B, 
EB  will  vanish  in  respect  of  tlie.  arc  BD ;  whence  CE  will 
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beoonr  neirly  equat  to  CB,  and  so  ED  'will  f>e  also  nearly 

equAU)  JEK^*    If  £B  be  less  than  the part  of 

^y^  ^^  10000000  *^ 

tb&mdids;  then  the  difference  between  ,the  sine  and  the 

taoeeiit  wUl  be  also  less  than  the part  of  the 

®  10000000  ^ 

tangent 

[Gp^.  Since  any  arc  is  less  than  the  tangent,  and  greater 
tliai^.its  siDe,  and  the  sine  and  tangent  of  a  very  small  arc 
are  nearly  equal ;  it  follows,  that  the  arc  will  be  nearly 
equal  to  its  sine :  And  so,  in  very  small  arcs^  it  will  be,  as 
arc  is  to  arc,  so  is  sine  to  sine. 


PROP.  VIIL    PROB. 
To^  find  the  sine  of  the  arc  of  one  minute. 

.  ^ 

The  side  of  a  hexagon  inscribed  in  a  circle,  that  is,  the 
subtense  of  GO  degprees,  is  equal  to  the  radius  (by  CorolL  1  &th 
of  the  4th) ;  and  so  the  half  of  the  radius  will  be  the  sine 
of  the  arc  of  30  degrees.  Wherefore  the  sine  of  the  arc  of 
SO  d^rees  being  giv^n,  the  sine  of  the  arc  of  15  degrees 
may  be  found  (by  Prop.  3).  Also  the  sine  of  the  arc  of  15 
d^rees  being given(bythesame  Prop.)  we  may  have  thesine 
of  7  degrees  ^0  minutes.  So,  likewise,  can  we  find  the  sine 
of  the  half  of  this,  viz.  3  degrees  45  minutes ;  and  so  on, 
until  12  bisections  being  made,  we  come  to  an  arc  of  52% 
44%  03%  45',  whose  cosine  is  nearly  equal  to  the  radius ;  in 
vdiich  case  (as  is  manifest  from  Prop.  70  arcs  aie  propor- 
tional  to  their  sines :  and  so,  as  the  arc  of  52%  44%  03^, 
45%  is  to  an  arc  of  one  minute,  so  will  the  sine  before 
found  be  to  the  sine  of  an  arc  of  one  minute,  which  therc- 
iPore  will  be  given.  And  when  the  sine  of  one  minute  is 
fottndi  then  (by  Prop.  2.  and  4.)  the  sine  and  cosine  of  twQ 
xninutes  will  be  had. 


PROP.  IX.    THEOR. 

■  I  ■     ■ 

If.  the  angle  BAC,  being  in  the  periphery  of  a  cir-  Fig.  ss. 
cle,  be  bisected  by  the  right  line  AD,  and  if  AO 
be  produced  until  £>£=  AD  nooetsit  in  £;  then  v 
will  CE=:AB.  . 

Iti  the  quttdrilater^ragiife^  ABDC  (by  22.  3.)  the  angles   - 


1 
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B  fDd  PCA  are  eqaat  to  two  right  iid|^2sDC]£4']>C^ 
(by  13.  1.)  :  whence  the  angle  B=:DC£.  But^  likewbe^ 
the  angle  ^=:DAC  (by  5.  l.)=rDAB,  and  DC=rBBr 

Wherefore  the  tnangl^s  BAD  and  CjCP  furo  copj^nApn^ 
and  so  CE  is  equal  to  AB.    Q.  E.  D. 

/  !,•■■• 

PR6P.  X.     THEOR. 

%  w  Let  tbe  arcs  AB,  BC,  CD,  DE,  EF,  Sec,  be  equal: 
and  let  the  subtenses  of  the  arcs,  AB,  AC,  AEg 
AE,  &c.  be  drawn;  then  will  AB:  AC::  Ae:A^ 

+  AD::AD:A(^+AE:;AE:AP  +  AF::lifV 
AE+AG. 

Let  AD  be  produced  to  IJ,  AE  to  I,  AF  to  K,  and  AG 
to  L,  so  that  the  triangles  ACH,  ADI,  AEK,  AFL,  be  is- 
osceles ones ;  Then  because  the  angle  @AD  is  biseicud^ 
we  shall  have  DHzzAB  (by  the  last  Prop.)  :  so  likewise 
EIsAC,  FK=AD,  alsoGL=AE. 

Put  the  isosceles  triangles  ABG,  ACH,  ADI,  AEK, 
^FL,  because  of  the  equal  angles  at  the  bases,  are  equian- 
gular: Wherefore  it  will  be,  as  AB  :  AC  : :  AC  :  (AH=:) 

AB  +  AD::AD:(AI::?)AC  +  AE::AE:(AK=)AD+ 
AJF::AF:(AL±:)  AE+AG.    4  E.  p. 

CoR.  I.  Because  AB  is  to  AC.  as  radius  is  to  double  the 
cosine  of  f  the  arc  AB,  (by  Coroll.  Prop.  4.)  it  will  also  be, 
as  radius  is  to  double  the  cosine  of  |  the  arc  AB,  so  is  j 
AB  :  i  AC  :  :  f  AC  :  f  AB+  1  AD  : :  i  AD  :  }  AC-f  f 
AE  ; :  ^  AE  :  i  AD  +  i  AF,  &c.  Now  let  each  of  the  ar.c8 
AB,  BC,  CD,  &c,  he  2';  then  will  i  AB  be  the  sine  gf  one 
minute,  i  AC  tlie  sine  of  2  minutes,  |  AD  the  sine  of  3 
,  minutes,  f  AE  the.sine  of  4  minutes^  &c.  Whence,  if  thp 
sines  of  one  and  two  minutes  be  given,  we  may  easily  find 
ail  the  other  sines  in  the  following  manner. 

Let  the  cosine  of  the  are  of  one  minute,  that  is,  the  sine 
of  the  arc  of  89  deg.  59',  be  called  Q;  and  make  the  fol- 
lowing analogies ;  R  :  2  Q  :  :  Sin.  O!  :  S.  1'  +  S.  3'. 
Wherefore  the  sine  of  3  jnjnutes  will  be  given.  Also,  R. : 
2  Q  : :  S.  3' :  S.  2*  +  S.  4'.  Wherefore  the  S.  4'  is  given. 
Afid  R. ;  2  Q  : :  S.  4' :  S.Z'+  $.  5'^  and  so%  sine oiS! 
will  be  h^d. 

Likewise,  BL  :  2  Q  :  :  1^,  5' :  S.  4^  +  S.  6';  and  so  we 
shall  have  the  sine  of  6'.  And  in  like  mapi\er,  the  sines  of 
every  minute  of  the  quadrant  will  be  given.  And  because 
the  i adi^is,  or  the  fir^t  terj?  ^ ths.anajl^,  ^  j^ty,  the  qpe- 
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rations  will  be  with  greatMBK  and  expedition  calculated  by 
multiplication,  and  contracted  by  addition.  When  .the 
sines  are  found  to  SO  degrees,  all  the  other  sines  may  be 
had  by  addition  only,  by  Cpr.  1.  Prop.  6. 

The  sines  l^eing  given,  the  taneeiit^  and  seirarits  mayfai^^ 
found  frotn  thjc  following  analo^es  ^ee  Figure  5,  for  thj^ 
^eiin|tio)[)s)  •  because  the  triang^^  BdC,  IQAE,  BHB^  ar$ 

auiangular,  we  have 
C) :  DC : :  BA  :  AE;  that  is,  Cos. :  S. : :  R. :  T. 
At  :  teA : :  JBH  :  HK;  th^t  is,    T.  :  R. : :  R.  :  Cot. 
"® :  BC  : :  PA  :  BE ;  that  i^  Cos. :  Jt,  : :  R. :  Secant. 
;p:)3C::^^:B$;  thatl^    §.:  R. : :  R. :  Co^ec. 
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I,  Thil  indices  or  cicponents  of  a  aeries  of  numbers  mfei»» 
metrical  progression^  proceeding  firom  1,  are  also  caUeathe 
logarithms  of  tlie  numben  in  that  series.*'  Thus  if  a<le- 
note  any  number,  and  the  geometrical  series,  l^a^  a\  c?^(^^ 
&c.  be  pioduoed  by  actual  multiplication,  then  1,  2;  9^  4^ 
&C.  are  called  the  logarithms  of  the  first,  secoad,  tbiri,and 
fourth  powers  of  a  respeetively.  ConsequeDtly,  if,  in  the 
alKYvc^  a  be  equal  to  the  number  2,  then  1  is  the  lotfaritbto 
of  Q,  ^  is  tlie  logarithm  of  4,  3  is  die  logarithai  of  8,  ^  fs 
the  lo^rithm  of  16,  &c.  But  if  a  be  equal  to  10,  then  1 
is  the  logarithm  of  10',  2  is  the  logarithm  of  100,  3  is  the  Id- 
garithm  of  1000,  4  b  the  logarithm  of  10000,  &c    The 

series  may  be  continued  both  ways  from  1.    Thus  —  -^ 

— ,  1,  a,  a*,  a',  a*,  &c.  constitute  a  series  in  geometiv 

a  ,  a, 

tsai  progression,  and,  agreeable  to  the  established  notation 

in  algebra,  the  indices,  or  logarithms,  are  —  4,  —  d,^€} 

—  1, 0,  1, 2,  3, 4,  &c.     If  a  ht  equal  tothe  number  l^lhen 

—4  is  the  logarithm  of -rry  -»3  is  tlie  logarithm  of-p 

\ti  .8 

—2  is  the  logarithm  of — ,  —  1  is  the  logarithm  of-~^  0  ii  the 

logarithm  of  1,  1  is  the  logarithm  of  2,  &c.     If  a  be  equal 

to  10,  then— 4  is  the  logarithm  of  ,  —3  is  die  loga- 

rithm  of ,  —2  is  the  logarithm  of  — ,  —1  is  the  lo- 

lOOO'  ^  lOO' 

garithm  of  — ,  0  is  the  logarithm  of  1,  and  1  is  the  logs* 

rithm  of  10,  &c. 

2.  From  the  above  it  is  evident,  that  the  li^rithms  of  a 
series  of  numbers  in  geometrical  progression,  constitute  a 
series  of  numbers  in  arithmetical  progression.  Begin- 
ning with  I ,  and  proceeding  towards  the  right  hand,  the 
terms  in  the  geometrical  series  are  produced  by  imilti[^ica- 
tion,  but  their  corresponding  logarithttoa  are  produced  by 
addition.— On  the  contrary,  beginning  with  1,  and  proceed- 
ing towards  the  left  hand,  the  terms  in  the  geometncal  pro- 


*  The  reader  ought  to  be  acquainted  with  ariUunetical  and  _ 
progression  and  the  biiioniial  thcorenii  before  lie  eiitert  cm  a  p^^usalofuj 
account  of  logarithms. 
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session  are  produced  by  division,  but  ilieir  corresponding 
logarithms  are  produced  by  subiraction. 

S.  The  same  obsen'alions  apply  to  logariihma  when  tliey 

are  fmctioni.  Thus  if «  "  denote  any  number,  ~i'  T'  T' 

a"    o"     o" 

X     Si     1      *. 

-.1, ,( 1,  a",  1^,  a",  a",  &c.  constitute  a  series  of  numbers 


in  gcoraclrial  progression,  of  which  —  ^^  —  ^",  —  ^,—  ^^^ 
0, 1,  £j  ij  *,  &c.  are  the  logarithms ;  and  it  is  evident  that 

the  assenions  in  the  last  artit^le  hold  true,  both  with  re- 
spect to  the  nunitiers  in  geometrical  progression  uod  their 
corresponding  logarithms.  As  a  and  n  may  be  taken  ai 
pleasure,  it  follows  lliat  numhers  in  very  tlitferent  geome- 
trical progresBioos  may  have  the  same  logarithms ;  and  that 
the  same  series  of  numbers  in  geometrical  progression  may 
have  different  series  of  logarithms  corresponding  to  them. 

4.  If  a  be  an  indefinitely  small  decimal  fTaction,  and 
successive  powei's  of  1  +  a  be  raised,  then  the  excess  of  any 
|)OWer  of  1  -l-a  above  that  immediately  preceding  It  will 
be  indefinitely  small.  Thus  let  a = -0000000000 1,  and 
then  l+aV  =  l'On(KH100000200000000001;  and  l+aV= 
1  000000000030000000000300000000001 1  and  proceed- 
iag  by  actual  multiplication  to  obtain  higher  powers  of 
1-00000000001,  it  will  be  found  that  the  difference  be- 
tween two  successive  powers  is  very  small.  If  instead  of 
supposing,  as  above,  that  a=;'0000000000l,  we  suppose  it 
only  one  millionth  part  of  this  value,  iheu  the  successive 
powers  of  1+a  will  dltler  from  one  another  by  much 
Smaller  decimal  fractions. 

5.  If  therefore  a  he  indefinitely  small  and  successive 
powers  of  1+a  be  niised,  a  series  of  numbers  in  geometri- 
cal progression  wijl  be  produced,  of  which  the  comninn 
numbers  2, 3,  *,  5,  &.c.  will  become  terms.  For  on  every 
multiplication  by  I  +  a,an  indefinitely  smalladditlon  is  made 
to  the  power  multiplied,  and  by  this  indefinitely  small  addi- 
tion, the  next  higher  power  is  produced.  Some  power  of 
i  +a  will  therefore  be  equal  to  the  number  2,  or  so  nearly 
equal  to  it  that  they  may  be  considered  as  equal.  Continu- 
ing tiie  advancement  of  the  powers  of  I  +a,  the  numbers^, 
Jl^  .I,  &c.  for  the  same  reasons,  will  fall  into  the  series. 

6.  The  sum  ofthe  logarithms  ofaiiy  two  numbers  is  equal 


M4  of  A^&kM^n^ii 


to  tbe  logariibfri  ttf  the  (iMltfCt  oTti^^ttMB  M^iMMM 
Thus  if  1  -i-a  raised  td  the^ power  h^eqad  to tb<if  imiMtfr 
N,add  rf  l+d  Wttted  to  the  ii^  p6#JSrf'  te eqorf  tactile 
number  M,  then,  by  the  preceding  articles^  n  is  the  Ipga. 
rkhiii  of  H^"  or  of  its  equal  N,  and  for  the  same  reason 
m  is  the  logarithm  of  M.  Hence  it  follows  that  n+mzz 
theh)gtfitbmbfNKM,  forNxMzi+al"  xM^P.fi 

l:f  a\»+"»  by  the  nature  of  indices.  If  the  logarithm  of 
N  be  subtracted  from  the  logarithm  of  M,  the  difference  b 
equal  to  the  logarithm  of  the  quo^nt  which  arises  ftooi 


the  division  of  M  by  N.    for  -=5=:—-     ssF+oir^*  ^ 

the  nature  of  indices.-^The  addition  of  Ic^ariddas,  there- 
fore,  answers  to  the  multiplication  of  the  natund  numben 
to  which  th^  belong;  and  the  snbtractioti  of  logaiitlnlui 
angers-  to  the  division  by  the  natural  numbers  to  ^hia 
tkey  belong. 

7.  If  the  logBrithms  of  a  series  of  natard  uaimbetii  beaH 
multiplied  by  the  same  number,  the  sereral  products  9rill 
have  the  last- mentioned  properties  of  logarithms.  Thus  if 
the  indices  of  all  the  powers  of  l+a  be  multiplied  by  4 
then  using  the  notation  stilted  in  the  last  arricle^'llie  logih 
rithm  of  N  is  nl^  and  the  logarithm  of  M  is  mU  afcid  tjic  lo* 

garithm  of N X M  is n!+ mJ ;  for N X M sr  1  +  ^*^ X iT^'* 

ni  +al"'X'«',  by  the  nature  of  indice*.     Also  fHl'^nlsi 

the  logarithm  of  —  for  ^'^1+^'^  =  *  +«!        •  Henc< 

tlie  products  arising  from  the  multiplication  of  I  into  the 
indices  of  the  powers  of  l+a^  are  termed  logarithai%  as 
are  also  all  numbers  which  have  the  properties  stated  lit  the 
end  of  article  6.  It  is  6n  account  of  these  properties  that 
logarithms  are  so  very  useful  in  calculations  of  the  highest 
importance. 

8.  If  the  indices  of  the  powers  o^  l+Uy  be  multiplied 
by  a,  the  products  are  called  the  hyperbolic  logiarithm^  of 
the  nambers  equal  to  the  powers  of  1-f  a*    Thus  if  the 

number  N  be  equal  to  i-f  a^  then  na  is  the  hyperbolic 

logarithm  of  N ;  and  if  the  number  M  be  equaF  to-  Hf^H, 
then  ma  is  the  hyperbolic  logarithni  of  M.  Hypefbdie 
logarithra£f  are  not  those  in  conmkiotl  u^e,  but  they  c^  be 
calculitted  with  less  kbour  than  any  other  kind',  and  cOnTi^ 
meet  Ibgarithiiis'  are  obtained  from  tbem. 


0¥  tOGktLi1UM».  4»» 

.  9*  «I#pioo6B8i7e<p0V^erfr  of  a  very  small  fraction  be  r^jiis^df 
they  wiilsaeeessively  be  less  and  lea^  in  value.  This  fruth 
appeaninost  evident  by  putting  the  vabie  in  the  form  of  a 

vu^r  fraction.  Thus  jq^)qqq|  =  lOUOWOOOOO  >  lOOOOOi 

.a.    '  '  "  1  "        ,'        &c 

"*  lOWmJOOOOOOOOOO' 

10.  Jjet  h  be  required  to  determine  the  hyperbolic  loga- 
lUhik  liy  Many  number  N.  Using  the  satee  notation  as  ia 
the  preceding  articles,  T+al'*=N,and  by  extracting  the  n^ 

96bt  of  each  side  of  the  equation,  1  +  a  =:  N  '*.    Put  m  tz  -s-, 

^cl  t +  Jr=iN,  and  then  N^  =1+^'^  =:  (by  the  binMliid 

w— 1  ?n— 1     m— 2 

t|i!c0rem)  l+nw?+wX"nr"^^'*+'^^'nr"^"T^>^  ^ 
-f&c.  zil  +  a.  Now  as  a  is  indefinitely  small,  the  power 
«f  14-ay  which  H  equal  to  the  number  N,  mifit  be  in^fi- 
nitely  high ;  or,  which  is  the  same  thing,  n  must  be  inde« 
fiif ilel^  great.  Consequently  m  must  be  indefinitely  ^ihall^ 
and  therefore  may  be  rejected  from  the  expressions  ^^1, 
f»— 2,  m— S,  &c.    Hence  1  being  taken  from  each  side  of 

the  .above  equation^  we  have  azzmx*^ ^  —  ^ 1» 

2        ?         4 

-p—  &c.    EAch  side  of  this  equation  being  drrided  by  m^ 

A  x'^    ■  x^     x^     i' 

iil6asrc_i=r-~-+— ~-p  +  - — &t.    Butm±i,dnd 

o  X*     jr'     X*     tiT* 

*^"^  ^  =on=x-~  +-- --+ y- &c.  =  L,  the 

hjrperbolic  kmridmi  61  >  N^  by  article  8»    This  series^ 
mrnnHv,  if  jir  be  a  wlioie  number^  does  not  coDret^. 
Let  M  be  a  whole  number,  and  M=:  -?— ,  and  then  x  is 

leas  thM  1.-  For,  multiplying  both  sides  of  the  equation  by 


>JM4^S5iX|^l 


•  ■         •    .  ..  .     ; 

1— ;r        *^        •  •  •  •      JL -:-.*»   .., 

1^- ?=f^''  (by  putting  r=:-.y)  =  1  —  rx+  r  x 
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sons  as  above,  r  muit  pe  inddibitetif;  anyU;'  abd  tIfibdBbft 
may  be  rejected  from  the  fectbra^^lj'r— 4,*r— 15;  &c. 
CoDsequentlyi  taking  1  from  each  side  of  the  ^bove  t^mr 

rjr*    rx*'  rx^    rx^  *•  ■      . 

tion,  an  — rjr— -^ j — — —  —  &c.    But ^rziif 

Und  therefore,  dividing  the  left  hand  side  of  tfie  eqiiaBon 
by  7  and  the  other  by— r  we  have  ap=:J?+— +^+-7: 

*f — -f-  &c.  =:the  hyperbolic  logarithm  of  M. 
1  !•  As,  by  the  last  article,  the  hyperbolic  logarithm  of  N 

,    .     .           X*      x'      x^      x^      x^      x'     ^  , 

orl+J^Mx— — +— — — +-J; -+- — &c.andas 

1  X^        J^      JT* 

the  hyperbolic  logarithm  of  M  or  rii  is  x+  -^ — ^T'^t 

x^     x^     ^'' 
+— +-g-+"r+  &c«  the  hyperbdic  logarithm  of  NxM, 

1  +x 
or  -T is  equal  to  the  sum  of  these  two  series,  that  is,'* 

^jfi    ar*    £r^ 
equal  to  2r+—  +—  H — f  +&c.   This  series  converges 

^ter   than  either  of  the  preceding,  and  its  value  may 

j^  ^5  j,7 

be.  expressed  thus  v  2l.X(x+— +— +—  +  &c) 

■ti'^l                                 !2fi*l-2 
12.  The  logarithm  of =;2X  logarithm  of 7  + 

2w+ll* 
the  logarithm  of  '^_ .     For  as  the  addition  of  io- 

garithms  answers  to  the  multiplication  of  the  numbers  to 
which  they  belong,  the  logarithm  of  the  square  of  any  num« 
ber,  is  the  logarithm  of  the  number  multiplied  by  2.  Hence 

the  logarithm  of  ^   is  2  x  logarithm  of — 2L.  But 

iSTfll*  211+1 

gw+Tt*      g^+T)«^l       gn+lV—l  4«*+4n'' 

n*+gn+l       n+lxn+l     n+1 

■  ■  111— BM^— -  gS^W  III  SS  • 

n*+n  nxn+1  n 


I  .r. 
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^_„^  Jated,  as.  In  the  following  examples. 
iB^uunple  1.  Required  the  hyperbolic  logarithm  of  2.  Put 

-—  =z2,  and  then  tizsi,  ^-rrT=;»  ^nd  l* ^ 

9 
=:  -.    In  order  to  proceed  by  the  series  in  article  11,  let 

=-•>  and  then  JT  =r— '    Consequently, 

.r  =:0.142857U28G 
^=0.00097181730 

1^=0.00001189980 
5 

£^=0^00000017347 

7 

"^^  =0.00000000275 

"^  =0.00000000004 
11 

Sum  of  the  above  terms 0  14384103622     ' 

•     2 

Loff-of|^or?!^or-  -  -0.287682Q7244 
^        1— or     2n+l      3 

The  double  of  which  is  0.5753641 4488,  and  answers  to 

the  first  part  of  the  expression  in  article  12. 

1  +jr     0 
Secondly,  let =-,  and  then  8  +  8jr=9-.9a*,and 

T  bow  is  equal  to  y^.    Consequently, 

X  =0.0588235294 1 
3 

.         '  £  =0.00006784721 

x' 

-  =0.060000 140d6 
o 

x' 

r- =0.00000000035 

Sum  of  the  above  terms  -  -  -  0.0568915  J  78l8 

-  2  ♦  _ 

Log.  of— =— J or  ^ 0.11778303566 

2K 
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which  answers  to  the  second  part  of  the  expression  in  article 
12.  Consequently  the  hyperhoirc  Ingarithfli  of  llie  Dimifaer 
S  is  a5753(>414488  +  0.  J  l778S036fJ=O.69S147l8O54. 
)       The  hyperbolic  logarithm  of  2  being  thus  found,  that  of 
4,  8,  island  all  the  other  powers  of  2,  may  be  obtained  by 
multiplying  the  logarithm  of  2,  by 2, 3, 4,  &c.  respectively, 
as  is  evident  from  the  properties  of  logarithms  stated  in  ar- 
ticle 6.    Thus,  by  multiplication,  the  hyperbolic  logarithm 
of  4=  1.38629436108 
of  8=2.07944154 162 
&c. 

From  the  above  the  logarithm  of  3  may  easily  be  obtained. 

4  3  4 

For  4-r^=4X-p=:3 ;  and  therefore  as  the  logarithm  of- 

was  determined  above,  and  also  the  logarithm  of  4, 

From  the  logarithm  of  4,  viz.  -  -  1.38629436108, 

4 
•  Subtract  the  logarithm  of  -,  viz.   0.28768207244, 


And  the  logarithm  of  3  is    -  -  -  1.098612^864. 

Having  found  the  logarithms  of  2  and  3,  we  can  find, 
by  addition  only,  the  logarithms  of  all  the  powers  of  2  and 
3,  and  also  the  Ic^rithms  of  all  the  numbei-s  which  can  be 
produced  by  multiplication  from  2  and  3.     Thus, 

To  the  logarithm  of  3,  viz. 1 .0986 1 228S64 

Add  the  logaritlim  of  2,  viz.     -  -  0.69314718054 


And  th6  sum  is  the  logtirithm  of  6  -  1.7917594G918. 
To  this  last  found  add  the  logaritiim  of  2,  and  the  sum 
•2.48490664973  is  the  logarithm  of  12. 

The  Iiypcrbolic  logarithms  of  other  prime  numbers  maj 
be  tnorc  readily  culculaied  by  attending  to  the  following 
article. 

13.*  Let  a,  /;,  c,  be  three  numbers  in  aritlimetical  pro- 
,  «rrcssion,  whose  common  difference  is  1.  Let  6  be  the 
prime  number,  whose  logarithm  is  sought,  and  a  and  c 
even  numbers  whose  logarithms  are  known,  or  easily  ob- 
tained from  others  already  computed.  Then,  a  being  the 
least  of  tlie  three,  and  the  common  difference  being  1,  a 

=zi— 1,  and  c=i-f  I.     Consequently  dX en fc—1  Xib+l 

— i!>^— -1,  and  ac+lzzb  :  and  therefore  — =: .  This 

^  ac       ac 

h  a  general  expression  for  the  fraction  which  it  will  bq 
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•    •     •  _%_  ^ 
proper  to  put=:-T ,  that  the  series  expressing  the  hyper- 

bolic  logarithm  may  converge  quickly.     For  as = 

^  ac+aca:=:ac+l— 'acr— JF,  and  therefore  £  acx 
ac 

1 

+x=:l,  and  x  =  - — p-r. 

Example  2.     Required  the  hyperbolic  logarithm  of  5. 

Here  a=4,  ^=6,  and  ^=^J^  =:^-    Consequently, 

'      X  =0.02040aiGS£ 

-  =0.0000028332 


x' 


7  =0.0000000007 


Sum  of  the  above  terms 0.0204109971 


l+x     25 
Log.  of  r or— 0.0408219942 

25 
But  ~~  ><  d  X  3 =25,  and  the  addition  of  Logarithms  an* 

$wers  to  the  multiplication  of  the  natural  numbers  to  whicfi 

they  belong.     Consequently, 

25 

To  the  log.  of  — 0.0408219949 

24 

Add  the  log.  of  8 -  2.0794415422 

And  also  the  log.  of  3  -      -  -  I.O98G  122890 

And  the  sum  is  the  log.  of  25  -  3.2188758254 
The  half  of  this,  viz.  1.6094371^127,18  the  hyperbolic  loga-' 
rithm  of  5  :  for  5  X  5=25. 

Example  3.    Required  the  hyperbolic  lo^rlthm  of  7* 
Here  a^^S^  c=8,  and  a?  =    •    '    ,  =—  and =?  \ 

49 
=:  — .     Consequently, 


2K2 
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\ 

~  =:  0.00000056523 
o  .  . 

X* 

-  =0.00000000002 
o 

Sum  ol  tlie  temjs 0.01030964359 

2 

49 
Log.  of-- 0.020G192871S 

To  which  add  log.  of  8  , 2.0/944154162 

And  also  log.  of  6 1.79175946918 

Tlie  sum  is  the  log.  of  49  -  -  3.89182029798 
49 

For  r-;X6x8=:49fc     Consequently  the  half  of  this,  viz. 
48 

I.9459l014899i  is  the  hyperbolic  Ic^rithm  of 7;  for? 

x7=49. 

If  the  reader  perfectly  understand  the  investigations  and 
examples  already  given,  he  will  find  no  difficulty  in  calcu- 
lating the  hyperbolic  logarithms  of  highier  prime  num- 
bers. It  will  only  be  necessary  for  him,  in  order  to  guard 
against  any  embarrassment,  to  compute  them  as  they  ad- 
vance in  succession  above  those  already  mentioned.  Thus, 
after  what  has  been  done,  it  would  be  proper,  first  of  all,  to 
calculate  the  hyperbolic  logarithm  of  11,  then  that  of  13, 
&c.  "  ^ 

Proceeding  according  to  the  method  already  explained, 
it  will  be  found  ttyit 

The  hyperbolic  logarithm  of  11  is  2.397895273016 

of  13  is  2  564999357*^38 

of  17  is  2.833213344878 

of  19  is  2.944438979941 

Logarithms  were  invented  by  Lord  Neper,  Baron  of 
Merchiston,  in  Scotland.  In  the  year  1614,  he  published 
at  Edinburgh  a  small  quarto,  containing  tables  of  them,  of 
the-  hyperbolic  kind,  and  an  account  of  their  construction 
and  dse.  The  discovery  afforded  the  highest  pleasure  to 
mathematicians,  as  they  were  fully  sensible  of  the  very 

Seat  utility  of  logarithms  ;  but  it  was  soon  suggested  by 
r.  Briggs,  afterwards  Savilian  Professor  of  Geometry  in 
Oxford,  that  another  kind. of  logarithms  would  be  more 
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convenient,  for  general  puiposes,  than  the  hyperbolic. 
That  one  set  of  logarithms  may  be  obtained  from  anotlier 
will  readily  appear  from  the  following  article. 

14.  It  appears  from  articles  1,  3,  and  7)  ti)nt  if  all  thtt 

logarithms  of  the  geometrical  progression  1,  l  +  o)',  l  +  ol', 

1+a?,  I  +  dW  1+0^',  &c.  be  multiplied  or  divided  by 
Any  given  number,  the  products  and  also  the  quotients 
will  likewise  be  logarithms,  for  their  addition  or  subtraction 
will  answer  to  the  multiplication  or  division  of  the  terms 
in  the  geometrical  progression  to  which  they  belong.  The 
same  terms  in  the  geometrical  progression  may  therefore  be 
represented  with  different  sets  or  kinds  of  logarithms  in 
the  following  manner :  . 

1,    iTo^S  T+92,   l+aH  iTa\4,  r+ulVM^^,  &c. 


1,    l+o)',  r+a\^,  i+al8^,  1  +  a\^i,  IT? w,  1  +  a\  &c, 

1,    1+aVS  lT«\^  rr^]'",  r+a]"*,  ir^'^y  \+a\'^,  &c. 
In  these  expressions  I  and  m  denote  any  numbers,  whole 
or  fractional;  and -the  positive  value  of  the  term  in  the 
geometrical  progression,  under  the  same  number  in  the  in- 
dex, is  understood  to  be  the  same  in  each  of  the  three  se- 


ries.   Thus  if  1 4. «!♦  be  equal  to  7,  then  I +g]4z^  jg  equal 

±         

to  7,  as  is  also  r+o)'^.    If  I  +ci\^  be  equal  to   10,  then 


1  +«1^  is  equal  to  10,  as  is  also  l+a\*»,  &c.  If  therefore 
I,  2i,  3/,  &c.  be  hyperbolic  logarithms,  calculated  by  the  me- 
thods already  explained,    the  logarithms  expressed    by 

12     3 

—  '  —  ,  — ,  &c.  may  be  derived  from  them  :  for  the  hv- 

perbolic  logarithm  of  any  given  number  is  to  the  logarithm 
in  the  last- mentioned  set,  of  the  same  number,  in  a  given 

nm  1         ^  4  1  ,  ,        6 

ratio.    Thus  4i :  —  :  :  I  :  -7-  =  -y— ;  also  6i :  —  :  :  I  : 

m  Aim       un^  m 

1/5.  Mr.  Briggs's  suggestion,  above  alluded  to,  was  that 

1  should  be  put  for  the  logarithm  of  10,  and  consequently 

2  for  the  logarithm  of  100,  3  for  the  logarithm  ot  10()(^ 
&c.  This  proposed  alteration  appears  to  Imve  met  with  the 
full  approbation  of  Lord  Neper;  and  Mr.  Kriggs  after- 
wards, with  incredible  labour  and  perseverance,  calculated 
extensive  tables  of  logarithms  of.  this  nesy  kind,  which  arc 
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now  called  cotomon  logarithms,  i  If  the  eKpedUkms  ise* 
thcds  tor  calculating  hyperbolic  logarithms  csLolained  in 
the  foregoing  articles*,  had  been  known  to  Mr.  Briggq,  his 
trouble  would  have  been  comparatively  trivial  with  th^ 
which  be  must  have  experienced  in  his  operations* 

]6.  It  has  been  already  determined  that  the  hyperbolic 
logarithm  of  5  is  1. 609 43/9 127,  And  that  of  2  is 
069  i  1 47 1 8054,  and  therefore  the  sum  of  these  log^rithm^ 
vi^.  2.302  '>8509.524  is  the  hyperbolic  logarithm  of  10.  If, 
therefore,for  the  sakeof  illustration,  as  in  article  14,  we  sup- 
pose l  +  cft^  =:  10, and  allow,  in  addition  to  the  hypothesis 

12     3     4 
there  formed,  that  — ,  — ,  — ,  — ,  &c.  denote  common  lo- 
'  m  m   m    m 

a 

crarithms,  then  61  =:  2.30258609324,  and  —    ==   1 ;   and 
,  m 

the  ratio  for  reducing  the  hyperbolic  logarithm  of  any 
number  to  the  common  logarithm  of  the  same  number,  is 
that  of  2.S0258509324  to  1.  Thus  in  order  to  find  the 
common  logarithm  of  Q,  2.30258509324.:  J  :  :  0.69314? 
18054  :  0.3010299956,  the  common  logarithm  of  2.  The 
common  logarithms  of  10  and  2  being  known,  we  obtain 
the  common  logarithm  of  5,  by  subtracting  the  common 
logarithm  of  2  from  1,  the  common  logarithm  of  10;  for 
10  being  divided  by  2,  the  quotient  is  5.  Hence  th^  com- 
mon logarithm  of  5  is  0.6989700044.  Again,  to  find  the 
common  logarithm  of  3, 2.30258509324  :  1  : :  1.0986122 
8864  :  0.477 1212546  the  common  logarithm  of  S. 

1 7-  As  the  constant  ratio,  for  the  reduction  of  hyperbo?- 
lie  to  common  logarithms,  is  that  of  2.3025850<j324  to  1,' 
it  is  evident  that  the  reduction  may  be  made  by  multiply- 
ing the  hyperbolic  logarithm,  of  the  number  whose  com- 

mon  logarithm  is  sought,  by  ^  .^^^^g^^^^.^^  =  .4342944 

818. 

Thus  1.94591014899,  the  hyperbolic  logarithm  of  7, 
being  multiplied  by  .4342044818,  the  product,  viz. 
.8450980378,  &c.  is  the  common  logarithm  of  7. 

The  common  logarithms  of  prime  numbers  being  derived 
from  the  hyperbolic,  the  common  logarithms  of  other  num- 
bers may  be  obtained  from  those  so  derived,  merely  by  ad- 


♦  Some  of  the  principal  particulars  of  the  foregoing  methods  were  disco- 
vered by  the  celebrated  Thomas  Simpson.  S«e  also  Mr.  Hellins'  Mathe- 
matical £s5ays,  published  in  1788. 
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ditiorfAyl'swblrltctioii.  '  fr'or  ctddlition  of  logtHfithmt^  in  any 
set  or  kind,  answers  tb  the  multiplication  of  the  natural 
nunibers  to  which  they  l5e!ong,  and  consequently  subtrac- 
tion of  logarithms  to  the  division  of  the  natui*al  numbers. 
Hyperbolic  logarithms  are  not  only  useful  as  a  medium 
through  which  common  logarithms  may  b(?  obtained  :  they 
are  absolutely  necessary  for  finding  the  fluents  of  many 
fluKional  expressions  of  the  highest  importance. 

It  is  deem«d  unnecessary,  in  this  place,  to  show  the  uti- 
lity of  logarithms  by  examples.  Being  once  calculated 
and  arranged  in  tables,  not  only  for  common  numbers,  but 
also  for  natural  sines,  tangents,  and  secants,  it  is  manifest 
that  a  computor  may  save  himself  much  time,  and  a  great 
deal  of  labour,  by  means  of  their  assistance  ;  as  otherwise 
multiplications  and  divisions  of  bigh  numbers,  or  of  deci- 
mals to  a  considerable  number  of  places,  would  enter  into 
his  inquiries. 

The  writer  of  the  foregoing  articles  now  considers  the 
design  with  which  he  set  out  as  completed.  He  has  en- 
deavoured to  explain,  with  perspicuity,  the  first  principles 
of  logarithms,  and  their  relations  to  one  another  when  of 
different  sets  or  kinds  ;  and  he  has  laid  before  the  young  ma- 
thematical student  the  most  improved  and  expeditious  me- 
thods by  which  they  may  be  calculated.  If  the  reader 
should  be  desirous  of  further  information  on  the  subject, 
he  may  meet  with  full  gratification  by  a  perusal  of  the  his- 
tory of  discoveries  and  writings  relating  to  logarithms,  pre- 
fixed to  Dr.  Hutton's  Mathematical  Tables.  He  will  also 
find  the  Tables  of  Logarithms,  contained  in  that  volume, 
the  most  useful  for  calculation,  if  in  his  computations  he 
does  not  go  beyond  degrees  and  minutes  :  if  li(J  aims  at  a 
higher  degree  of  accuracy,  he  will  have  recourse  to  Taylor's 
Tables,  in  which  the  Logarithmic  Sines  and  Tangents  arc 
calculated  to  every  second  of  the  Quadrant. 

A.  ROBERTSON, 

Savilian  Professor  of  AsfrortvmJ/j  Oxford, 
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SPHERICAL  TRIGSONOMETRY. 


DEFTNinONS.    .      .      '      "^ 
I. 

Thb  pole  of  a  circle  of  the  q[>bere  k  a  point  io  the  s»per- 
ficies  of  the  sphere,  from  which  all  straight  lines  drawn 
to  the  circumference  of  the  circle  are  equal. 

n. 

A  great  circle  of  the  sphere  is  any  whose  plane  passes 
through  the  centre  of  the  sphere,  add  whose  een^ 
therefore  is  the  same  with  that  of  the  sphere. 

III. 

A  spherical  triangle  is  a  figure  upon  the  superficies  of  a 
spberc  comprehended  by  three  arches  of  three  great  cir- 
cles^ each  of  which  is  less  than  a  sepiieircle. 

IV. 

A  spherical  angle  is  that  on  which  the  superficies  of  a 
sphere  is  contained  by  two  arches  of  great  circles,  and  is 
the  same  with  the  inclinatioo  of  the  planes  of  these 
great  circles. 

PROP.  I. 

Great  circles  bisect  one  another. 

As  they  have  a  common  centre,  their  common  sectioa 
will  be  a  diameter  of  each  which  will  bisect  them. 

PROP.  II.    Fig.  1. 

The  arch  of  a  great  circle  betwixt  the  pole  and 
the  circumference  of  another  is  a  quadrant. 

Let  ABC  be  a  great  circle,  and  D  its  pole ;  if  a  great 
circle  DC  pass  through  D,  and  meet  ABC  in  C,  the  arch 
DC  will  be  a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and  let 
AC  be  the  common  section  of  the  great  circle,  wliicb  will 

?ass  through  E,  the  centre  of  the  sphere  :  Join  DE,  DA, 
)C:  By  def.  I.  DA,  DC  are  eijual,  and  AE,  EC  arc 
also  equal,  and  DE  is  common  ;  therefore  (S.  1).  the  an* 
gles  DEA,  DEC  are  equal ;  wherefore  the  arches  DA, 
DC  are  equal,  and  consequently  each  of  them  i*  a  qua-  ' 
drant.    Q.  E.  D.  , 


,  ^ 
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^'      '        '    PROP.  111.    Fig.  2. 

If  a  ^reat  circle  be  described  meeting  two  great 
circles  AB,  AC  passing  through  its  pole  A  in  li,  C, 
the  angle  of  the  centre  of  the  sphere  upon  the  cir- 
cumference BC,  is  the  same  with  the  spherical  an- 
gle BAG,  and  the  arch  BC  is  called  the  measure 
of  the  spherical  angle  BAG. 

Let  the  planes  of  the  great  circles  AB^  AC,  intersect  one 
another  in  the  straight  line  AD,  passing  through  D  their 
common  centre :  join  DB,  DC* 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants, 
and  the  angles  ADB,  ADC  right  angles ;  therefore  (G  def. 
1 1.)  the  angle  COB  is  the  inclination  of  the  planes  of  the 
circles  AB,  AC ;  that  is,  (def.  4.)  the  spherical  angle  BAC. 
Q.E.D. 

Cor.  If  through  th^  point  A,  two  quadrants  AB,  AC,  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  JBC, 
passing  through  their  extremities  BC. 

Join  AC,  and  draw  A£,  a  straight  line  to  any  other  point 
E,  in  BC ;  join  DE :  Since  AC,  AB  are  quadrants,  the  an- 
gles ADB,  ADC  are  right  angles,  and  AD  will  be  perpen- 
dicular to  the  plane  of  BC  :  Therefore  the  angle  ADE  is  a 
right  angle,  and  AD,  DC  are  equal  to  AD,  DE,  each  to 
each;  therefore  AE,  AC  are  equal,  and  A  is  the  pole  of 
JBC,  by  def.  1.    Q.E.D. 

PROP.  IV.     Fig.  3. 

In  isosceles  spherical  triangles,  the  angles  at  the 
base  are  equal. 

Let  ABC  be  an  isoscelts  triangle,  and  AC,  CB  the  equal 
sides;  the  angles  BAC,  ABC,  at  the  base  AB,  are  eauaL 

Let  D  be  the  centre  of  the  sphere,  and  join  DA,  DB, 
DC  ;  in  DA  take  any  point  E,  from  which  draw,  in  the 
plane  ADC,  the  straight  line  EF  at  right  angles  to  ED, 
meeting  CD  in  F,  and  draw  in  the  plane  ADB,  EG  at  right 
angles  to  the  same  ED ;  therefore  the  rectilineal  angle  FEG 
is  (€.  def.  11.)  the  inclination  of  the  ])lanes  ADC,  ADB, 
and  therefore  is  the  same  with  the  spherical  angle  BAC : 
From  F  draw  FH  perpendicular  to  DB,  and  from  H  draw, 
in  the  plane  ADB,  the  straight  line  HO  at  right  angles  to 
.  HD,  meeting  EG  in  G,  and  join  GF.  Because  Dti  is  at 
right  angles  to  £F  and  EG,  it  is  perpendicular  to  tlie  plane 
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FEG  (4.  11.)  and  therefore  the  plane  FEG  is  perpendictk^ 
lar  to  the  plane  ADB,  in  which  D£  is  (18.  J 1.) :  In  die 
same  manner,  the  plane  FHG  is  perpendicular  to  the  plane 
APB ;  p.ud  thoiefore  CF,  the  commpn  section  of  the  planch 
FEG,  FUG,  is  perpendic^ilar  to  the  plane  ADB  (19.  II.); 
and  bec&use  the  bngie  FHG  is  the  iikclination  of  tiie planes 
BDC,  BDAy  it  is  the  same  with  the  spherical  angle  ABC; 
and  the  sides  AC,  CB  of  the  spherical  triangle  being  eqoat, 
the  angks  EDF,  HDF,  which  stand  upon  them  at  the  cen- 
tre of  the  sphere,  are  equal;  and  in  the  triangles  EDF, 
HDF,  the  side  DF  is  common,  and  the  angles  DEF,  DHF 
are  right  angles ;  therefore  EF,  FH  are  equal :  and  in  the* 
triangles  FEG,  FHG  the  side  GF  is  common,  and  the 
sides  EG,  (iH,  will  be  equal  by  the  47-  I.  and  therefore 
the  angle  FEG  is  equal  to  FHG  (8.  1.) ;  that  is,  the  sphen 
rical  angle  BAC  is  equal  to  the  spherical  angle  ABC. 

• 

PROP.  V.    Fig.  3. 

If,  in  a  spherical  triangle  ABC,  two  of  the  angles 
BAG,  ABC  be  equal,  the  sides  EC,  AC  opposite 
to  them  are  equal. 

Read  the  construction  and  demonstration  of  the  preccdtng 
proposition,  unto  the  words,  "  and  the  sides  AC,  CB,"  &c. 
and  the  rest  of  the  demonstration  will  be  as  follows,  viz. 

And* the  spherical  anc:lcs  BAC,  ABC  being  equal,  the 
rectilineal  angles  FEG,  FHG,  which  are  thesame  with  them 
are  equal ;  and  in  the  triangles  FGE,  FGH',  the  angles  at 
G  are  right  angles,  and  the  side  FG  opposite  to  two  of  the 
equal  angles  is  common ;  therefore  (26.  1.)  EF  is  equal  to 
FH  :  And  in  the  right  angled  triangles  DEF,  DHF,  the 
side  DF  is  common;  wherefore  (47.  1.)  ED  is  equal  to 
DH,  and  the  angles  EDF,  HDF  are  therefore  equal  (4. 1.) 
and  consequently  the  sides  AC,  BC  of  the  spherical  trian- 
gle are  equal. 

PROP.  VI.    Fig.  4^. 

Any  two  sides  of  a  sphericaLtriangle  are  greater 
than  the  third. 

I^et  ABC  be  a  spherical  triangle,  any  two  sides  AB,  BC 
will  be  greater  than  the  other  side  AC. 

Let  D  be  the  centre  of  the  sphere  :  Join  DA,  DB,  DC. 
The  solid  angle  at  D  is  contained  by  three  plane  angles, 
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I 

ADBi  ADC,  BDC  5  and  by  20. 1 1 .  any  two  of  them  ADB, 
BDC/aregKSlefr  than  the  third  ADC;  that  is,  any  two 
sides  fik&j  BC^  of  the  spherical  triangle  ABC,  are  greater 
than  the  third  AC. 

PROP.  VII.    F16.  4. 

The  three  sides  of  a  spherical  triangle  are  less 
than  a  circle. 

L«t  ABC  be  a  spherical  triangle  as  before,  the  three  sides 
AB,  BC,  AC,  are  less  than  a  circle. 

Liet  D  be  the  centre  of  the  sphere :  The  solid  angle  at 

D  is  contained  by  three  plane  angles  BDA,  BDC,  ADC, 

'    which  together  are  less  than  four  right  angles  (21.  11.); 

therefore  the  sides  AB,  BC,  AC,  together,  will  be  less  thaa 

four  quadrants,  that  is,  less  than  a  circle. 

PROP.  VIII.    Fig.  5. 

In  a  spherical  triangle,  the  greater  angle  is  oppo- 
site to  the  greater  side ;  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle  A  is 
opposed  to  the  greater  side  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and 
then  BD,  DA  will  be  equal  (5.  of  this)  and  therefore  AD, 
DC  are  equal  to  BC  ;  but  AD,  DC  are  greater  than  AC, 
(6.  of  this)  therefore  BC  is  greater  than  AC,  that  is,  tlie 
greater  angle  A  is  opposite  to  the  greater  side  BC.  The 
conirerse  is  demonstrated  as  Prop.  19.  1«  £1.     Q.  £.  D.    . 

PROP.  IX.     Fig.  6. 

In  any  spherical  triangle  ABC,  if  the  sum  of  the 
sides  AB,  BC,  be  greater,  equal,  or  less  than  a  se- 
micircle, the  internal  angle  at  the  base  AC  will  be 
greater,  equal,  or  less  than  the  external  and  oppo- 
site BCD;  and  therefore  the  sum  of  the  angles  A 
and  ACB  will  be  greater,  equal,  or  less  than  two 
right  angles. 

Let  AC,  AB  produced  meet  in  D. 

I.  If  AB,  BC  be  equal  to  a  semicircle,  that  is,  to  AD, 
BG,  BD  will  be  equal,  that  is  (4.  of  this),  the  angle  D,  or 
the  «ngle  A,  will  be  equal  lo  the  angle  BCD.     . 
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2.  If  Afi^  BC  t(^her  be  greater  than  a  qemicircle^diat 
1%  greater  than  AfiD,  BC  will  be  greater  than  BD ;  and 
therefore  ^8*  of  this),  the  angle  D,  that  is,  the  angle'A,  is 
greater  than  the  angle  BCD. 

3.  In  the  same  manner  it  is  shown,  that  if  AB»  BC  toge- 
ther be  less  tlian  a  semicirclei  the  angle  A  is  less  than  the 
angle  BCD.  And  since  the  angles  BCD,  BCA  are  equal 
to  two  ri^ht  angles,  if  the  angle  A  be  greater  than  BCD,  A 
and  ACB  together  will  be  greater  than  two  right  ao^es. 
If  A  be  equal  to  BCD,  A  and  ACB  together  will  be  equal 
to  two  right  angles;  and  if  A  be  less  than  BCD,  A  and 
ACB  will  be  less  than  two  right  angles.    Q.  K.  D. 

PROP.X.    Fio.7. 

If  the  angular  points,  A,  B,  C,  of  the  spheriq^il 
triangle  ABC  be  the  poles  of  three  great  circles, 
these  great  circles  by  their  intersectipos  will  form 
another  triangle  FDE,  which  is  called  supple- 
mental to  the  former ;  that  is,  the  sides  FD,  DE, 
EF  are  the  supplements  of  the  measures  of  the 
oppjosite  angles  C,  B,  A,  of  the  triangle  ABC,  and 
the  measures  of  the  angles  F,  D,  K  of  the  triangle 
FDE,  will  be  the  supplements  of  the  sides  AC, 
BC,  BA,  in  the  triangle  ABC. 

Let  AB  produced  meet  DE,  EF,  in  G,  M,  and  AC  meet 
FD,  FE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  passes 
through  A,  EF  will  pass  ihrouijh  the  pole  of  AC  (IS.  1.3. 
1.  Th.)>  and  since  AC  passes  through  C,  the  pole  9!  ED, 
FD  will  pass  through  the  pole  of  AC ;  therefore  the  pole 
of  AC  is  in  the  |K>int  ^,  in  which  the  arches  DF,  EF,  in- 
tersect each  other.  \i^  tlie  same  manner,  D  is  the  pole  of 
BC,  and  E  the  pole  of  AB. 

And  since  F,  E  are  the  poles  of  AL,  AM,  PL,  and  ElVf, 
are  quadrants,  and  FL,  EM  together,  that  is,  FE  and  ML 
together,  are  equal  to  a  semicircle.     But  since  A  is  the  pole 

:  of  ML,  M^  is  the  measure  of  the  angle  BAC^  consequently 
FE  is  the  supplement  of  the  measure  of  the  angle  BAG, 

.  In  the  same  maimer,  ED,  DP  are  the  supplements  of  tjie 

•  measures  of  the  angles  ABC,  BCA. 
.  Since  likewise  CN,BH  are  quadrants,  CNiBH  together, 
that,  is,  NH,  BG  together  are  equal  .to  a  jsemielrcle ;  *o<l 
.since  ji)  i?  jjhe  pole  of  NH,  NH  is.the  iqitBi^ur$5  of ,tltfLin«gl^ 
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FDE^tbtt^fore  the  measure  of  the  angle  FDE  is  the  sup-    • 
plement  of  the  side  BC.    In  the  samemanner,  it  is  shown 
that  tt^e  measures  of  the  angles  DEF,  EFD  are  the  supf>1e- 
ments  of  the  sides  AB,  AC,^in  the  triangle  ABC.  Q.  £.  D. 

PROP.  XL     Fig.  7. 

The  three  angles  of  a  spherical  triangle,  are  greater 
than  two  right  angles,  and  less  than  six  right  angles. 

The  measures  of  the  angles  A,  B,  C,  in  the  triangle  ABC, 
together  with  the  three  sides  of  the  supplemental  triangle 
DEF,  are  (10.  of  this)  equal  to  three  semicircles;  but  the 
three  sides  of  the  triangle  FDE,  are  (7*  of  this)  less  than 
two  semicircles  ^  therefore  the  measures  of  the  angles  A, 
B,  C,  are  greater  than  a  semicircle;  and  hence  the  angles 
A,  B,  C,  are  greater  than  t^vo  right  angles. 

AH  the  external  and  internal  angles  of  any  triangle  are 
equal  to  six  right  angles ;  therefore  all  the  internal  angles 
are  less  than  six  right  angles. 

PROP.  XII.    FiG.^. 

■If  from  any  point  C,  which  is  not  the  pole  of  the 
great  circle  ABD»  there  be  drawn  arches  of  great 
circles  CA,  CD,  CE,  CF,  &c.  the  greatest  of  these 
is  CA,  which  passes  through  H  the  pole  of  ABD, 
and  CB,  the  remainder  of  ACB  is  the  least,  and  of 
any  others  CD,  CE,  CF,  &c.  CD,  which  is  nearer 
to  CA,  is  greater  than  CE,  which  is  more  remote. 

Let  the  common  section  of  the  planes  of  the  great  cir- 
cles ACB,  ADB,  be  AB  ;  and  from  C,  draw  CG  perpen- 
dicular to  AB,  which  will  also  be  perpendicular  to  the 
plane  ADB  (4.  def.  1 1.) ;  join  GD,  GE,  GF,  CD,  CE,  CF, 
CA,  CB. 

Of  all  the  straight  lines  drawn  from  G  to  the  circumfe- 
rence ADB,  GA  is  the  greatest,  and  GB  the  least  (7.  3.) ; 
and  GD,  which  is  nearer  to  GA,  is  greater  than  GE,  which 
Is  more  remote.  The  triangles  CG  A,  CGD,  are  right 
angled  at  G,  and  they  have  the  common  side  CG ;  there* 
fore  the  square^of  CG,  GA  together,  that  is,  the  square  of 
C  A,  is  greater  than  the  squares  of  CG,  GD  together,  that 
is,  the  square  of  CD:  And  CA  is  greater  than  CD,  and 
therefore  the  arch  CA  is  ^ater  than  CD.  In  the  same 
manner,  since  GD  is  greater  than-GE,  aad  G£  than  GF, 
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&c.  it  is  shown  tkat  CD  is  greater  than  CE»  ted  CE  than 
CF,  &c.  and  coDsrqaeoilT,  jtbe  arch  CD  greater  than  fte 
arch  CE^  and  the  arch  CE  greater  than  tbe  anA  OF,  &c; 
And  since  GA  is  the  greatest,  and  GB  tlie  least  of  all  ^ 
.  straight  lines  drawn  from  G  to  the  circumference  ADB»  it 
it  manifest  that  C  A  is  the  greatest,  and  CB  the  least  of  all 
the  straight  lines  drawn  from  C  to  t\\e  circumference :  And 
therefore  the  arch  C  A  is  the  greatest,  and  CB  the  least  of 
all  the  circles  drawn  through  C,  meeting  ADB«    Q.  E.D. 

PROP.  XIII.    Fig.  9. 

In  a  right  angled  spherical  triangle,  the  sides  are  of 
the  same  afTection  with  the  opposite  angles;  that  is, 
if  the  sides  be  greater  or  less  than  quadrants,  the  op- 
posite angles  will  be  gieater  or  less  than  right  an^ed. 

Let  ABC  be  a  spherical  triangle,  right  angled  at  A,  any 
side,  AB,  will  be  of  the  same  affection  with  the  opposite 
angle  ACB. 

Case  1.  Let  AB  be  less  than  a  quadrant,  let  AE  be  a 
quadrant,  and  let  £C  be  a  great  circle  passing  through  E, 
C.  Since  A  is  a  right  angle,  and  AE  a  quadrant,  £  is  the 
pole  of  the  great  circle  AC,  and  ECA  a  right  angle;  but 
EGA  is  greater  than  BCA,  therefore  BCA  is  less  than  a 
right  angle.  Q.E.D. 
Fig.  10.  Case  2.  Let  AB  be  greater  than  a  quadrant,  make  AEa 
quadrant,  and  let  a  great  circle  pass  through  C,  E,  ECA 
is  a  right  angle'  as  before,  and  BCA  is  greater  than  ECA, 
that  is,  greater  than  a  rigiit  angle.     Q.  E.  D. 

PROP.  XIV. 

If  the  two  sides  of  a  right  angled  spherical  triangle 
be  of  the  same  afFcction,  the  hypothenuse  will  be 
less  than  a  quac^rant;  and  if  they  be  of  different 
affection,  the  hypothenuse  will  be  greater  than  a 
quadrant. 

Let  ABC  be  a  right  angled  spherical  triangle,  if  the  two 
sides  AB,  AC,  be  of  the  same  or  of  different  affection,  th6 
hypodienuse  BC  will  be  less  or  greater  than  a  quadrant. 
Fig.  9.  Case  1.  Let  AB,  AC  be  each  less  than  a  quadrant  Let 
AE,  AG,  be  quadrants ;  G  will  be  the  pole  of  AB,  and  E 
the  pole  of  AC,  gnd  EC  a  quadrant;  but  by  Prop.  12,  CE 
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IS  greater  than  CB,  since  CB  is  farther  ofF  from  CGD  than 
CJE.  In  the  same  manner,  it  is  shown  that  CB,  in  the  tri- 
angle CBD,  where  the  two  sides  CD,  BD,  are  each 
graater  than  a  quadrant,  is  less  than  CE,  that  is,  less  than 
«  quadrant.    Q.  £.  D. 

•    Case  ^  Let  AC  be  less,  and  AB  greater  than  a  quadrant ;  Fig,  lo. 
then  the  hypothenuseBC  will  be  greater  than  a  quadrant: 
for  let  AE  be  a  quadrant,  then  E  is  the  pole  of  AC,  and  EC 
will  be  a  quadrant.  But  CB  is  greater  than  CE  by  Prop.  12. 
since  AC  passes  through  the  pole  of  ABD.    Q.  E.  D. 

PROP.  XV. 

Jf  the  hypothenuse  of  a  right  angled  triangle  be 
greater  or  less  than  a  quadrant,  the  sides  will  be 
of  different  or  the  same  affection. 

This  is  the  converse  of  the  preceding,  and  demonstrated 
in  tlie  same  manner* 


PROP.  XVI. 

In  any  spherical  triangle  ABC,  if  the  perpendicu- 
lar AD  from  A,  •on  the  base  BC,  fall  within  the 
triangle,  the  angles  B  and  C  at  the  base  will  be  of 
the  same  affection ;  and  if  the  perpendicular  fall 
without  the  triangle,  the  angles  B  and  C  will  be  of 
different  affection. 

1.  Let  AD  fall  within  the  triangle;  then  (13.  of  this),  Fig.  it. 
since  ADB»  ADC  are  right  angled  spherical  triangles,  the 
angles  B,  C,  must  each  be  r>f  the  same  affection  as  AD. 

2.  Let  AO  fall  without  the  triangle,  then  (13.  of  this)  Fig.  13. 
th^  angle  B  is  of  the  same  affection  as  AD ;  and  by  the 
same  the  angle  ACD  is  of  the  same  affection  as  AD ; 
therrfore  the  angle  ACB  and  AD  are  of  different  affection, 

and  the  angles  B  and  ACB  of  different  affection. 

Cor.  Hence  if  the  angles  B  and  C  be  of  the  same  affec- 
tion, the  perpendicular  will  fall  within  the  basej  for,  if  it 
did  not  (16.  of  this).  Baud  C  would  bd  of  different  affec- 
tion. And  if  the  angles  B  and  C  be  of  opposite  affection, 
the  perpendicular  will  fall  without  the  triangle ;  for,  if  it 
i\A  Dpi  (16.  of  this),  the  angles  B  and  C  would  be  of  th^, 
same  affection,  contrary  to  the  supposition. 
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I.      • 


PROP.XVir.    Fig.  IS. 

In  right  angled  sphericul  triangles  ^  sine  of  either 
of  the  sides  about  the  right  angle/ls  to  the  radius 
of  tBe  sphere,  as  the  tangent  of  the  remaining  side  is 
to  the  tangent  of  the  angle  opposite  to  that  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A;  and 
let  AB  be  either  of  the  sides,  the  sine  of  the  side  AB  will  be 
to  the  radius,  as  the  tane^ent  of  the  other  side  AC  to  the 
tangent  of  the  angle  ABC,  opposite  to  AC.  Let  D  be  the 
centre  of  the  sphere ;  join  AD,  BD,  CD,  and  let  AE  be 
drawn  perpendicular  to  BD,  which  therefore  will  be  the 
sine  of  the  arch  AB,  and  fron^  the  point  E,  let  there  be 
drawn  in  the  plane  BDC  the  straight  line  £F  at  right  an- 
gles to  BD^  meeting  DC  in  F,  and  let  AF  be  joined.  Since 
therefore  the  straight  line  D£  is  at  right  angles  to  both  £A 
and  EF,  it  will  also  be  at  right  angles  to  the  plane  A£F 
(4.  1  l.X  vvherefore  the  plane  ABD,  which  passes  through 

.  DE  is  perpendicular  to  the  plane  AEF  (18.  11.)  and  the 
plane  A EF  perpendicular  to  ABD:  The  plane  ACDor 
AFD  is  also  perpendicular  to  the  same  ABD :  Therefore 

.  the  common  section,  viz.  the  straight  line  AF,  is  at  right 
anc:les  to  tlie  plane  ABD  (19.  11.):  And  FAE,  FAD  arc 
right  angles  (3.  def,  l).);  therefore  AF  is  the  tangent  of 
the  arch  AC,  and  in  the  rectilineal  triangle  AEF  having  a 
right  angle  at  A,  AE  will  be  to  the  radius  as  AF  to  the  tan^ 
gent  of  the  angle  AEF  (1.  PI.  Tr.) ;  but  AE  is  the  sine  of 
the  arch  AB,  and  AF  the  tangent  of  the  arch  AC,  and  the 
angle  AEF  is  the  inclination  of  the  planes  CBD,  ABD 
(G.  def.  1 1.),  or  the  spherical  angle  ABC  :  Therefore  the 
sine  of  tlie  arch  AB  is  to  the  radius  as  the  tangent  of  the 
arch  AC  to  the  tangent  of  the  opposite  angle  ABC^ 

CoR.  1 .  If  therefore  of  the  two  sides,  and  an  aagle  op- 
posite to  one  of  them,  any  two  be  given,  the  third  will  also 
be  given. 

Cor.  ?.  And  since  by  this  proposition  the  sine  of  the  side 
AB  is  to  the  radius,  as  the  tangent  of  the  other  side  AC  to 
the  tangent  of  the  angle  ABC  opposite  to  tb^vtsidipj  ^i^las 
the  radius  is  to  the  cotangent  of  the  angle  AJBC^.iK)^  the 
tangent  of  the  same  angle  ABC  to  the  radius  {Cos*  2.  def. 
PI.  Tr.)  by  equality,  the  sine  of  the  side  AB  is  ^9  the  co- 
tangent of  the  angle  ABC  adjacent  to  it,  as  the  tangent  of 
the  other  side  AC  to  the  radius. 
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PROP.  XVIII.    Fig.  13. 

In  right  angled  spherical  triangles,  the  sine  of  the 
h^potheouse  i$  to  the  radius,  as  the  sine  of  either 
side  is  to  the  sine  of  the  angle  opposite  to  that  side. 

Let  the  triangle  ABC  be  right  angled  at  A,  and  let  AC 
be  either  of  the  sides ;  the  sine  of  the  hypothenuse  BC 
will  be  to  the  radius  as  the  sine  of  the  arch  AC  is  to  the 
9ilie  of  the  angle  ABC. 

Let  D  be  the  centre  of  the  Sphere,  and  let  CG  be  drawn ' 
perpendicular  to  DB,  which  will  therefore  be  the  sine  of 
t  the  hypothenuse  BC  ;  and  from  the  point  6  let  there  be 
drawn  in  the  plane  ABD  the  straight  line  GH  perpendi* 
eular  to  DB,  and  let  CH  be  joined ;  CH  will  be  at  right 
angles  to  the  plane  ABD,  as  was  shown  in  tlie  preceding 
proposition  of  the  straight  line  FA :  Wherefore  CHD, 
CIlG,  are  right  angles,  and  CH  is  the  sine  of  the  arch 
AC ;  and  in  the  triangle  CHG,  having  the  right  angle 
CHG,  CG  is  to  the  radius  as  CH  to  the  sine  of  the  angle 
CGH  (1.  PI.  Tr.) :  But  since  CG,  HG  are  at  right  angles 
to  DGB,  which  is  the  common  section  of  the  planes 
CBD,  ABD,  the  angle  CGH  will  be  equal  to  the  incli- 
nation of  these  planes  (6.  def.  11).  that  is,  to  the  spherical 
angle  ABC.  The  sine  therefore  of  the  hypothenuse  CB, 
is  to  the  radius  as  the  sine  of  the  side  AC  is  to  the  sine  of 
the  opposite  angle  ABC.    Q.  E.  D. 

Cor.  Of  these  three,  viz.  the  hypothenuse,^  side,  and 
the  angle  opposite  to  that  side,  any  two  being  given,  the 
third  is  aho  given  by  Prop.  2. 

PROP.  XIX.    Fio.  U. 

In  right  angled  spherical  triangles,  the  cosine  of  the 
hypothenuse  is  to  the  radius  as  thq  cotangent  of 
eitnerbf  the  angles  is  to  the  tangent  of  the  remain- 


ing angle. 

Let  ABC  be  a  spherical  triangle,  having  a  right  angle 
at  A,  fthe  cosine  of  the  hypothenuse  BC  will  be  to  the  ra- 
dius as  the  cotangent  of  the  angle  ABC  to  the  tangent  of 
the  angle  ACB. 

Describe  the  circle  DE,  of  which  B  is  the  pole,  and,  let 
it  meet  AC  in  F,  and  the  circle  BC  in  E;  and  since  the 
circle  BD  passes  through  the  pole  B  of  the  circle  DF, 
DF  will  also  pass  through  the  pole  of  BD.     (IS.  15.  1. 

9ih 


t 
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Theod.  Sph.)  And  sinc^  AC  is  perpendicular  to  BD,  AG 
will  also  pass  through  the  f)ole  of  BD  5  Wherefore  the  pole 
of  the  circle  BD  will  be  found  ip  the  p^iat  where  the 
circles  AC,  D£  meet,  that  is,  in  thi;  point  F :  The  arches 
FA9  FD,  arc  tliercfore  quadrants,  andrlikewise  the  arches 
BD,  BE :  III  the  triangle  CEF,  right  angled  at  the  point 
E»  CE  is  the  com{)leincnt  of  the  hypothenuse  BC  of  ^he 
triangle  ABC,  £F  is  the  complement  <}f  the  arch  ED, 
which  is  the  measure  of  the  angJe  ABC,  and  PC  the  hypo- 
thenuse  of  the  triangle  CEF,  is  the  complement  of  AC, 
and  the  arch  AD,  which  is  the  measure  of  the  angle  CF£, 
11  the  complement  of  AB. 

But  (17*  of  this)  in  the  triangle  CEF,  the  sine  of  the 
side  CE  is  to  the  radius,  as  the  tangent  of  the  other  side  is 
to  the  tangent  of  the  angle  ECF  opposite  to  it,  that  is,  in 
the  triangle  ABC,  the  cosine  of  the  nypothenuse  BC  is  to 
the  radius,  as  the  cotanjerent  of  the  angle  ABC  is  to  the 
tanfrent  of  the  angfe  ACB.    Q.  £.  D. 

Cor,  1.  Of  these  three,  viz.  the  hypothenuse  and  the 
two  angles,  any  two  Ueing  given,  the  third  will  also  be 
given. 

Cor.  2.  And  since  by  this  proposition  the  cosine  of  the 
hypothenuse  BC  is  to  the  radius,  as  the  cotangent  of  the 
angle  ABC  to  the  tangent  of  the  angle  ACB.  But  as  the 
iMins  is  to  the  cotangent  of  the  angle  ACB,  so  is  the  tan- 
gent of  the  same  to  the  radius  (Cor.  2.  def.  PI.  '^IV.) ;  and, 
ex  fiequo,  the  cosine  of  the  hypothenuse  BC  is  to  the  cotan- 
gent of  th^  angle  ACB,  as  tlie  cotangent  of  the  angle 
ABC  to  the  radius. 

PKOP.  XX.     Fig.  14. 

In  right  angled  spherical  triangles,  the  cosine  of  an 
angle  is  to  the  radius,  as  the  tangent  of  the  side 
adjacent  to  that  angle  is  tQ  tlie  tangent  of  the  hy- 
pothenuse. 

The  same  construction  remaining ;  in'the  triangle  C  EF, 
(I7.  of  this)  tlie  sine  of  the  side  EF  is  to  the  radius,  as  the 
tangent  of  the  other  side  CE  is  to  the  tangent  of  the  angle 
CFE  opposite  to  it ;  that  is,  in  the  triangle  ABC,  the  co- 
sine of  the  angle  ABC  is  to  the  radius  as  (the  cotangent  of 
the  hypotheijuse  BC  to  the  cotangent  of  the  side  AJJ,  ad- 
jacent to  ABC  orgs)  the  tangent  of  the  side  AB  to  the 
iringent  of  the  hypothenuse,  since  the  tangents  of  two 
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arches  are  reciprocally  proportional  to  their  cotangeDt. 
(Cor.  1.  fief,  PI.  Tr.) 

Cor,  And  siRce  by  thid  proposition  tlie  cosine  of  the  an- 
gle ABC  is  to  the  radius^  as  the  tangent  of  the  side  AB  is 
to  the  tangent  of  the  hypothenuse  BC ;  and  as  the  radius 
rs  to  the  cotangent  of  jBC^  so  is  the  tangent  of  BC  to  the 
radius ;  by  equally,  the  cosine  of.the  angle  ABC  will  hb 
tti  the  cotangent  of  the  hypothenuse  BC,  as  the  tangent  oF 
the  side  AB;  adjacent  to  the  angle  ABC;  to  the  radius. 

PROP.  XXI.    Fic.  14. 

la  right  angled  spherical  triangleS;  the  <H)sine  of 
either  of  the  sides  is  to  the  radius,  as  the  cosine  of 
the  hypothenuse  is  to  the  cosine  of  the  other  side. 

The  same  construction  remaining;  in  the  triangle  CEF, 
the  sine  of  the  hypothenuse  CF  is  to  the  radius,  as  the  sine 
of  the  side  C£  to  the  sine  of  the  ophite  angle  CFE  (IS. 
of  this) :  that  is,  in  the  triangle  ABC;  the  cosinb  of  the 
side  CA  is  to  the  radius  as  the  cosine  of  the  hypothenuie 
BC  to  the  cosine  of  the  other  side  BA.    Q.  £«  I). 

PROP.  XXII.    Fio.  14. 

Ik  right  angled  spherical  tHarigles,  the  cosine  of 
either  of  the  sides  is  to  the  radiusj  as  the  cosine  of 
the  angle  opposite  to'  that  side  is  to  the  sine  of  the 
other  angle. 

The  same  construction  remaining ;  in  th^  triahgte  CEt, 
the  sine  of  the  hypothenuse  CF  is  to  the  radiuS;  as  the  sine 
of  the  side  £F  is  to  the  sine  of  the  angle  £CP  opposite  to 
it ;  that  is;  in  the  triangle  ABC;  the  cosine  of  the  sid^  CA 
is  to  the  radius;  as  the  cosine  of  the  anele  ABC  opposite  to 
it^  is  to  the  sine  of  the  other  a^gle.     Q.  E.  D. 
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OF  THE  CIRCULAR  PARTS. 

Fig.  15.  In  aoy  right  angled  spherical  triangle  ABC,  the  comple- 
ment of  the  hypothenube,  the  complements  of  the  angles, 
and  the  two  sides,  are  called  Tlie  circular  parts  oftlie  IrU 
angUy  as  if  it  were  following  each  other  in  a.  circular  or- 
der, from  wliatever  part  we  hegin  :  Thus,  if  we  begin  at 
-  the  complement  of  the  hypothenuse,  and  proceed  towards 
the  side  BA,  the  parts  following  in  order  will  be  the  com- 
plement of  the  hypothenuse,  the  complement  of  the  angle 
B,  the  side  BA,  the  side  AC  (for  the  right  angle  at  A  is 
not  reckoned  aiilong  the  parts},  ^nd  lastly,  the  complement 
of  the  angle  C.  And  thus  at  whatever  part  we  begin,  if 
any  three  of  these  five  be  taken,  they  either  will  be  all  con- 
tiguous or  adjacent,  or  one  of  them  will  not  be  contiguous 
to  either  of  the  other  two :  In  the  first  case,  the  part 
which  is  between  the  other  two  is  called  the  Middle  pox f^ 
atid  the  other  two  are  called  Adjacent  extremes.  In  the 
second  case,  the  part  which  is  not  contiguous  to  either  of 
the  other  two  is  called  the  Middle  part^  arid  the  other  two 
Opposite  extremes.  For  example,  if  the  three  parts  be  the 
complement  of  the  hypothenuse  BC,  the  complement  oftlie 
angle  B,  and  the  side  BA ;  since  these  three  are  contiga- 
ous  to  each  other,  the  complement  of  the  angle  B  will  be 
the  middle  part,  and  the  complement  of  the  hypothenuse 
BC  and  the  side  BA  will  be  adjacent  extremes :  But  if 

\  tlie  complement  of  the  bypotlienuse  BC  and  the  sides  BA, 

AC  be  taken  :  since  the  complement  of  the  bypothen^ise 
is  not  adjacent  to  cither  of  the  sides,  viz.  on  account  of  the 
complements  of  the  two  angles  B  and  C  intervening  be- 
tw^een  it  and  the  sides,  the  complement  of  the  hypothenuse 
BC  will  be  the  middle  part,  and  the  sides  BA,  AC  oppo- 
site extremes.  The  most  acute  and  ingenious  Baron  Na- 
pier, the  inventor  of  Logarithms,  contrived  the  two  follow- 
ing rules  concerning  these  parts,  by  nieanj-  of  which  all  the 
cases  of  right  angled  splierical  triangles  are  resolved  with 
the  greatest  ca«;e.  v 

* « 

RULE  L 

The  rectangle  contained  by  the  radius  and  the  sine  of 
the  middle  part,  is  equal  to  the  rectangle  contained  by  the 
tangents  of  the  adjacent  parts. 
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RULE  it! 


The  rectangle  contained  by  the  radius  and  the  sine  of  the 
middle  part,  h  equal  to  the  rectangle  contained  by^  the 
cosines  of  the  opposite  parts. 

These  rules  are  demonstrated  in  the  following  manner : 

First,  Let  either  of  the  sides,  as  BA,  be  the  middle  Fig- 16. 
part,  and  therefore  the  complement  of  the  angle  B,  and, 
the  side  AC,  will  be  adjacent  extremes.     And  by  cor.  2. 
prop.  17.  of  this,  S,  BA,  is  to  the  Co-T,  B,  as  T,  AC  is  to 
the  radius,  and  therefore  RxS,  BA=Co.i;  BxT,  AC  . 

The  same  side  BA  being  the  middle  |)art,  the  comple- 
ment of  the  hypothenuse,  and  the  complement  of  the  angle 
C,  are  opposite  extremes;  and  by  Prop.  18.  S,  BC  is  to 
the  radius,  as  S,  BA  to  S,  C;  therefore  RxS,  BAnS, 

Bexs,c. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as 
B,  be  the  middle  part,  and  the  complement  of  the  hypo- 
thenuse, and  the  side  BA  will  be  adjacent  extremes :  And 
by  Cor.  Prop.  20.  Co-S,  B  is  to  Co  T,  BC,  as  T,  BA  is  to 
the  radius,  and  therefore  UxCo-S,  B=:Co-T,  BCxT, 
BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  mid- , 
die  part,  and  the  complement  of  the  angle  C^  and  the  side 
AC  will  be  opposite  extremes:  And  by  Prop.  22.  Co-S^. 
AC  is  to  the  radius,  as  Co-S,  B  isto  S,  C  :  And  therefore 
R  X  Co-S,  B =Co-S,  AC  X  S,  C. 

Thirdly,  Let  the  complement  of  the  hypothenuse  be  the 
middle  part,  and  the  coniplements  of  the  angles  B,  C,  will 
be  adjacent  extremes :  But  by  Cor.  2.  Prop.  19.  Co-S, 
BC  is  to  Co-T,  B  as  Co-T,  B  to  the  radius :  Therefore  R 
X  Co-S,  BC= Co-T,  Cx  Co-T,  C. 

Again,  Let  the  complement  of  the  hypothenuse  be  the 
middle  part,  and  the  sides  AB,  AC  will  be  opposite  ex« 
trcmes :  But  by  Prop.  21.  Co-S,  AC  is  to  the  radius,  as 
Co-S,  BC  to  Co-S,  BA ;  therefore  RxCo-S,  BC=Co.S,'- 
BA  X  Co-S,  AC.    Q.  E.  D. 
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Solution  of  the  Sixteen  Cme^  of  Right  Angled 

Spherical  Triangles, 


GENERAL  PROPOSITION, 

Ik  a  right  angled  spherical  triangle,  of  tbe  three 
sides  and  three  angles,  any  two  being  giveo^  be- 
sides the  right  angle,  the  other  three  may  be 
found. 

In  the  following  Tables  the  solutions  are  derived  from  the 
^  precediDg  propositions.     It  is  obvious  tlmt  the  same  so- 
lutions may  be  derived  from  Baron  Napier's  two  rules: 
above  demonstrated,  which,  as  they  are  easily  remember- 
ed, are  comttionly  used  in  practice* 

CtMi,    Given*     Sought. 


1 

2 
3 

AC,C 

B 

C 

AC 

BC 

AC 
B 

R  :  CoS,  AC  :  :  S,  C  :  CoS,  B ;  And 
B  is  of  the  same  species  with  CA, 
by  22.  and  13. 

AC,B 

CoS,  AC  :  R  :  :  CoS,  B  :  S,  C  :  By  22. 

B,C 

S,  C  :  CoS,  B  :  :  R  :  CoS,  AC  ;  By 
22.  and  AC  is  of  the  same  species  with 
B.     1 3. 

4 

5 

BA,AC 

R  :  CoS,  BA  :  :  CoS,  AC  :  CuS,  BC. 
21.  and  if  both  A  B,  AC  be  greater  or 
less  than  a  quadrant,  BC  will  be  less 
than  a  qqadrant.  But  if  they  be  of  dif 
ferent  affection,  BC  will  he  greater  than 
a  quadrant.     M. 

BA,BC 

CoS,  BA  :  R  :  :  CoS,  BQ  :  CoS,  AC. 
21.  and  if  BC  be  greater  or  less  than  a 
quadrant,  BA,  AC  will  he  of  different 
or  the  same  aftection.     By  15. 

6 

BA,AC 

S,  BA  :  R  :  :  T,  CA  :  T,  B.  17-  and  B 
is  of  the  same  affection  with  AC.     13. 

S  Pfi ER I G  A  L  t-B  li&O  N  O MET  R  V.. . 

Cna.    Given.    Sought 


1 


8 


9 


10 


BA,B 


AC,  B 


BC,  C 


AC 


BA 


AC 


AC,  C 


n 


.12 


IS 


14 


15 


1^ 


BC,CA 


f^  :  S,  BA:  :  T,  B  :  T,  kt.  1>.    And 
AC  is  of  the  same  affection  with  B.  13. 

T,B:K::T,  CA:S,BA,  IJ. 


IHII<»   I     *l 


W  :  CoS,  C  :  :  T,  BC  :  T,  C  A.  *20.  h 
BC  lye.less-or  greater  thau  u  quadrant, 
C  and  6  will  be  o(  the  same  or  difTcr- 
i*ut  affections.  15.  13. 


BC 


BC,B 


AC,  B 


BC,AC 


B,  C 


BC,C 


AC 


BC 


B 


BC 


B 


CoS.  C  :  R  : ;  T,  AC  :  T,  BC.  20. 

And  Be  is  less  or  greater  than  a  qiia 
(Irant,  according  as  C  and  A  or  C  an^ 
B  are  of  the  same  or  diifereat  affections. 
14.  15. 

T,  BC  :  R  :  :  T,  CA  :  CoS,  C.  20.  li 
BC  be  less  or  greater  than  a  quadr2Mit» 
CA  and  AB,  and  theierore  CA  and  C 
are  of  the  same  or  diiferent  afi^ectioiis. 
15. 


R:S,  BC:  :S,  B:S,AC.  18.    And 
AC  is  of  the  same  affection  with  B. 


S,B:S,AC:':  R  :  S,  BC.  18. 

S,  BC  :  R  :  :  S,  AC  :  S,  B.  18.    Artd 
B  is  of  the  same  affeption  with  AC 


r,  C  :  R  :  :  CoT,  B :  CoS,  BC.  19. 
And  according  a»  the  angles  B  nhd  G 
are  of  diiferent  or  the  same  affection, 
BC  will  be  greater  or  le^s  thad  a  qua* 
drant.  14. 


R  :  CoS,  BC  :  :  T,  C,  :  CoT,  B.  19i 
If  BC  be  less  or  greater  than  a  qua- 
draut,  C  and  B  will  be  of  the  saime  or{ 
differeut  affection.  15. 
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The  second,  eighth,  and  thirteenth  case^  which  aMjconi"; 
monly  called  ambiguous,  admit  of  two  solutions :  Fon  -^ 
these  it  js  not  determined  whether  the  side  or  mfasucifi<jf: 
the  an^le  sought  be  greater  or  less  than  a  quadrant* 

PROP.  XXni.    Fic.  16. 

Ik  spherical  triangles,  whether  right  angled  or  ob* 
lique  angled,  the  sines  of  the  sides  are  proportional 
to  the  sines  of  the  angles  opposite  to  tbena. 

First,  Let  A  BC  be  a  right  angled  triangle,  having  a  right; 
angle  at  A  ;  therefore,  by  Prop.  18.  the  sine  of  the  hyptv 
thenuse  BC  is  to  the  radius  (or  the  sine  of  the  right  aode 
at  A)  as  the  sine  of  the  side  AC  to  the  sine  of  the  angle  B* 
And  in  like  manner,  the  sine  of  BC  is  to  the  sine  of  the 
angle  A,  as  the  sine  of  AB  to  the  sine  of  the  angle  €;. 
wherefore  (11.  5.)  the  sine  of  the  side  AC  is  to  the  sine  of 
the  angle  B,  as  the  sine  of  AB  to  the  sine  of  the  angle  C* 
Fig.  17. 18.  Secondly,  Let  BCD  be  an  oblique  angled  triangle,  the 
sine  of  either  of  the  sides  BC,  will  be  to  the  sine  of  either 
of  the  other  two  CD,  as  the  side  of  the  angle  D  opposite  to 
BC  is  to  the  sine  of  the  angle  B  oi^K>site  to  the  side  CD. 
Through  the  point  C,  let  there  be  drawn  an  arch  of  a  great 
circle  CA  perpendicular  upon  Bl>;  and  in  the  right  angled 
triangle  ABC  (18.  of  this),  the  sine  of  BC  is  to  the  radius 
as  the  sine  of  AC  to  the  sine  of  the  angle  B ;  and  in  the 
triangle  ADC  (by  18.  of  this) :  And,  by  inversion,  the  ra- 
dius is  to  the  sine  of  DC  as  the  sine  of  the  angle  D  to  the 
sine  of  AC :  Therefore,  ex  lequo  perturbato,  the  sine  of  BC 
is  to  the  sine  of  DC,  as  the  sine  of  the  angle  D  to  the  sine* 
of  the  angle  B..    Q.  £.  D. 

PROP.  XXIV.    Fig.  17.  18. 

In  oblique  angled  spherical  triangles,  having  drawn 
a  perpendicular  arch  from  ^ny  of  the  angles  upon 
the  opposite  side,  the  cosines  of  the  angles  at  the 
base  are  proportional  to  tlie  sines  of  the  vertical 
angles. 

L?et  BCD  he  a  triangle,  and  the  arch  C A  perpendicular 
to  the  base  BD ;  the  cosine  of  the  angle  B  will  be  to  the 
cosine  of  the  angle  D,  as  the  sine  of  the  angle  BCA  ^o  the 
sine  of  the  angle  DC  A. 

For  by  22.  the  cosing  pf  the  ari^le  B  is  to  the  sine  of  the 
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angle  BCA  as  (the  cosirie  of  the  side  AC  is  to  the  radius; 
that  is,  by  Prop.  22.  as)  the  cosine  of  the  angle  D  to  the  sirif; 
of  the  angl^  DCA  5  and,  by  peiinutation,  the'cositie  of  the 
angle  B  is  to  the  cosine  of  the  angle  D,  as  the  sine  of  the 
angle  BCA  to  the  sine  of  the  angle  DCA.    Q.  K  D. 


PROP.  XXV.    Fig.  17.18. 

The  same  things  remaining,  the  cosines  of  the  sides 
BCVCD,  are  proportional*  to  tlie  cosines  of  the 
bases  BA,  AD. 

For  by  21,  the  cosine  of  BC  is  to  tiie  cosine  of  BA^  as 
(ttie  cosine  of  AC  to  the  radius ;  that  is,  by  21 .  as)  the  co^ 
sine  of  CD  is  to  the  cosine  of  AD :  wherefore,  by  permuta- 
tion, the  cosines  of  the  sides  BC,  CD  are  proportional  to 
the  cosines  of  the  bases  BA,  AD.    Q.  £.  D. 


PROP.  XXVI.    Fig.  17.  18. 

The  same  construction  remaining,  the  sines  of  the 
bases  BA,  AD,  are  reciprocally  proportional  to  the 
tangents  of  the  angles  B  and  D  at  the  base. 

For  by  17.  the  sine  of  B  A  is  to  the  radius,  as  the  tangent 
of  AC  to  the  tangent  of  the  angle  B :  and  by  17*  and  inver- 
sion, the  radius  is  to  the  sine  of  AD,  as  the  tangent  of  D  to 
the  tangent  of  AC :  Therefore,  ex  seq^o  perturbato,  the 
sine  of  BA  is  to  the  sine  of  AD,  as  the  tangent  of  D  to  the 
tangent  of  B. 


PROP.  XXVII.    Fig.  17. 18. 

The  cosines  of  the  vertical  angles  are  reciprocally 
proportional  to  the  tangents  of  the  sides. 

For  by  Prop.  20.  the  cosine  of  the  angle  BCA  is  to  the 
radius  as  the  tangent  of  CA  is  to  the  tangent  of  BC ;.  aqd 
by  the  same  Prop.  20.  and  by  inversion,  the  radius  b  to  the . 
c6sihe  of  theanglisDCA,  as'the  tangent  of  DC  to.the  tan^f. 
gent  of  CA :  Tlierefore,  ex  siquo  perturbato,  the  cosipe'off 
the  angle  BCA  is  to  the  cosine  of  tli^  angle  'DCiVi  9^  tlie 
tangent  of  DC  is  ito  the  tangent  of  BC.    Q.  fi.  D. 


523  SPHERICAL  TAIGONOMBTiRY. 

LBMMA.    Fie.10.  flO.' 

In  right  angled  plane  triangles,  the  bypothenase  k' 
to  the  radius,  as  the  excess  of  the  bypothequse 
above  either  of  the  aides,  to  the  versed,  ^ine  of  the 
acute  angle  adjacent  to  that  side,  or  as  the  sum  of. 
<^  the  hypothenuse  and  either  of  the  sides,  to  the  ver- 
sed sine  of  the  exterior  angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  right  angle  at  B.     AC  ^B 
be  to  the  radius  as  the  excess  of  AC  above  AB,  to  the  vera^ . 
sine  of  the  angle  A  adjacent  to  AB ;  or  as  the  suna  of  AC# 
AB  to  the  vened  sine  of  tlie  exterior  angle  CAK. 

With  any  radius  DE,  let  a  circle  be  described,  and  from 
D  the  centre  let  DF  be  drawn  to  the  circumference,  makiof 
the  angle  EDF  equal  to  the  angle  BAC,dnd  from  the  poiot 
F,  let  FG  be  drawn  perpendicular  toDE :  Let  AH,  An,  be 
made  ^qual  to  AC,  and  DL  to  D£ :  DG  therefore  is  the 
cosine  of  the  angle  EDF  or  BAC,  and  GE  its  versed  sine: 
And  because  of  the  equiangular  triangles  ACB,  DFG,  AC 
or  AH  is  to  DFor  DE,  as  AB  to  DG :  ITjerefore  ( 1 9.5.) 
AC  is  to  the  radius  DE,  as  BH  to  GE,  thp  versed  sine  of 
the  angle  EDF  or  BAC :  And  since  AH  is  to  D£  as  AB 
to  DG  (12. 5.),' AH  or  AC  will  be  to  the  radius  DE  as  KB 
to  LG,  the  versed  sine  of  the  angle  LDF  or  K  AC,  Q.E.D. 

PROP.  XXVIII.    Fig.  21.  22. 

In  any  spherical  triangle,  the  rectangle  contained 
by  the  sines  of  two  sides,  is  to  the  square  of  the  ra- 
dius, as  the  excess  of  the  versed  sines  of  the  third 
side  or  base,  and  the  arch,  which  is  the  excess  of 
the  sides,  is  to  the  versed  sine  of  the  angle  opposite 
to  the  base. 

Let  ABC  be  a  spherical  triangle,ihe  rectangle  contained 
by  the  sines  of  AB,  BC  will  be  to  the  square  of  the  radius, 
as  the  excess  of  the  versed  sines  of  tlie  base  AC,  and  of  the 
arch,  which  is  the  excess  of  AB,  BC  to  the  versed  sine  of 
the  angle  ABC  opposite  to  the  base. 

Let  D  be  the  centre  of  the  sphere,  and  let  AD,BB,.£D 
be  joined,  and  let  the  sines  AE,  CF,  CG  of:  the  ardies 
AB,  BC,  AC  be  drawn ;  let  the  side  BC  be  greater  than 
BA,  and  let  BH  be  made  equal  to  BC^  AH  wUl  therefoi^qi 
be  the  exeesaof  the  sides  BG,  BAj  let  HK  be^'drftwaper-^ 
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pendicular  to  AD,  and  since  AG  is  the  versed  sine  of  the  base 
AC,  and  AK  the  versed  sine  ojf  the  aixrh  AH,  KG  is  the  ex- 
cess of  the  versed  sine^  of  the  base  AC,  and  ot  the  arch  AH, 
whr^  19  the  excess  of  the  sides  BC,  BA :  Let  GL  likewise 
be  drawn  parallel  to  KH,  and  let  it  meet  FH  in  L,  let  CL, 
DH  he  joined,  luid  let  AD,  FH  meet  each  other  in  M. 

I^ce  therefore  ia  the  tfiangles,  CDF,  HDF,  DC,  DH 
are  equal,  DF  is  common,  and  the  angle  FDC  equal  to 
the  angle  FDH,  because  of  the  equal  arches  BC,  BH,  the 
base  HF  will  be  equal  to  the  base  FC,^nd  the  angle  HFD 
equal  to  the  riglit  angle  CFD :  Tlw  straight  line  DF  there-'  . 
fore  (4.  11.)  is  at  right  angles  to  the  plane  CFH :  Where- 
fore the  plane  CFH  is  at  right  angles  to  the  plane  BDH,' 
Mrkich  passes  through  DP  (18.  1 1 .).     In  like  manner,  since 
DG  is  at  right  angfes  to  both  GC  and  GL,  D6  wi^l  be 
perpendicular  to  the  plane  CGL ;  therefore  the  plane  CGL 
18  at  right  angles  to  the  plane  BDH,  which  passes  through 
DG:  And  it  was  shown,  that  the  plane  CFH  orCFL  was- 
perpendicular  to  the  same  plane  BDH :  therefore  the  com- 
mon section  of  the  planes  CFL,  CGL,  viz.  the  straiglit  line 
CL,  is  perpendicular  to  the  plane  BDA  (19.  11.)  and 
therefore  CLF  is  a  right  angle  :  In  the  triangle  CFL  hav- 
ing the  right  angle  CLF,  by  the  Lemma  CF,  is  to  tiie  ra- 
dius as  LH,  the  excess,  viz.  of  CF  or  FH  above  FI-«,  is  to 
the  versed  sine  of  the  angle  CFL ;  but  the  angle  CFL  is 
the  inclination  of  the  planes  BCD,  BAD,  since  FC,  FL 
are  drawn  in  them  at  right  angles  to  tiie  common  section 
BF:  Tl^e  spherical  angle  ABC  is  therefore  the  same  with 
the  angle  CFL  5  and  therefore  CF  is  to  the  radius  as  LH 
to  the  versed  sine  of  the  spherical  angle  ABC ;  and  since 
the  triangle  AED  is  equiangular  (to  the  triangle  MFD,  and 
therefore)  to  the  triangle  MGL,  AE  will  be  to  the  radius 
of  the  sphere  AD  (as  MG  to  ML;  that  is,  because  of  the 
parallels)  as  GK  to  LH  :  The  ratio  therefore  which  is  com- 
pounded of  the  ratios  of  AE  to  the  radius,  and  of  CF  to  the 
same  radius ;  that  is  (25.  6.)  the  ratio  of  the  rectangle  con- 
tained by  AE,  CF*to  the  square  of  the  radius,  is  tlie  same  ■ 
with  the  ratio  compounded  of  the  ratio  of  GK  to'  LH,  nod" 
the.  ratio  of  LH  to  the  versed  sine  of  the  angle  ABC ;  tlrnt  • 
is,  the  same  with  the  ratio  of  GK  to  the  versed  sine  of  the 
angle  ABC;  therefore,  the  rectangle  contained  by  AE,  CF, 
the  sines  of  the  sides  A  B,  BC,is  t6  the  square  of  tlie  radius', 
at  OK,  the  excess  of  the  versed  sines  AG,  AK;  of  the  htAi^ 
AC,  akid  the  arch- AH^  which  is  the  excess  of  the  sidesi)«^ 
the  versed  sine  of  the  angte^ABC  of^xtettetD^the  biiae»M}ii 
Q.  E.  D. 
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PROP.  XXIX.    Fig.  23. 

The  rectangle  contained  by  half  of  the  radius,  an4 
the  excess  of  the  versed  sines  of  two  arches,  i^ 
equal' to  the  rectangle  contained  by  the  sines  oi^ 
half  the  sum,  and  half  the  diiSerence  of  the  same 
arches. 

Let  AB,  AC,  be  any  two  arches,  and  let  AD  be  made 
equal  to  AC  tlie  less ;  tlie  arch  DB  therefore  is  the  sum, 
and  the  arch  CB  the  difference  of  AC,  AB :  Througli  E 
the  centre  of  the  circle,  let  there  be  drawn  a  diameter 
I>EF,  and  AE  joined,  and  CD  likewise  .perpendicular  0 
it  in  G,  and  let  BH  be  perpendicular  to  AE,  add  AH  will. 
be  the  versed  sine  of  the  arch  AB,  and  AG  the  versed  sine 
of  AC,  and  HG  the  ex^cess  of  these  versed  sines :  Let  BD, 
BC,  BF  be  joined,  and  FC  also  meeting  BH  in  K. 

Since  therefore  BH,  CG  are  parallel,  the  alternate  angles 
BKC,  KCG,  will  be  equal ;  But  KCG  is  in  a  semicircle, 
and  therefore  a  right  angle ;  therefore  BKC  is  a  right  an- 
gle ;  and  in  the  triangles  DFB,  CBK,  the  angles  FDB, 
BCK,  in  the  same  segment  are  equal,  and  FBD,  BKC,  are 
right  angles  ;  the  triangles  DFB,  CBK,  are  therefore  equi- 
angular ;  wherefore  DF  is  to  DB,  as  BC  to  CK,  or  HG ; 
and  therefore  the  rectangle  contained  by  the  diameter  DF 
and  HG  is  equal  to  that  contained  by  DB,  BC  ;  where- 
fore the  rectangle  contained  by  a  fourth  part  of  the  diame- 
ter, and  HG,  is  equal  to  that  contained  by  the  halves  of 
DB,  BC:  But  half  the  chord  DB  is  the  sine  of  half  the 
arch  DAB,  that  is,  half  the  sum  of  the  arches  AB,  AC; 
and  half  the  chord  of  BC  is  the  sine  of  half  the  arch  BC, 
which  is  the  difference  of  AB,  AG.  Whence  the  proposi- 
tion is  manifest. 


PROP.  XXX.    Fi<;.  19.21.. 

The  rectangle  contained  by  half  of  the  radius,  and 
the  versed  sine  of  any  arch,  is  equal  Jo  the  ^square 
of  the  sine  of  half  .the  saaie.arcli.  . 

Jjet  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC,  CB, 
BA,  being  joined  :  Let  AB  be  bisected  in  D,  and  let  CD 
be  joined,  which  will  be  perpiendicular  to  BA,  and  bisect 
it  in  E,  (1. 1.),  BE  or  AE  therefore  is  the  sine  of  die  arch 
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DB  or  AD,  the  half  of  AB :  Let  BF  be  perpendicular  to 
AC,  and  AF  will  be  the  ver^d  sine  of  the  arch  BA ;  but, 
because  of  the  similar  triQngles  CAE,  BAF,  CA  is  to  A£  as 
ABb  that  is,  twice  AE  to  AF ;  and  by  halving  the  antece** 
dents,  half  of  the  radius  C  A  is  to  AE  the  sine  of  the  arch 
4.D,  as  the  same  AE  to  AF  the  versed  sine  of  the  arch  AB, 
Wherefore,  by  16.  6.  the  proposition  is  manifest. 


PHOP.  XXXI.    Fic.  25, 
» 

In  a  spherical  triangle,  the  rectangle  contained  by 
the  sines  of  the  two  sides,  is  to  the  square  of  the  ra- 
dius, as  the  rectangle,  contained  by  the  sine  of  the 
arch  which  is  half  the  sum  of  the  base  and  the  ex- 
cess of  the  sides,  and  the  sine  of  the  arch,  which  is 
half  the  diiForenceof  the  same  to  the  square  of  the 
sine  of  half  the  angle  opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle  of  which  the  two  sides 
are  AB,  BC,  and  base  AC,  and  let  the  less  side  BA  be  pro- 
duced, so  that  BD  shall  be  equal  to  BC  :  AD  therefore  is 
the  excess  of  BC,  B A ;  and  it  is  to  be  shown  that  the  rect^ 
angle  contained  by  the  sides  of  BC,  BA  is  to  the  square  of 
the  radius,  as' the  rectangle  contained  by  the  sine  of  half 
the  sum  of  AC,  AD,  and  the  sine  of  half  the  difference  of 
the  same  AC,  AD  to  the  square  of  the  sine  of  half  the  an- 
gle ABC  opposite  to  tlie  base  AC. 

Since  by  Prcwp.  28,  the  rectangle  contained  by  the  sines 
of  the  sides  BC,  BA  is  to  the  square  of  the  radius,  as  the 
excess  of  the  versed  sines  of  the  base  AC  and  AD,  to  the 
versed  sine  of  the  angle  B ;  that  is  (1.  (>•),  as  the  rectangle 
contained  by  half  the  radius,  and  that  excess,  to  the  rect- 
angle contained  by  half  th&  radius,  and  the  versed  sine  of 
B ;  therefore  {2U.  30.  of  this),  the  rectangle  contained  by 
the  sines  of  the  sides  BC,  BA  is  to  the  square  of  the  radi- 
us, as  the  rectangle  contained  by  the  sine  of  the  arch,  which 
is  half  the  sum  of  AC,  AD,  and  the  sine  of  tlie  arch  which 
is  half  the  difference  of  the  same  AC,  AD  is  to  the  square 
of  the  sine  of  half  the  angle  ABC.     Q:  £.  D. 
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solution  of  tht  Twelve  Caieitof  OhHque  4^gki 

Spherical  Triangles. 


GENERAL  PROPOSITION. 

In  an  oblique  angled  spherical  triangle,  of  the  three 
sides  and  three  angles,  iany  three  being  given,  the 
other  three  may  be  found. 

Given.       Souglit. 


1  B,  D,  and 
DCytwoan- 
^lesy  and  a 
side  opposite 
one  of  them. 


C 


CoS,  BC  :  K  : :  CoT,  B  :  T,  BCA. 
UK  Likewise  by  ei.  CaS,  B  :  S,  BCA 
: :  CoS.  D :  S,  DC  A ;  wherefore  BCD 
is  the  sum  or  difference  of  tlie  angla 
DCA,  BCA  according  as  the  perpen- 
dicular CA  faJls  wifhin  or  without  the 
triangle  BCD ;  that  is  ( 19.  of  this),  ac- 
cording as  the  angles  B^  D  are  of  the 
same  or  different  aflfection* .. 


2 


B,  C,  and 
BC,  two  an- 
gles, and  the 
side  be- 
tween them. 


D. 


BC,  CD, 

and  B. 


BD 


CoS,  BC  :  R;:  CoT,  B  :  t,  BCA. 
19.  and  also  by  9.4.  8,  BCA  :  S,  DCA 
:  :  CoS,  B  :  CoS,  D ;  and  according 
as  the  angle  BCA  is  less  or  greater  than 
BCD,  the  perpendicular  CA  falbj 
wjtliin  or  without  the  triangle  BCD  ;| 
and  therefore  (16,  of  thif;)  the  anglcsj 
B,  D  will  be  of  the  same  or  dtfier^ct 
affection. 


R  :  CoS,  B  :  :T,  BC  :  T,  BA.  CJO. 
and  CuS,  BC  :  CoS,  BA  ::  C6S,"DC 
:  CoS,  DA.  £5.  and  BD  is  the  sum  or 
difference  of  BA,  DA. ' 
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BC,  DB, 

and  B, 


CD. 


R  :  CoS,  B  : :  T,  BC  ;  T,  BA.  20. 
^nd  C()3,  3A :  CoS,  BC :  ^GoS,  ©A-. 
CoS,^  DC  2^.  and  according  as  DA, 
AC  affc  oF  the  sanie  or  diffi^rentjiffec- 
(ion,"DX>  'wirrbfe  less  or  greater  than  a 
quadrant.     H/" 
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BST 


Given.'        Sought. 


15 


and  BC. 


WSl 


R  :  Cos,  B  :  :  T,  BC  :  T,  BA.  20. 
and  T,  D  :  T,  B  : :  S,  BA  :  S,  DA.  A6. 
and  BD  is  the  sum  or  difference  of  BA, 
DA. 


G 


BC,  BD, 

iind:B. 


BC,  DC, 
and  B. 


D. 


R  :  CoS,  B  : :  T,  BC  :  T,  BA,  20. 
and  S,  DA  :  S,  BA  :  :  T,  B  :  T,  D ; 
and  according  as  BD  is  greater  or  less 
than  BA,  the  angles  B,  D  are  of  the 
same  or  different  dfection.     16. 


C. 


.B,  c,!dc. 

and  BC. 


10 


BC,  DC, 
and  B. 


D. 


B.    D, 

and  BD. 


1 1 1  BC,  BA, 
AC. 
Fig.  25. 


'>'■■■  r- 


CoS,  BC  :  R  :  :  CoT,  B  :  T,  BCA, 
19.  and  T,  DC :  T,  BC  :  :  CoS,  BCA, 
CoS,  DCA,  27.  the  sum  or  differencp 
of  the  angles  BCA,  DCA  is  equal  to 
the  angle  BCD. 


CoS,  BC:R:  :  CoT,  B  :  T,  BCA, 

19.  also  by  27.  CoS,  DCA  :  CoS, 
BCA  :  :  T,  BC  :  T,  DC,  27.  if  DCA 
and  B  be  of  tiie  same  affection ;  that  is 
(13),  if  AD  and  CA  be  similar,  DC 
will  be  less  than  a  quadrant.  14.  and  if 
AD,  CA  be  not  of  the  same  affection, 
DC  is  greater  than  a  quadrant.     14. 


■^■Wx 


S,  CD  :  S,  B  :  :  S,  BC  :  S,  D. 


S,  D  :  S,  BC  : :  S,  B  :  S,  DC. 


B. 


■■M 


AC+AD 
.  S,ABxS,BC:R9::S, ^ 

AC- AD  ABC 

X   S, :  Sg       '     .  See  Fig. 

25.  AP  beiiw  the  difference  of  the  sides 
BC,BA. 
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Given.    Sought. 
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Sec  Kg.  7. 
In  the  triangle  DEF,  DE,  EF,  AD, 
are  respectively  the  supplements  of 
measures  of  the  given  angles  B,  Af 
in  the  triangle  BAC ;  the  sides  of 
triangle  DBF  are  therefore  given^ 
by  the  preceding  case,  the  angla  D^ 
Ey  F  may  be  found,  and  the  sides  BC, 
B  A,  AC,  arc  the  supplements  of  the 
measures  of  these  angles. 


Tlie  3d,  5th,  7th,  Dth,  10th  cases,  which  are  comniiMily 
called  ambiguous,  adroit  of  two  solutions^  either  of  which, 
will  answer  the  conditions  required ;  for,  in  tliese  caiea^ 
the  measure  of  the  'angle  or  side  sought,  may  be  either 
greater  or  less  than  a  quaditint,  and  the  two  solutions  vill 
be  supplements  to  each  other.  (0>r.  to  def.  4.  6.  PI.  Tr.} 
If  from  any  of  the  angles  of  an  oblique  angled  spbericil 
triangle,  a  perpendicular  arch  be  drawn  upon  the  opposite 
side,  most  of  the  cases  of  oblique  angled  triangles  may  be 
resolved  by  means  of  Napier's  rules. 


THE    END. 


-r 


Prioted  by  S.  Hamilton,  Weybridge,  Surrey. 
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